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 PEERAGE.
in the present volume I have tried to make the
discussion of the various parts of the subject, which are
here given, as full as possible; and there will be found
much which has hitherto not appeared except in mathe-
matical journals. At the same time, the treatise does
not profess to "be complete. Among the parts omitted
are the investigations Iby Fueh$';on/the integration of
linear differential 'equations, those of; Konigsberger on
the irxeducibility of differential equations., the discussion
of PfafFs equation-;- tke recent researches of Hermite and
Ha/lphen, and the geometrical3 applications of the hyper-
geometric series by Klein; only a very slight sketch
of Jacobi's method for partial differential equations is
attempted, and there is no indication of the methods of
Canchy, Lie and Mayer. These, and others here omitted,
I hope to give in another volume at some future date.
While writing this volume I have consulted many
authorities in the sliape of treatises, memoirs and text-
books ; and, though it is impossible to 'give in detail
every reference, I wish in particular to mention, as
having L>een of great use, Boole's Treatise and his
Supplement, Moigno, Imschenetsky and Mansion; and
VI	PREFACE.
I have used, to a slighter extent than these, Gregory's
Examples, Serret and De Morgan. Many references to
original memoirs will be found in various chapters.
There occur, scattered throughout the book, many
examples, amounting in number to more than eight
hundred. Most of these are taken from University and
College Examination papers set in Cambridge at various
times; some are new, and many of them are results
extracted from memoirs which have been consulted. In
the case of the last, the original authority is, I think,
always indicated. I cannot hope that, among so many,
all results given are correct and all equations set are
soluble; and I shall be glad to receive corrections of any
mistakes actually found.
In conclusion, I wish to express the very great
obligations under which I lie to my friend and former
tutor Mr BL M. Taylor, of Trinity College, Cambridge,
for his kindness in the revision of the proof-sheets.
He has caused the removal of many obscurities and
has made many valuable suggestions of which I have
continually availed myself. My thanks are also due
to my friend Mr J. M. Dodds, of St Peter's College,
Cambridge, for his kindness in reading some of the
early sheets.
A. R.  FORSYTE.
trinity college, cambridge,
September, 1885.
PREFACE TO THE SECOND EDITION
this edition will be found to differ very slightly from
the first. In its preparation I have been much helped
by the kindness of many friends and correspondents who
have sent me notification of mistakes and misprints.
My thanks are specially due to Dr Hermann Maser
of Berlin for the honour he has done me in translating
my book into German.
A. E.  F.
trinity collegke, cambridge,
September, 1888.
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introduction.
1. when one variable quantity y is n function of another
variable quantity a;, the relation between the fcwo may be exhibited
by moans of an equation such as
In this equation constants may occur; let one of .such constants In*
denoted by a-. If the equation be soivcd for y in terms of*/*, this
constant a will enter into the expression for y; and, by taking
different values for a, there will in general bit obtained a number
of corresponding values for y. If it be desired to indicate in the
fundamental relation the fact that the value of y depends on that-
of a, this may bo clone by writing the above equation in the form
Now it is possible to derive from thin equation another, which
shall include all th« values of ;/, which can bo obtainud by as*-
signing all the possible? values to the constant a. The* differential
coefficient of y with rcgunl to a? in given by
,
da?
in which ^-- and *~ imUcate partial diff(.T(mtintion with regard tf»
a? and y respectively.    Equation (ii) will in general involve the
constant a, which occura in (i); and, if between these two equa-
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tions the constant be eliminated, the result of the elimination will
be of- the form
where f is a definite function depending on the form of the
function <j> in equation (i). Now equation (iii) is one, which
includes all the values of ?/, which can arise from (i); for, while
it is derived from the two equations (i) and (ii), in each of
which a occurs, yet of the particular value of this quantity
bo special account is taken and, were any other constant as a'
substituted for a in all the steps of the elimination, the result
would be the same, since the constant is made to disappear from
the result.
In the same way, if y depended on two constants a and b in
a manner defined by an equation
; |
<;!> (#, y, a, b) = 0,
and if the equations which give the first and second differential
I I	co(efficients of y with regard to x were written clown, the two con-
stants a and b could be eliminated and the resulting equation
would be of the form
In all cases the functions / and F can be deduced (by methods of
the Differential Calculus and of Higher Algebra) when the forms
<f> and <P are given.
In particular, if such a form be
0(«, y)-«,
from which a in to be eliminated, then, as the equation embracing
all the values y, we have at once
^   ^ dy _ a
dsc    dy dx      *
no further elimination being needed.
Thus, for example, the equation
if
leads to the equation
1.]	INTRODUCTION.	3
which. Is the general equation of all parabolas having the same
axis and vertex.
 2.	Such  relations  as  (iii) and (iii)' are called  Differential
Equations;  the equation (i),  which is free from all differential
coefficients, is called a solution of (iii).    As, in passing from (i)
to (iii), a single arhitrary constant was removed, so conversely,
in  passing from (iii) to (i), it is just to expect that a single
arbitrary constant will he introduced ; and since, in eliminating n
arbitrary constants, there arc needed the  equations giving the
first n differential coefficients in addition to the original equation,
so conversely, in passing from such a relation between differen-
tial coefficients up to the nth inclusive to an equation free from
them and equivalent to this relation, it is to be expected that n
arbitrary constants will be introduced.
 3.	It is riot difficult to see how these arbitrary quantities must
enter into the solution of the equation.   For the sake of simplicity
let us consider an equation such as
in which M and N are functions of x and ;//. Let //; and y represent
the Cartesian coordinates of a point P in a plane referred to two
rectangular axes ; then the equation (i) is the. equation of a curve,
and ' '' ( is  the   trigonometrical  tangent of the angle, which the
tangent to the curve at the point P makes with the axis of #,
ho that the above differential equation gives the direction of a line
at every point in the piano. Lot any point A be taken on the
axis of y, and let uh proceed from A for a very short distance
in the direction given by the value of   . f which i.t has at A ; wo
((»/}
shall thuH come to another point JL Let us proceed now from Ji
through a very short distance in the direction given by the value of
l> which it haH at It ;   we shall thus come to ojnothor point 0.
If this process bo carried out for a number of directions in sue-
•eeBHion, a figure will be traced in the plane ; and, when each of
the distances through which we suppose the tracing point to
move becomes indefinitely small, the figure will become a curve
4	INTRODUCTION.	[8
>
passing through A. This curve will have a definite equation,
which* may be exhibited in the form
F (x> y, y0) = 0,
where y0 is the ordinate of A. Had another initial point A' been
chosen instead of A, then another curve would have been obtained
and into its equation the magnitude of the ordinate of A' would
have entered;, the same result would ensue from taking each point
in succession on the axis of y, because generally one curve and only
one passes through each such point. As each equation, or one
single equation as the representative of all, may be considered a
solution of the differential equation, it is evident that into the
solution of the example we have been considering one arbitrary
constant will enter ; and therefore, if by any method we can obtain
an equation free from differential coefficients, it must be expected
that an arbitrary constant will be contained in that equation.
But this arbitrary constant obtained by the latter method will not
necessarily be the ordinate of the point, at which the curve, repre-
sented by the solution, and the axis of y intersect ; an arbitrary
element would have entered into the equation, had the tracing of
the curve begun from a point in the plane not lying on one of
the coordinate axes.
In the example considered the equation giving -~ had only
(l-SO
a,,single root ; when it is of the form
then the integral equation will be of the form
where A is an arbitrary constant.    And it is not difficult to see
that, if the differential equation be of the nili degree in -p , then
ax
the  corresponding integral  equation  will contain  an  arbitrary
constant raised to the nih and lower powers.
•
4. From .what has been said as to one of the methods by
which differential equations can be constructed, it might be deemed
an easy matter to return from the differential to the integral
equation ; but this is not so. The steps of an elimination cannot
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be retraced, and therefore some other method or methods nrust be
adopted. The methods which are most effective for the sojution
of several different forms of differential equations will be discussed
hereafter.
5. When we pass from a given integral function to the equi-
valent differential equation, the latter may prove to be of a form
which is not included among those already known ; so conversely,
if we pass from a given differential equation, we must not expect
to arrive necessarily at a function which will be included among
those, with the properties of which we are acquainted. It is
"therefore desirable to indicate what, in such a case, would be
meant by the solution of the differential equation.
When, in algebra, we ask whether any particular equation can
be solved, we thereby enquire whether the value of the variable,
which occurs in it, can be expressed in terms of known functions.
Thus, for instance, in the equation
the value of x can be obtained immediately by a process of divisions
But let the equation be
f* = JT.
To solve this we have to  introduce a function, which was not
needed for the former equation ; and, expressing £ in the form    .
we consider the equation solved. Now equations of the third and
fourth degree can be solved by means of functions strictly analogous
to these — the cube root and the fourth root of quantities ; but
general equations of the fifth and higher degrees cannot be solved
in terms of these functions or combinations of these with similar
functions. It does not therefore follow that solutions of these
equations do not exist ; they can only be solved when functions,
unused in the solution of equations of lower degrees, are intro-
duced.	^
Similarly, in the ease of a differential equation, when we say
that it can be solved, we do not mean to imply that the solution
must be expressible in terms of purely algebraical functions, of
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exponentials  (including  sines  and  cosines), and  of logarithmic
functions (including inverse circular functions).    The equation
dx
is equivalent to
But suppose that the properties of the logarithm were un-
known, and that the differential equation
dy __ 1
dx    x
were proposed for solution.    We should then have
and, calling
[dx __
we should prove the relation
and become acquainted with the properties of this new function so
as to" include it amongst known functions. But, had we not been
able to deduce the properties off (x\ the value of y given by,
[dx
rdx
J sc
would still have been considered a solution of the differential
.equation. In fact every differential equation is considered as
solved, when the value of the dependent variable is expressed as a
function of the independent variable by means either of known
functions or of integrals, whether the integrations in the latter
can or cannot be expressed in terms of functions already known.
Thus, for instance,
/V
y == A -f      dx
J X
is a solution of
although the value of y cannot be expressed otherwise than in this
form without the introduction of a new function the properties of
..U
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which can be investigated. In this way the solution of differential
equations is continually suggesting new functions to be added to
the stock of those already known.
6. Before we proceed farther, it is desirable to give definitions
of some terms used in the subject.
Any equation which expresses a relation between dependent
variables, their differential coefficients of any order whatever, and
the independent variables is called a differential equation.
Differential equations are divided into two species, viz. : —
I. Ordinary differential equations, into which only a single
independent variable enters, either explicitly or implicitly, and
to this variable all the differential coefficients have reference.
Should there be several dependent variables, the number of
equations necessary for their complete determination as functions
of the independent variable is equal to the number of such
variables. Thus, for instance, we might have
 
in which x is a function of the only independent variable t ; arid
in which x and ?/ are both functions of t. ^
II. - Partial differential equations, into which two independent
variables at least and partial differential coefficients with regard
to any or all of these variables may enter. If several dependent
variables be present, the number of separate equations must be
the same as the number of the separate dependent variables ;
but the occurrence of such systems of equations fs relatively rare.
a.s examples of partial differential equations we may consider
O? Y-0
fady)        '
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The order of a differential equation is the same as the order of
the highest differential coefficient it contains.
The degree is the power to which that highest differential
coefficient is raised, when the equation is in a rational form and
freed from fractions.
The equation
__   dy     a
V'-^dx + dt
doc
is of the first order and second degree ; the equation
is of the second order and second degree.
If a differential equation be such that, when it is rationalised
and freed from fractions, the differential coefficients and the
dependent variable enter in the first power and there are no
products of these, while the coefficients in the separate terms are
either constants or functions of the independent variables, the
equation is called linear. The following are examples of linear
equations :
G.y^,Z =      t
ox    J dy
The relation, which exists between the variables themselves
without their differential coefficients and which is the most general
one possible, is ealled sometimes the general solution, and some-
times the primitive, of the differential equation.
7. The process of deriving the primitive from a given dif-
ferential equation will frequently be the deduction of a first
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integral of the differential equation, that is, an equation of an "
order lower by unity than that of the original equation and
containing an arbitrary constant ; then of a first integral of the
latter which will be a second integral of the original equation ;
and so on, until differential coefficients cease to appear. This
will be the case when the operation has been repeated the
number of times equal to the order of the original differential
equation. Now the form of the first integral will be affected
by any transformation to which the equation may be subjected
prior to integration; and, since a given equation may be trans-
formed in a number of different ways, there will be a correspond-
ing number of different first integrals. But these will not all be
necessarily Independent ; and, as a mattey of fact, if the equation
be of the nih order, it cannot have more than n independent first ,
integrals. For example, the differential equation
has the following first integrals, viz. : —
©v-'.
dy	.	^
-y\ cos x + y sin x — Jtt,
dy .	^
— ,  sin x + y cos x = G,
(JLx
but they are not all independent, the four constants A, B, C, a
being connected by the equations
B = A cos a,
0= A sin a.
When a system of first integrals has been so obtained in any
case, it can be used as a simultaneous system, from which the
highest differential coefficients can be eliminated; and if inde-
pendent first Integrals of the equation, equal in number to the
order of the equation, have been obtained, all ^ the differential
coefficients can be eliminated from them so as to leave the primi-
tive. Thus from the second and third integrals in the foregoing
example we might deduce
y = B sin x + C cos #,
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and from the first and fourth
.	y = A sin (x + a),    .
each being a primitive; these solutions are seen to coincide on
account of the relations between the constants.
8. We proceed now to give reasons for the statement made
in the last paragraph.
A differential equation of the order n has n, and cannot have
., more than n, independent first integrals.
From what has already been said it is clear that an integral
relation between y and x involving n arbitrary independent con-
stants would lead to a differential equation of the order n. Let
the given integral equation be differentiated n — 1 times in
succession; the n — 1 resulting equations will involve all the
differential coefficients up to the (n — l)th inclusive and there will,
with the original equation, be n equations in all. Now from n
equations, in which n quantities occur, all but one of these quantities
can be eliminated. Let the n arbitrary constants be denoted by
Cj, (72,	, Cn; and from the n equations, which we have, let us
eliminate all the arbitrary constants except Gr The resulting
equation will involve the variables and the derivatives of y up to
the (n - l)th inclusive and will also involve C\ ; it will therefore be
a first integral of the differential equation of the order n which is
equivalent to the given integral relation. Now eliminate all the
arbitrary constants except (72; the resulting equation will now
involve <72 and, as before, derivatives of y up to the (n — l)th in-
clusive and will therefore be a first integral of the differential
equation; it will, moreover, be independent of the former, since (72
is independent of Cr Proceeding in this way with all the constants
in turn, we shall obtain n independent first integrals, each of which
arises from the elimination of all but one of the n independent
constants.
As there are not more than n independent constants, occurring
in the general integral equation, any other constant, which could
appear in it, must depend on (7a, (72, 	, Cn; let A be such
a constant, and let the relation between them be denoted by the
equation •
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Then between this, and the original integral equation, and the
i — 1 equations obtained by differentiation, (forming n-}-]. equa-
ions in all), the n constants 0 may be eliminated and the result
flill involve the differential coefficients up to the (n — l)th'inclu-
sive and the constant A. This would be a first integral of the
liffereritial equation, but it is not independent of the n already
)btained; for from these let the respective values of the quantities
"j in terms of the variables and the differential coefficients of y
De derived from the separate equations, in which they occur singly
ind be substituted in the equation ^ = 0 ; this equation will then
ae one involving the differential coefficients up to the (u-~l)th and
ihe constant A, and will therefore be the same as the foregoing.
[n fact the two processes are merely different methods of obtaining
the one result, and the second shews that the first integral so
obtained is derivable from the other n first integrals. Hence the
differential equation of order n has not more than n independent
first integrals. ;
9.. It is convenient to add here two lemmas to which frequent
reference will subsequently be made.
lemma I.   Let uv wa, 	, un be n functions of the n variables
jpj, #a,	, #„, these variables being independent of one another ;
if among these functions any relation, which may be represented "by
be identically satisfied, kg that ult wg,	,un are not independent
of one another, then the equation
l    3/f,	;
a*.
da
= o	(ii)
a£
 ;_'!
Irfa^ '   ()x,2' ""	' &
m identically satisfied.
Since equation (I) in identically satisfied, when for n^u^	,un
are substituted their values in terms of the independent variables,
the partial differential coefficients of F of the first order with
regard to each of these variables are separately zero.    Thus we
have
file_0.wmf
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dF 9-Mj    dF 3w2
dFdu,     dFdu,	dF du      A
	_1  _)	2 _^.	_|_ .	n _ Q^
3^ 3#M    3w2 3;rn    	    dun dxn
Let the ratios of the n partial differential coefficients of F with
regard to the us be eliminated between these n equations, which
are linear in these quantities; the result of the elimination Is
(
(
(
c
|!
and this is identically satisfied The value of a determinant in
unaltered by the change of rows into columns and columns into
rows; when these changes take place the above* equation becomes
equation (ii), which is therefore identically satisfied.
lemma II.   The converse! of thin is also tme: If uv ?/i? ....... un
be n functions of n independent variables #,, #a, .....	, £n, and if
the equation
be identically satisfied, then the function** w,, t^,......*.Mwll uru not,
independent of one another, but are connectiid by a relation of the;
form
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If the n—l functions uv u2, ......... , un^ be not independent
of one another then the proposition to be proved is at once granted;
we may therefore suppose them independent of one another.
Between the n functions u we can eliminate n — I of the
variables; if the remaining variable; say xn, be not thereby
eliminated the result may b'e written in the form
<wn = <£(X, Ma, ..., u^l9xj.
If the equation of condition be written in the form	'
we may write the theorem for the multiplication of determinants
in the form
9<X, ul2) ...... ,uj = d(ult u9, ...... >Mtt,1, j>)    9K,^2, ...... >un-i>®n)
The left-hand side is zero by hypothesis.    Since  the  functions
ult u^ ...... , unm-1 are independent, the first factor on the right-
f\ ,	**\ /	\
hand side is ~ ,^and the second is — V-11---^ ......... — ........... -^^r -    One  of
3a?M	^	^     3^, ^, ...,a;n.1)
these must therefore vanish. If it be the former, then ^> is ex-
plicitly independent of xn) so that t//n is a function of ul9 u^ ..., ww-1
only ; and there is thus a relation between the original n functions.
If it be the latter we have
.
3 (^!>  ^   ...... , ^n-J
an equation, which corresponds to the given equation of condition
but in which there are only n — I  functions of n — l variables,
since for the differentiations that now occur #n may be considered
a constant.   This is treated in the same mariner as before ; and we
should find either that there is a relation between uv u2, ..., un_x
considered as functions of &iy x2, ....... ®n_v or that a new equation
of condition involving n — 2 functions of n — 2 variables would
bold. If the relation between uiyuz) ..., ww-1 exist, it will be of the
form
^K,^, ......,wtt.l, a?J = 0;
which will involve a?n since we have assumed that wx, u2, ..., itn-1
are independent of one another. Between ^ == 0 and un = <j6 we can
eliminate a?n and obtain a relation between uv ut^ ..., t*w.
i,1-
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Proceeding in this manner and diminishing by unity each
time* the number of functions, which enter into the equation of
condition, we can prove that one of the two necessary inferences
at each reduction is the statement contained in the proposition.
And when the reduction has been repeated n — 1 times the only
alternative of the proposition is that any function, chosen at will,
should be such as to satisfy «— r = 0 for some variable x which can
be chosen at will.    As this is evidently not the case, the truth  of
the proposition follows.
10. As a particular case of the general lemmas we have the
following. Let U and V be two functions of two independent
variables os and y ; then if V can be expressed as a function of U"
alone, we must have
/  .	dx dy      dy dx        '
1   i	and conversely, if this equation be satisfied, then there is a relation
1	between U and F satisfied for all values whatever of x and y \
that
\ l"	Ex. I.   Are the functions
independent of one another 1
The equation of condition is
 1	,        1    ,    fy-z
 2	,    -2    ,
I  ',        3    ,
 =0,
which ib evidently satisfied since
3rd row = 2 (1st row) — |- (2nd row) ;
and therefore the functions are dependent.    To find the relation between
them, if we call them %, u^ %, we have
and therefore
«      •	4uz=Ui2 - u,?
on substituting these values".
Ex.%.   Prove that the functions aaP+by2+cz*9 Ax+By-}-Cz^ and
are not independent j and find the relation between them.
CHAPTER II.
DlFFEltKNTIAL   EQUATIONS  OF  THE  FlRST  ORDER.
II.    the general differential equation of the first order maybe
represented by
where F is a rational and algebraical function so far as the differ-
ential coefficient is concerned. In this general form the equation
cat mot 1m integrated; but there are certain particular forms, to
one or other of which many equations can be reduced, and which
admit of immediate solution. These forms we may call standard
forms,
12. lie fore considering them in detail, we will prove a pro-
position, which ik merely a particular case of the general theorem
indicated in § 8, viss., that a differential equation expressible in
the form
where M and N aro one-valued functions of w and y, can have only
one independent primitive.
Suppose that, if it be possible, two primitives
& (®, y) = ^
<k(tf,y) = &,
have been obtained.    .From the first of these the" value of ~ is
given by
S*i + 3^i^ = 0
dx     dy d%      '
i-
1
 18	EQUATIONS  OF THE FIRST ORDER.	[14.
14.    standard II.   Linear Form.
When the equation of the first  order is  linear, it may be
' written in the form
where P and Q are functions of x and are explicitly independent of
y.    Multiply each side by
at***;
then, since
-pJPdx _    _ t
"" dx [
the equation becomes
9
dx	y dx	^        '
on integration (the left side is now a perfect differential) we obtain
as the primitive
that is,
As in the general case,
hence
. 2.   Solve     (i)    ^(l-#2)
<<
^    (ii)   ^ +y cos ^=
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Ex. 3.    Shew that the aolutiou of the gwieral equation may bo exhibited
in the form
15.    An Important associated form, which can be solved by th
same method, is
where P and Q are functions of m alone.
Divide by yn ; the equation then is
which is the standard form ; and the general nolution ih
-Iie-(»-i>;™* = 6<~(« - 1) |<2<f fr-1'"'*^.
Ex. 4.   Solve	& f :,+$-•' y* \o& $••
Thin bucoincM, after a tran.sfoniiation Hiutilar to tho above,
c/ m   i i       i.
(       ]  — -,-   ...   i-,;-.; —       lojr.f
dx\yj     //.?;         ;i;    b   '
the primitive of which in
Thi818	4,<7
.*;//
^,1%'^
— C-f ........... — 4*
whence	: ^. 1 4- 6^' 4- log
.5.    Solve         (I)
(ii)
(»')   y
(iv)       /;ry+^),  k
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Ex 6    Shew that the four equations in § 7 lead to the same primitive.
1*6    standard III-   Homogeneous Equations.
The equation when of the first degree and expressed in the
form	r77/
MiL=N
dx
*d to be homogeneous, when M and	N are  homogeneous
T ST*       of a? and y of the same degree.	In this case we can
write                                                  ,^	.	£-•
x
r heing the degree of M and JK    On the substitution of
y = w,
so that v may be considered a new dependent variable, the equation
becomes
da?
°r
solution be expressed by
If
76.
*,
 in which the variables are separated; the integral is
i	f    4> M dv	,
log x +   -x/\-TT^ = A-
fo       Jv(f>(v)-^(v}
The primitive will be given by the substitution of -for v
00
after the integration has been performed.
If the equation however be not of the first degree but still
homogeneous in x and y, it may be written in the form
p{l   M~o
*y.<tej~°-	...
There are now two methods of proceeding.    The first method
flnj
is to solve the dtyuation considering it as- an equation in ^™; let a
dos
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This Is the case already discussed.
The second n*ethod is to .solve the equation eun,sid«»rin# if, n,s
an equation in    ; then we should haw
t
or	a ~~ ;/y, </>;,
,	.        .         «    r/y      •!.»,.,.         .	t *      • t
where p ls written for y .    I>tiff*n*ntiafing tlus wifli
we have
and therefore*
a*
This gives on Integration
-r/^ff (/;)
say; the elimination ofp lnriwei'ii ilti* hwt fijtiattufi i«nl
will give the primitive,    But It i* nut ulwuy« <ii.*»tml»ii< i** f*itiutimti*
p; it maybe rc'iained us tin • jitmintH.er of n jiniut. mt th*« rnrr«<-
sponding curve, in whieli cm-w* ir.s hh«* wnttlci in- ^iiiiilitr t«i fh/it i<f
the eccentric angle of a j-nnnt «tn an ««llij*w\
jKr. L   Bolvc-	j^y'/v-«-2y.
*" «j;
When we writes j/^nr, th« <!f|itati«»fi utj«iim^
wll€l1ice
 -f 1*^/1 - *'> +- Ing r - .1 *
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 n*
[It),
AV. 3.    Solvis	(wH-% + '')==
Lft ,r a/,. + £ n.nd // .-/•+,,, and suppose /< and * so chosen that

If hr*w«viT ^     ^ , but      diflta-H from each of these fractions, then the
juatitniM f*ivi«x // and /' am incnnHistont.    Let each of the equal ratios
thun
(hf
(«,»* -f % + /?) ^ - m (ax 4. /;?/) + <7.
tt,rf 4. lti/«=y •
Vitrial>li*H artt
,« /!     11    Q       ..	4.     .
II       ••• . -•    •  • «, tlio <>,( I nation ih
s	'
l tllltt
 (j)    3y-7^
(ii)    (l/H-
(iii)   (to+
 :- 7W 4- Al
A*-ir. r*»   Hliew that the cj«jttatloii

in whtrh /*,
of Iliij	t
kk, II,
 ara hotnogi^neotiH functions of x and y, P and R being
lx> Holved by the substitution y=vx.
/
'    =
t£rf
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17. Let now the curves, whose equations arc the complete
primitives of the homogeneous equation, be traced; they fojm a
system of similar curves. For let there he drawn through the
origin any radius vector cutting all those curves and making an
angle 6 with the axis of x ; the inclination to the axis of x of
the tangent to one of the curves at the point where this radius
vector meets it is given by
and therefore all the tangents at points lying on this line are
parallel. And therefore the curves are all similar and similarly
situated.
18.   stand akd IV.
Equations arise in which one of the two variables does not
explicitly occur.
Consider first that class from which the independent variable
is absent.    The equation will then be of the form
*(*£)-*
As in the general equation under Standard III,, there are two
methods of proceeding.    If it be possible, we may solve for y- bo
(juO)
that
in which the variables are separable ; the primitive ib
Or, if it be possible, we may solve for y\ wippoHo a nolution to
be given by
Differentiating with respect to #? wo have
24	EQUATIONS  OF  THE  FIRST  OBDER
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in which the variables are separable : and the integral is
,1	which, when combined with
ii
for the elimination of p, will furnish the primitive.    It mav h
I       '	more convenient to leave p uneliminated.
Let us now consider the class from which the dependent variable
;	is absent.    The equation will then be of the form
0.	dy dx    ,
Since	-f- - 7- = 1,
dx dy
this equation may be written
ff,

an equation of the former class, and soluble by the methods thereto
applying. These methods however may be applied to the equa-
tion without making it undergo this transformation. Solving the
equation if possible for •-*•• , we shall have
and the primitive is therefore
Or solving for x in terms of -~ , when this is possible, we shall
"I I " i	obtain
t i, t    A
Differentiating with respect to y (the absent^vm^b^) we have
18.]	STANDARD   FORMS.
the integral of which is
This, combined with
 25
constitutes the primitive.
<<>
ID.   standard V".
When the equation of the first order is of this nlh degree, Buppast.1,
It arranged in descending powers of the differentia! coefficient, &o
that it may be written
In which Pv Ps, ...... , PM denote functionn of .-*; and y.    If we, look
upon this an an  algebraical equation  in   .   , which has 74 roots
pv />2, ...... , ^;M (these being functions of »'/; and ;//), the <»(juat.ion
becomes
This can he true only, if oik* or more of the factors on the ItH't-
hand side vanish ; and tl]c,»refore any relation between & mid ;//,
which makes a factor vanish, will bo a solution of the original
equation, while no relation which clottg not makr ho»u» Imknr vanish
can be a aolution. Supponu then that the priuul.ivt.sK of thi* equa-
tions
dy	,, dy
^ - «   as ()     ^ - p   -a (>
* dx
rfo?    ^ *         <fa?    '8
(deduced by nu*ttit8 of cint* or oth«;r of the preceding in<?thodH) are
respectively; all possible Holutioim of tins given
eon telnet! in
 will be
y.
26
 KQUATIOXK OF  THK   I-'IHST  OHDEU.
 [19.
 
I    !
 But the generality of tiiis intend will still be maintained, if all
the constants Ov 0^ . ..... , (1n !m> made the smiuvsay C\ for in order
to find a value of y we must equate to zoro some factor on the
left-hand Bide of the, new form, and thin would give an equation of
the form
C is an arbitrary constant; if then all possible numerical
values be given to it, there must be included in the series of con-
sequent equations all the integrals, which can be derived similarly
from the corresponding factor of the first product. Hence wo have
as the general complete primitive of the original differential
equation,
Eos. I.	*V2 »' £*%{> f ff -• ^"{f -i- .t*.
Then	xp -// = ±.v (3? -f y2)*,
which, by the Hiibstitution yss.*^, i
When the positive nign ih ttiken, the Holution ib
The negative Bigri gives	c- ^ mrih (e - .«)
hence the general solution in
\y - .t? Hinh (.v 4- <?)] [y - .t? «inh (<? - .-<?)
.^.2.   Solve	i
3.   Solve
(i)     aty+tosyp ^ 2/
(ii)
(iii)
(iv)
(v)
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(vii)   ^+x + 'J-2
Shew that, if the g
can be solved by the Hukstituti
/&?. 4.   Shew that, if the gomjral equation ho hornogonoouH in x and #, it
Hence wolvo
20.   standard VI.   Ckdmufs Form.
The equation to which this name is usually applied ib
in which p stands for I .
Differentiate the equation with regard to #;: then
so that either
or	,r«f/' (;>} •= 0.
Taking the first of th(j.st.», we? hnve p = c a coriHtant ; and hoT.ieo
primitive is
The* K<»c'oiKl equation expreHKos x as a function of p3 and thereforcj
if p b(.i olirninatcjcl }>«*twui?n this I'quation, and
a relation hetwcim 7/ and ;/? will !ki csbtainod.
Of tlu'sc.* flu* former in (*vi<I<.!ntly a solution of the equation, and
from It the* diffWf'tif-ia! initiation can be -dedueed at once; for on
differentia! i Jig wet obtain
p = c,
and eliminating c we have;
y *;«:+/(;>).
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If now we turn to thi* other relation between x and y, which
•will be that derived from the elimination of p between.
it is at once evident, that it contains no arbitrary constant and so is
not & general solution. Yet it may b»* a .solution of the equation;
for differentiating the first equation \ve, have,
by the second equation unions -/, be infinite; eliminating^ from the
equations ?/ =|^' +/(/>) and -y = p we obtain
I
ll:
 which is the original equation.
21.   The relation between the two solutions, when both exist, is
easily indicated by geometrical considerations.    The first solution
y » ae +/{c)
represents a family ofwtraight hw.jh; if th«*y have an envelope, it is
•found by differentiating the equation with roHpoct to c (in fact,
this is equivalent to giving c a pair of equal values for the same
values of x and y) and then we have?
The result of the elimination of c between those equations will be
-	the same as that of eliminating p between the two
-1       i
fl        ,
and therefore the curve represented by the latter Is the envelope
of the family of linen represented by the firnt solution, should these
lines have an
Such a solution of the equation, which is not Included in the
primitive (but which may be derived from it in the above manner),
is called a Singular Solution, Wcs shall shortly return to a more
detailed discussion of singular soliitiona
* It should be noticed that for	of elimination p is merely a quantity
likely to depend upon y and » ; it I» nofc now	( ^ .
21.]
Ex. 1.   Solve
The first solution is
 STANDARD  FOEMS.
_        a
p'
 29
The second is given by the elimination of p between
and the original equation ; eliminating^ we have
y2 = 4cu?.
The latter is the singular solution ; the curve represented is touched" by all
the lines included in the primitive.
Ex. 2.    Solve	(i)
(ii)    y=pn&
(iv)  ^(y-
(v)   y
22.    There is an extended form of the equation, which can be
solved in a similar manner, viz. :
To solve this, let the equation be differentiated with regard to
; then
or
which, is linear in a? and conies under Standard II.
Let the integral be
The result of eliminating p between this and the original
equation will be the primitive.
Ex. 1.
y = dp — .
Differentiating with regard to %, we have
dp    I     x dp
45 = /y, _£. __  _ JL. __   _J._
, _. _
dx
*	^^*
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and therefore
dx	x      _   ap
the integral of which is
This combined with the original equation is the primitive.
The equation could also have been solved by differentiating
gard to y,
Ex. 2.
 Solve    .- (i)    ss^
(iii)   y =• samp +n
(iv)    y=y^24"%w;
(v)
singular solutions.
23. From the investigation of § 21 it is clear that a, sok
a differential equation can sometimes be found, which is not in
injjhe primitive ; such a solution does not involve in its exp
any arbitrary constant. The limitation of not being iticlu
the primitive is most important ; for in the latter a par
value, say zero, could be assigned to the arbitrary constant;, an
a solution would be furnished but not of the nature indicate
We proceed now to consider the theory of theso Si
Solutions of the general differential equation of the first
which will be written
If the differential equation either be linear or be res
into a set of rational linear equations (as in the case of Sfe
V.) then it has no singular solution ; any solution of it a/ppa
of this nature is merely a particular solution derived fro
primitive by giving a particular value to the arbitrary co
therein contained. For the present purpose therefore the eq
in p may be considered irresoluble : if it can be resolvei
factors which are not linear and not resoluble into lineex f
then we should consider in turn each of these irresoluble f
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We may thus consider <£ — 0 as a rational and irresoluble equa-
tion of degree n. More-over we shall assume that <j> is a one-valued
function, and that it contains no factor, which is independent of p ;
such a factor, if it were, retained and equated to zero, would satisfy
the equation, but would not involve the differential coefficient.
If in any case these factors occurred, we should suppose them
removed.
24. The considerations adduced in the Introduction furnish
the inference that, if x and y be the coordinates of a point in
a plane, the differential equation determines a system of curves
in. that plane, which depend upon a single independent variable
parameter; and as the differential equation determines at any
point a direction through that point, there will bo n directions,
given by the values of p there, and therefore n curves will pass
through any point in the plane. To represent this system alge-
braically we need an equation of the form
which is rational and algebraical and the constants in which are
also rational and algebraical; but as only a single; independent
parameter is needed, there will bit among those m constants w, ~~ 1
algebraical relations. Further this function / will be one- valued ;
and any factor, involving ,?: and // (or either of them) but none of
the constants, would bo rejeeted. for the, same reason as loci to 'the
rejection of similar factors from the differential equation. As the
differential equation cannot, be. resolved into simpler equations
of a lower degree, the algebraical equation is not ho resoluble; if it
wore, to each algebraical equation of lower degree there would be
a corresponding differ* mtia! equation of lower degree—a result
excluded by hypothesis. And the reason that m constants con-
nocted. by m-~l relations arc* hinorU'd instead of a single constant/
ib this; tht» (jquafion in the latter cast-? would bo the name as
that derived from the former with all the. constants eliminated.
except one, and as thin elimination would iwttally imply operations-*
(Huch as squaring, &<.:.:• which introduce iujtuiticniH other than that
wanted, the result would, be that the final equation Vould represent
more than the single.* equation desired, For example, suppose that
by any process an integral Is obtained in the* form
[a? 4- y* — a (w c<>8 a + ;/ sin a) j * = a* (w* -f* #*),
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or changing to algebraical constants
{x* + y*-a(lx + my)Y = a?(x* + y*)t
with the condition
then the equivalent equation containing one of these constants,
as m, alone would represent not only this equation but also
{x* + f - a (- Ix + my}}* = ^ (# +;/),
with the  same limiting condition, and therefore would not be
equivalent solely to the first of these.
Further we have n curves passing through every point in the
plane ; hence the equation f= 0, with the m — 1 equations between
the constants, must give at every point n sets of values for these
constants. Let the aggregate of the constants be denoted by (7, so
that for any point in the plane G will have n values,
25. Consider now the formation of the differential equation
from the primitive
It is obtained \y eliminating the constants between the m — 1
relations, this equation, and the equation
.
*bx    dy dx
But suppose the quantities 0 replaced by functions of at ; the
deduction of the differential equation will be the same as before,
except that for the last equation we must substitute
+      +
fix    ty dx
The result will be actually the same as before, if
dC dx ~ v>
dC
To satisfy this equation we must have either  ~    zero, which
leaves (7 cgpgtagf^jaL^JD'ust be determined by
dl-
~
RAMAN RESEARCH INSTITUTE
BANGALORE 6
Oiaat f4o....V.J./«*»t.J.»*»**tMWt* i
fQV
'•   WO   ••* •*••••«•••'•"•••••••••'
25.]	'   SINGULAR SOLUTIONS.	88
Let the value of G so determined be substituted in the function /.
We may thus in general as a solution of the same differential
equation equate to zero the discriminant of f with regard to G\
let this be written
26.	This locus is the locus of all points in the plane at which
the parametric constants (J have two or more equal values ; and
in it there will therefore be included &
(i) the locus of all the nodal points (double, treble, etc.) of
the system of curves ; for at such a point there are as many values
of C equal to each other as there are brandies through the point,
since the branches belong to the same curve ;
(ii)    the   locus  of all the cu-sps of the  system,  for  similar
reasons ;
(iii) the envelope of the system of curves, which may bo either
a single curve or several; lor any point on the envelope may be
considered us belonging to two separate but consecutive curves of
the system, t.hu constants of those consecutive curves being ulti-
mately cHjual. (In the <*nsot whim the* envelope can be decomposed
into Hevor.il curves, it may happen that one of these is merely a
particular curve of the system j\x, yt 0) = 0 ; its equation might
be excluded as being a particular solution.]
Let those tlm**.! respectively be called the nodal locus, the cux-
pidal loww, and the envelope locus.
27,	If we now consider the differential equation
£(tf,7/,2>)«0
in cormcwtum with the Hyntem of curves, whose equation conatituteB
itw general solution, it in evident that the envelope of the ftyntem in a
solution, of the equation; for at any point on the envelope (which
is a point, ou two coriHoeutivo curvow) the direction of the tangent
is the Harnc iw that of the tangent to cither of these \jurvea lit that
point; and wince the differential equation ib satisfied by the quan-
tities, which are eormoctud with the element of the system of
it must bo «ati«fk»d by these (unaltered) quantities,
uoctcd with the element of the envelope.
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But the nodal locus is not a solution of the equation ; if it were,
the differential equation would, for the values of x and y at any
node, be satisfied by the corresponding value of p at this point
on the nodal locus. Remembering that the nodal locus is formed
by a series of points on our system of curves, we know that the
values of p at any such point which satisfy the differential
equation are those given by that curve of the system which passes
through the point. But as the tangent to the nodal locus at such
a point will not in general be a tangent to any of the branches of
the curve of the system at the point, it follows that the value of p
for the nodal locus differs from those values of p for the curve of
the system which satisfy the equation when substituted in it with
the coordinates of the point. And it would only be by accident
that the value of p for the nodal locus could coincide with any of
the remaining values of p, which do not belong to the curve on
which the node lies, but are furnished by other curves of the
system through that point. Hence the value of p for the nodal
locus at the point will be such as not to satisfy the differential
equation ; and the nodal locus will therefore not be a solution of the
differential equation.
Exactly similar considerations applied to the cuspidal locus
lead to a similar conclusion : — the cuspidal locus is not a solution of
the differential equation.
28. Now the envelope of the system can be derived from a
knowledge of the differential equation alone, i.e. without a know-
ledge of the primitive. At any point on the envelope at least
two of the branches of the different curves coincide in direction;
and therefore for such a point we shall have equal values of p
belonging to different but consecutive curves.
If now we express the condition that two values of p shall be
equal, by means of the equation
^=0
dp   u>
and eliminate p between this and the original differential equation
(in fact, equate the discriminant of <f> to zero), then the locus
will be one at points along which two values of p will be equal,
and will obviously include the envelope.
 we ave t
two point
both wap
belonging
Asbej
and reaso;
the nodal
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;rere*	But besides including the envelope this equation will also give
any	the locus of all points
toxxx®	(i)    at which two branches of the same curve touch, i.e. wilK
0:10	give all the cusps; this therefore as before is the cuspidal locus.
.  -	(ii)    at which two curves which are different but not consecu-i
a "3L	tive touch; this locus'is called a tac-locus.    Thus, for instance, if
ISS -	we have two infinite series of concentric circles one round each of
^    |*	two points, the straight line joining the centres (and produced
*s	both ways) is the locus of points of contact of two circles, one
0    *V	belonging to each system.
'©   0* • ;
-^	As before the cuspidal locus is rejected, not being a solution;
-,      ^	and reasoning exactly similar to that which led to the rejection of
of	the nodal locus indicates that the tac-locus is not a solution.
3   on	29.    Hence of all these the only solution of the differential
"bins	equation is the en^Lopej4ocus; and this, and this alone, we call
.odLai	the  " Singular So!Mon"  of  the  differential  equation. r   Either
atial	method of obtaining the envelope-locus may introduce some of
f tJ&&	the other loci which have just been shewn not to be solutions;
and therefore in any particular case, unless the equation, derived
ochh	obviously represents the envelope and nothing but the envelope,
jn of	it *s necessary to try whether the result satisfies the differential
equation.    Should it not do so, it may happen that the equation
can be resolved into others that are simpler, and one or more than
>*** &	one of them may satisfy the equation; these will then constitute
aow-	the  Singular  Solution.     And  those  which  do  not   satisfy  the
least*	differential equation will be found to be loci, which according to
310x1;	the principles above explained ought to be rejected.
of jp
80.    It is to be understood that an irreducible differential
equation has riot necessarily a singular solution.    Thus let the
;	discriminant with regard to p of
"	<£ (®> y>P) = ®
\	be denoted by Z7, where U is a function of the variable coefficients
of p in this equation, and suppose that U cannot be resolved into
Ltion	simple factors.
If the equation U = 0 be a solution of the differential equation,
I	then the value of p is given by
file_1.wmf
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and we must have the equation
identically satisfied for values of x and y connected by U = 0. In
other words, there must be a relation between the coefficients of
p in <£ and their differential coefficients with regard to x and y ;
but this will not in general be the case.
If we consider in particular the equation of the second degree
in the form
then the singular solution, when one exists, is $ = 0, where $
is either LN - M* or a factor of this.    In general LN — j\T cannot        ^
be resolved into factors ; and it is not itself a solution, unless
, j(
£
-	p
where LN— If2; and these in general would be two independent	*
simultaneous equations determining x and y as independent quan-
tities. Yet, from what we have seen, the primitive of the differ-
ential equation is of the form	'	a
and if this be an algebraical equation, it will have a general
envelope contained in
LfN'-Mn = 0,
which will be a singular solution.    The explanation of the ap-	}
parent contradiction lies in the fact that this integral equation is	\
usually of a transcendental form, and so has not in general an	(
envelope; and the exceptions in the first case — when the differ-	».
ential equation has a singular solution — are the exceptions in the	\-
other — when the transcendental equation represents a system of	|
curves with a genuine envelope*.	f
We now proceed to consider some examples of the general	I
theory.	I
* Of. Cayley, Mess, of Math. Vol. vi. pp. 23—37.   The theory of singular solu-	1
tions of differential equations of the first order, as at present accepted, was first	$ •
given by Oayley in the Mess, of Math. "Vol. 11. (1872) pp. 6—12.    See also Darboux,	*
Bull des Sc. Math., Vol. iv. (1873), pp. 158—176.	f/
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In the case of each example the corresponding figure should be drawn.
Kx. 1.	//J//H-/>(,'t;~,//)--.r==0.
The condition that // .should have equal values is
i.e.
or	y= — tf,
*r	which is not a .solution.    Now the equation may bo written
fclio solutions of which arc
i/-#•--(•, and
*	The different curves represented arc obvious.
This us an example of the remark (§ 23) that, if the equation bo reducible
to linear and rational factors, it has no ningular solution.
Jf	/r ,   e>	•>..*>...'>         t\	•«).«»        «   «   «>         , i	«   ,	f     i
The condition that p should have equal roots is
that is
bo that	y = (),	•••	/^^-	* fj
f	r	i	.	4   S
and	//= ±,'i; tan a. •
The primitive in	•	»
and the condition that <• Hhould have1, e<(ual roots is
;^r,r(.^4-y^ coh- a,
or	//-.-;- ±;(?tan«.
The curvoH reju'eseiitcd an* a werieH of <ji.rcl.eH ; their envelope is the two
Htraijjht. lines^ ..• ±^tari«, whictii coriHtituto the singular solution.   ( .
I   " .   •   .   l'i 11-«
The line ,y «-• 0 ih a taolociw.	,     •	•      .   •     '•'''^">" ' •'*"    (   r
Tho condition that // wliould Iiavrt equal roots is
.r(.a7-
The primitive is
and the tionditiort that c «hall have equal roots is
Thrt difTurmifciftl equation in HfitiMfiod by m^(), .r/^-r/,, ,-^.v-/; (and the oor-
infinitcj values of p}\  arid those are singular solutions.    The
in the ^-dincriminant give»
nd thc;KC line« aro taoloci.
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The curve	f = x (x - a) (so - &.),
(0 <&<?*) consists of an oval cutting the axis of x at the origin and at a
distance a, and of a curve like a parabola cutting the axis of x at a distance b •
the tangents at all these points are parallel to the axis of y. The system
of curves is obtained by moving this curve parallel to the axis of y The
straight lines # = 0, x=a, x=*l are envelopes of the system; the line
is a tac-locus of real points of contact, the line
is a tac-locus of imaginary points of contact.
if
f!,
fc
 Ex. 4. In the foregoing make a = 6; and remove (see § 23) the factor
(x - a)2 ; the differential equation is
40p8 = (3#-a)2; '
the condition that p should have equal roots is
tf(3#— a)2 = 0.
The integral equation is
(y + tf)2 ==«(#- a)2,
and the condition that c should have equal roots is
x(x-a)* = Q.
Common to these we have #=0, which (with the corresponding infinite
value of p) is a solution of the equation, and therefore a singular solution.
Every curve of the system has a double point ; the locus of these is x—a
which is a nodal locus; the line #=-Ja is a tac-locus.
mx. 5. In the foregoing let a=0 and remove the factor #; the differential
equation is
^p2 = 9#;
the condition that p should h ave equal values is
#=0.
The primitive is
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..L^l
 and the condition that c should have equal values is
^=(X
The differential equation is not satisfied by #=0 (with the corresponding-
infinite value of p).
The curve y*=x* is the semi-cubical parabola having a cusp at the origin ;
and the system is obtained by moving the curve parallel to the axis of y, so
that #=0 is the locus of cusps, and therefore is not a singular solution.-
-fife. 6.	,	p8~
the condition that p shall have equal values is
y*
The primitive is
„* ^«f\  r<'* ^   *   ^ J •"* '   r  ^
's    L.  ,  \    I	i .        *•
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and the condition that c .shall have wjuul vulut*s ih oMainwl l\v rliininaUn.^ '•
l)ctween thi.s and
(.•/.•-fOOtf- 3'V~°»
so that either
agreeing with th« former, .Both of th«?so satisfy iln- difli'ronf in! ffjuatinn; l»ut
the first of them is a particular solution- (corresponding to r. Uj and wn Miitnv-
fore consider the latter ulono an Urn singular solution.
./&;. 7. Ohtain the primitives and the singular solution* (whoiv umhj*
exist) of the following equations; and specify tho nature of the l<«'i wltirlt
are not .solutions hut which are, oLtuhsud with tho sinj^tiiar solution.
(a)	MfP —
Primitive	aP ---
Singular Holutions	v/-
Primitive	c*2+'«^'M2--.
Singular .solution	&P+ '/*•••'*"',
Tac-lociiH	./,• ••-..: o.
(y)	j>* •• 4// (./;// - ty'
Primitive	jf -'-*'"(>*!- (*f i
Singular solution	./:*- H>// ...n;
Singular nolution also parti<fti!ar
W
(0
Further exainplos o«;ur in Uuj pii|H*r l»y C !ayi<»y, J/*'*f, /*/ J/W//I, Vi*L VI.
and in one hy J. \V. L. {JUiwhor, M*m. t>f M*tih, Vol. xu. (IHH^) p|>t I ..... l-
MfHCELLANEOIIH KXAMPLICS.
1.   Solvo tl«» ouptaUonH :
(i)      //- r/r- .T^np ;	(H)      ,/ Oy/ f a*//     *;v// ;
(iii)   .^h.//   /;	(iV)    /-t,|,^   //;
(v)   w#  ***/' - ////2 »	(v»)   /;f //f O/ » •'/*/ ;
(vii) j^+a*   <«?/*;	(viii)   jf>*-».* •«///* i */'»   n
a
(») y
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(xiii)
(xv)
(xvii)
(xviii)
(xix)
 aty* (cy+cxp) ;
(xxi)     (a«
(xxii)    y=*f
/       v	?/\       /    .   •//	y\
(xxiii)   ( a? cos '-' +y sm ^ 1 y = ( y sin ^ - #eos ^J .^ ;
(xxiv)   (x*if + a?y*+xy + 1) y + (#y - ^s - ^ + 1 ) ^ 7 j   ° ?
(xxv)    {(,^2 - /) sin a + 2,^ cos a -y (.^2 H-;ya)4} p
= 2/ry Bin a - (.>'" -y-) c< w a -f .'' (.t%" 4-y-)^.
2.   Shew that, if
where the quantities -4 are connected l>y the rtjlation
then
 log (u (I - ,?;)*
3.   Integrate the equation
cos 6 (cos B - sin a sin </>) <f $+ com c/> (coh ^> - hhi a sin ^?) ^/<j& =0.
Shew that, if the arbitrary constant be determined by the condition that
the equation must be satisfied by the valuon (0, «) of (0, </>), tho o<juation
is satisfied by putting
4.   Prove that, if the differential equation
cydx - (y + a -f fo?) cly - wj? (,-1*% - tfrLc) -••• 0
be transformed into an equation botwoori u and .** by the 8-ubHtitution
u (y + a 4- ^t? 4- ».«*) «y (« -f w*'),
then the variables are separable; and reduce tho t^j nation to tho form
i
 by the further substitution ?;=;aw+/8, a and j3 l>cing nuittibly detoruiiued.
5.   Reduce the equation
ay2 - &) ; -     « 0
to Clairaut's form,»arid hence solve the equation,
Solve the equation
 
where a+j8+y=0.
 ,
dy   r dx+d-y
if 1W
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6.    Shew that, if yl and y* bo .solutions of tho equation
"
where P and Q are functions of # alone, and y^—y^ then
-JScte
Z=H-«fi      ?/l        ,
where a is an arbitrary constant.
7.    Prove that the variables in the equation
may be separated by the substitution x^u + v and y*=fru — v9 provided k be
properly chosen ; and integrate the equation.
S.   Shew that the equations
y — #j»s=sa(y*4-p) and ?/ — .^=sfi(l-4-a?2jw)       }	«% .   *      */ f P'f
are derivable from a common primitive, and determine it.
Are the pair
x+p (H-jp2)~""* = tt and y^l-Hp2) ""*==•&
so derivable **l   Also the pair
jjps=za>!C and ya (1 —pt£) =-b 'I
.9.    Integrate the differential equation
A tangent to a curve ut a:rty point P cuts the tang'ent and tho normal at a
fixed point 0 in tho points If and j\r and tho rectangle OMP' N in completed.
Find tho curve which is such that the triangle formed by the tangents at any
three points P, §, /£ is otpial to tho triangle formed by the corresponding
points P', Q', R'.
10. Determine the system of curves which Hatinficn tho differential equa-
tion
dx {(l+x^^ni/} -My {l++yw?} =0,
arid shew that the curve which passow through the point «v=-0 and ;y« neon-
tains as part of itself the conic
11.    Inttjgratc the etjuation	* j    \     H*\ \	I
^ , y^a-^ *~27>	*     ^ '" \ " •* ,  1*^H
a* b^a+bx+yp'	*         {   f ' 4- '4'|j      '"*   ^
and examine tho nature of tho solution
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12.   Discuss the question whether
singular solution of the equation
 is a particular solution or a
dtf
13. Obtain and interpret the primitive and the singular .solution (if there
be one) of each of the equations
(i)
(iii)
14 Shew that in general it is necessary, for the existence of a singular
solution of the equation $ (#, y, ^) = 0, that the equations
"      '       rip      '       &?;        ?)//
should be simultaneously satisfied.
Prove that, if a locus of points of inflexion can be obtained from the
integral family of curves, it will be included in the result obtained by the
elimination of p between the first and third of these equations.
Discuss the solution of the equation
(Darlwux.)
15.   Obtain the primitive of the differential equation
and shew that exactly the same oc[uation is obtained by expressing the
condition that p should have equal roots in the differential equation iw by
expressing the condition that c (the arbitrary constant) nhouUl have equal
roots in the primitive ; and determine the geometrical moaning of thin
equation. Is it a singular solution ?
16.   The primitive of the differential equation
is c^-fc (#-fy) -f 1 ~,^=0. Verify this and obtain the singular solution both
from the equation in p and from the equation in c, explaining the geometrical
signification of the irrelevant factors that present themselves.
17.   Shew that the solution of the equation
0
Is 2^7= ±ay a singular solution ?
Trace the curve and the locus given by the equation independent of nit
arbitrary constant   (Woolsey Johnson.)
18.   Shew that the differential equation
which has no singular solution does not admit of a primitive representing a
system of algebraic curves.   (Cay ley.)
CHAPTEB III
the genekal lineae differential equation with
constant coefficients.
Preliminary Formulce.
31. Before proceeding to the discussion of the linear equation
)f the nth order with constant coefficients it is convenient to formu-
ate and prove certain theorems in differentiation and integration,
vhich will be required in that discussion.
Let D stand for -7™ ; D* for -j-:, ; and so on.    Then this symbol
doc 3	da? '	J
D obviously is subject to the fundamental laws of algebra;  for
evidently
Dr. Dnu = Dn. Dru = Dn+rtt;
D (u -f v) = Du + Dv.
It is necessary to deal with negative indices ; thus if we have
Du = v
und, after the algebraical analogy, we write
<u=D~l'v)
ve have	^ = Du = D . D'^v,
o that	D . D""1 = 1.
Thus D"1 represents such an operation, on any quantity that, if
he operation represented by D be subsequently performed, the
tuantity is left unaltered. It at once follows that these symbols
idth negative indices also follow the laws of algebra; and aa
•peration with a negative Index is equivalent to an integration.
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But it is important to point out that the special object of those
inverse operations is to find an integral but not the complete
integral; and the arbitrary constant which arises in integration in
therefore omitted.
In what follows ty denotes a functional symbol; and ^ (,•/;)
everywhere denotes an algebraical rational function of ss which can
be expanded in ascending or descending integral powers (or both)
of the variable.
32.    Theorem L
For since D stands for -,—
•   da)
I) enx = aenx.
When each side is operated on with ir\ the equation becomes
or transposing the sides of the equation and dividing by a we have
Repeating these operations we obtain the equation**
Now as ^ is an algebraical function which can be expanded in
powers we may write
•t(D')€P=[A9+A1p+...+ Arff+....
.   Theorem II.   If X denote any function whatever of &, then
*
v
I   . ,	A single operation with D gives
; i	D**X=
from which, if both sides be multiplied by e**>
so that the effect of operating on X with e^ Deftx i* to give D + a
operating on X.   Let the operation be repeated ; them
;/]	WITH  CONSTANT   COEFFICIENTS.	.      *<
(ea* D* O X = (D -i- a)2 X	s of the
A
£» orate again with ^ Dew : then
•**	Til V
(
—cm?  T~\ fnx^ /  ~~waJ   ri2    ax\   "V	 / T\   i      \  /T~\   t      \2   ~V	j
e    JJe ) (e    Ju e ) JL = (U -+ a) (JJ -f a) J\.
(
~d,x   T}3 s>(ix\   "V^ 	 / T\    ,     ,,.\3   V"
6?      jt/   6   J A. = (jL> -f C6)   ^jl,
!<i so on.    If the operation be performed n times, the resulting
will "be
~a:e r\n  (^.x ~\7\ 	 / T\   ,    ,,\n ~y
6      U   \6    -Aj = (JL/ -f- Ct)   A.
tich multiplied by e"x gives
which n denotes a positive integer.
Consider now the case of negative indices ; write
3  that	Z=(jD+aO~ttXr
Then the result just obtained may "be written
^fp+ayx^fx^
)-jperate on each side with D~n and the result is
Now no limitations were assigned to the form of X and there
therefore none on that of JTt, which can thus represent any
uinction of (G ; replacing it therefore Tby X we have
Let -^ (D) "be expanded in integral powers positive and negative
'if necessary) of D ; and let ettx X be operated on by these integral
powers in succession, the equivalent values derived from the fore-
going equations being substituted and the terras collected as
before ; then the result is
^ (D) [f*X] = f* ^r(D + a) X.
Corollary.    If we write
<rz=r
so that Fis a function of a?, then
theorem which is useful.    For example, let it be required to find
particular value of y to satisfy the equation
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But ituhe notation adopted this will be
V
haver
int	y''
*	I
= eax rs
D+k + a
or choosing a so that a 4- k = 0, this is
,, __ p-Tat _£   Yf>kx
y-e     D ye
34.	Theorem III.    If ^ (X) be an even function of x then
i|r (D2) sin (o# + a) = t/t (— a2) sin (a& -f- a).
For	D2 sin (aa? + a) = (— a2) sin (ax -4- a),
and the theorem follows as before.
Corollary. If ^ (a?) be not an even function of x it can be
expressed in the form
4>(0*)+*%(aO
where <£ and % are even functions of x; in this case
ty (D) sin (ax + a) = (<j£> (D2) + D% (D2j| sin (asc -I- a)
= 0 (— a2) sin (cm? -f a) + a^. (— a2) cos (aa f a).
If the function to be operated upon be the cosine instead of the
sine, the corresponding changes are obvious.
35.	Theorem IV.   This is really an extension of Leibnitz's
theorem for the successive differentiation of the product of two
quantities whose differential coefficients are known.
If ijr (x) as before denote any algebraical rational function ex-
pansible in integral powers of <k, and *J/ (x), -*//' (#), -\Jr"' (x),...
denote its first, second, third, ... differential coefficients with
regard to x, then the extended theorem is
-\/r (J9) UV
= ^f (£)W Ikf' (I)) t; + ^
The proof depends on Leibnitz's theorem and is similar to that
of the preceding propositions.
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• The advantage of this theorem arises in cases where one of the
two quantities u and v is a power of x, or is the sum of powers of os.
If, for instance, u = xm~l> the series on the right-hand side need only
be written as far as the mtil term ; and such inverse operations as
are to he carried out will be performed on a single quantity v.
Ex.    Shew that, if
(D+k)*y=aPV,      ^
where V is a function of x only, y is given by	-ij-   /< ? .
e-** (a* f f#*Vda?-4x f f ' f#*VdxP + 6 f I f fe*xVdzA.
36.    Another important operator which sometimes occurs is
x -y- or, with the previous notation, xD ;  and similar theorems
(Loo
concerning this can be enunciated.
Let F '(#) denote a rational algebraical function of z expansi-
ble in powers of z\ then in F(xD) we shall have terms of the form
(xD)n which means, not of , ^ , but x -,- . x r- . . . operating n times.
The relation between these will shortly be proved.
Theorem I.	F (scD) xm = F (m) xm.
For	xD)aP**maF9
and so for all integral powers positive and negative.    Hence the
theorem.
L	\
Ex.   Prove that if U be a function of x of the form    ~-i~- -      *"r      *"
A+Bx+Ca? + Dafl+...	if '    ;^}
then
1      Tr     A         B	0     9     D
_ -.,.>_   // — -.. ___ L. ... . ___ T4-—
F(xD] ° ~F(Q) + F(l}   ^(
Theorem II.     F (xD) xm V = xm F (xD + m) V.
We have	ocL (xm F) = xm (coD + m) V,
or	(x^.xl) . xm) F= («D + m) F,
so that the operators x"™ . xD . xm and %D + m are equivalent. The
course of proof lies on lines exactly similar to those for the corre-
sponding theorem with F (D) ; and the result is in the enunciated
form.
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37.	The relation between the operators Dn and xD is given by
the formula
x)nDn = xD (xD - 1) (xD - 2) . . . (.rl> - /*, + 1).
The theorem can be established directly; for if u the subject of
operation be expanded in a series of terms of the form Amxm, the
result of operating on this with D* and multiplying by xn is zero
if m < n, and is
m (m - 1) (m - 2) . . . (m - n 4- 1) Amtfn,
if m > n ; but this is also the result of operating with the right-
hand side. Hence the operators are equivalent for each term of u
and so for the sum of all the terms of u, i.e. for u itself.
The theorem can also be established by induction ; for suppose
xnDnu = xD (xD - 1) (xl) - 2) . . . (tr,D -n + 1) u,
and write	u == (xD — n} v ;
then	Dnu = a;D*+1v,
and so     x™ D™ v = xD (xD - 1) (xD - 2) ... (xD - n) v.
Now u is any general function ; hence v is also a general
function. The theorem, if true for n, is thus true for n + 1 ; it is
obviously true for the values 1 and 2 and so is true generally.
Some Properties of the General Linear Differ entud Equation.
38.	The general type of linear differential equation of the nth
order is
in which X19 X^ ... , Xn, V are functions of x (or constants) but
do not contain y ; for the sake of shortness let it be written
If this equation be integrated step by step so that each
integration reduces the order of the equation by unity, every
time such a reduction is effected an arbitrary constant enters,
and therefore, when ultimately the integral equation is ob-
tained, n arbitrary constants in all will have entered; or we
shall expect the primitive of a given linear differential equation
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to contain a number of arbitrary constants equal to the order of
the equation.
There are certain properties appertaining to all linear equa-
tions in common which simplify to some extent their Integration ;
the most important of these are the following.
39. I. Lot tj be any particular value of y, which satisfies
the equation ; and let
y^y + Y.
Then substituting this value of?/ in the equation we. have
4>(J>) Y + <b(
But, since 77 Is some solution of
the equation now becomes
so that to solve the original equation wo must solve generally this
equation, which Is the same as the original equation except that
the right-hand side is now zero. When the primitive* of thin
modified equation, which will contain n arbitrary constants beeauHe
it is of the ?*th order, has been obtained, it must be added to 7; ; and
the result equated to y will be the primitive of the given equation.
The primitive then consists of two parts:
First, the quantity *r)> which is called the .Particular Integral
and ib any solution whatever (the simpler the better) of the. origi-
nal equation ;
Second, the, quantity Y9 which in called  the Complementary
Function y thin in the primitive*, of the equation when, the right-
hand Bide Is made zero.
The sum of these two parts in the primitive of the general
equation.    If in any particular cane the right-hand Hide nhould
already be zero, the former of those parte will, not occur.
The  variouH   methods   available   for  the*   deduction  of   the
Particular Integral occur later in § 46. The romaiaing proportion
are useful in the investigation of the Complementary Function.
40.   II.    If Yss Yl be a solution of the equation
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then F=C1FJ is also a solution, where Cf1 is a constant; and if
F1? F2, ...... , Tn be particular solutions, then
is also a solution, where (7t, (72, ...... , (7n are constants.
For       *(D)F=<l>(D)C1F; + <l>(D)a2y2 + ......
and each term on the right-hand side is zero. No restriction
whatever has been laid on the values of the constants C, and they
therefore are completely arbitrary ; the above value of F is thus
the primitive of the equation
and so is the  complementary function in the integral  of the
equation
Hence the determination of the complementary function is
reduced to that of particular solutions of the subsidiary equation.
41. III. If a single particular solution of the subsidiary
equation be known, the order of the given differential equation
can be lowered by unity.
Let Fx be a solution of
and let the substitution of the value T.z be made in the equation
I	rfWn	17
1	,:	then, by § 35, the left-hand side becomes
Ij	i:	.
(/<$>
in which the operations ^, ... are derived from $ by temporarily
| f	•	o
:	considering D  as  a magnitude  and  obtaining  the  partial dif-
^	ferential coefficients with regard to D.    But
GENERAL PROPERTIES.
; hence, re-writing the equation, we obtain
 51
,= F.
y hypothesis
e last term on the left-hand side is removed ; the quantity
posed known and therefore all the functions of it on the
side may be considered known. Let Z be written for
the equation becomes
on of order n — 1.
s a corollary prove that, if m particular solutions of the subsidiary
'6 known, the order of the original differential equation can be
CV. The given equation may be transformed into an
from which the second term (i.e. the term involving the
a! coefficient of order one less than the order of the
is absent.
ibstitution of Yvz for y gives for the coefficient of Dn~lz
jO this point in the last section the assumed value of F^
ised, so that the equation there was perfectly general) ;
term in Dn~lz is to be absent we have
:ore
.ry constant being inserted as the differential equation
a ear and of the n^ order.    If this value of F be substi-
*    i
differential equation in z is freed from the term in Dn~*z.
se properties I. and II. will be immediately useful.
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General Linear Equation with Constant Coefficients.
43.    If in the general linear equation the coefficients of y and
of its differential coefficients be constants, it may be written
or say	f(D) y = V)
in which /(!>) is a rational algebraical integral function of D alone,,
and V is any function of #. It has already been proved that the
solution of the equation consists of two parts which can be obtained
separately ; these will be taken in turn.
44.    To find the Complementary Function.
The complementary function is the primitive of
Now it has been proved that
so that y = eax will be a particular solution of the equation, if a be
such as to make
But f(z)  is  a rational, algebraical and integral function of
degree n, and therefore there are n roots of the equation
/(*)=<>:
Let these n roots be a, /3? ..., X; then eax, e$x, ..., e^ are n
particular solutions of the equation
f(D)y=Q,
and the primitive is therefore
!•*
in which A} B,..., L are n arbitrary constants.    This value of y is	I
the complementary function of the original equation; and, if the
roots be all real and different from one another, it is complete.	I
If however two roots be equal to one another, say a and /?, then	f
the value of y becomes	•      t
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Al being a single arbitrary constant (equal to the sum of two
arbitrary constants). There are now only n — 1 arbitrary constants
in y, and the expression therefore ctoasos to be? the primitive. In
order to obtain the primitive we may suppose that the roots are,
not equal but differ by some quantity /// which will ultimately bo
made zero ; the part depending on the roots a and /3 will then be
Aeax
As the quantities A and B arc arbitrary, we may assume thorn
infinite in such a way that, as /// approaches xoro, lih is finite
and equal to Bv while A and B are of opposite sign and their
numerical difference (or algebraical sum) is finite and equal to Al ;
thus the sum of the two terms AeF* 4- Be$x becornus
^{A + ^i^-r^r'"
ultimately, when h is made zero.
Similarly if r roots be equal the corresponding r lemiH in the
complementary function will apparently coalesce into a Kinglet
term; but it in easy to shew, by reasoning wtnilar to that adopted
for the cane of two equal roots, that tho r terras will bo replaced
by
fi*8 [-4, 4- -<!„« + AAd* +... 4- ^X"1]*
a denoting the common value of fcho r (jqual roofnS ; and tho com-
plementary function will them be
y = e** [./I, -I- Af& 4-... 4- A^1] 4-... 4- /)c^.
If now the roots be w>£ aW re?a/, thowj which are imaginary
must occur in pairs; let such a pair be d 4 $i*. Tho corre-
sponding terms of the complementary function will be
which it is Hornetimes rieeeBsary to express in a form free from
* 4Throughout tho took *J '•'! will be replaced by I.
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imaginary quantities.    If cosine and sine values be substituted
for the exponentials, this expression will become
ee* \(A' + B') cos </>£ + i (Af - &) sin £#}.
Since A' and B' are arbitrary constants, we may write
and we then have F and G arbitrary; the corresponding terms in
the complementary function therefore become
eex (F cos <px 4 0 sin </>x).
Lastly, if an imaginary root be repeated, the conjugate
imaginary root will also be repeated and the corresponding
terms in y will be
Using the same method as before and writing
i(A'-H) = &,	% (A"-ff' )**(?,
we obtain as the corresponding part of the complementary function
e»* {(F + F'x) cos <j>x + (G + Q'x> sin <f>x].
Kesults analogous to those in the cane of multiple repetition
of real roots are obtained in the cane of multiple repetition of
imaginary roots.
45. In some cases of the general linear equation, when the
coefficients are not constants but are Home functionH of #, a method
somewhat similar to this will apply. Thus, it might happen that,
when for y in the equation
there is substituted ty (m, w), where -^ is a function of definite
form, the resulting equation had a factor independent of a* such
as <j> (m) ; if thjs were so, the factor would usually be of the degree*
n, and so equated to zero would satisfy the differential equation
and would furnish n values of m which may be* denoted by mp
mft, ...,mn; the primitive would then be
y = Arf (m, , as) + A& (mv &) + .
m
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If two roots were equal, as w^ and m2, then writing m2 = ra +h
we have for the corresponding part of y
"13x)      h d2^(m^x)         ~]
or	Aty (m, , x) + £' -g — ^ K , a) ,
on changing the constants and making & ultimately zero as before.
A similar process holds for the case of a multiple repetition of
a root m1 ; and in the case of imaginary roots the corresponding
parts of y should usually have the constants changed in the
modified expression, so as to leave the latter free from imaginary
symbols.
This process was adopted in the case of constant coefficients,
the special form of ^ used being emx°, when the equation is
homogeneous (§ 55), that is, when it takes the form
in which the quantities A are constants, the proper form of
-^(see § 36) to be substituted is xm. Occasionally by a suitable
change of variable a given equation can be reduced to the above
shape.
A. I.   Solve	g+3|+2y=o.
When we substitute y=<?w% the equation for m is
so that	y^
Ex.2.   Solve	^-2X
The equation for m is
(m
so that	y = exx C cos (px + a),
or	eKx (A cos f
Cor.   The solution of
y=A cob fO?-hB sin pa.
Ex. 3.   Solve	-s-^-
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The equation for in is	(m - I )s •••-0,
.arid therefore	// = <J* (y I + /Ar).
/&?. 4.    Solve	t'^ 4 2/r '/{4 w-V   0.
rw/1	e//tf-
The equation for m ib
(»ia4-/iB)a-;^0,
and the value of ?/ is
(/I 4 fe) «os >/,•/• 4 (/'y+ A'-) Mn //.
fe. 5.    Solve	^'%4.rf^	•//..".•-•<>.
«./.-       (/./.•   *
When we substitute %m for//, tl»i equation for m i
'iii,(m- l)4//<.	1 -- 0,
«o that w=s= 41 or —1 and the value of// in thtm*f««v
 [45.
&e. a   Solve        *	^.       .-Hy: u.
«an|	cu.'*         «,«
With the Hamo Bubntitutiott an in Kx, 5, lh** «*>)n:»iiMii for -//a in
m (m ~ 1 ) (in - 2) -• 3//i (m    1 / 4 7 //<    H    < >,
or	wn-Ow*aH-I2//i    H    0»
giving m=2 thrico.    Hence the vnhio of// In
m being put equal to 2 after difforitntiatino ; iiiwl thu« tli« integral in
.Ak 7.    Solve       (a 4 fa?)* V^ 4 a (« 4- fa) "jf/ -f % •• -- 0,
Let a+bx**z', the equation will tli«» !«,» «liiiilii.r in form to the last two.
Ex. 8.   Solve
(ii)
(iii)  (tP- a*) #**()•
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46. Returning now to the linear equation, in which the
coefficients of the differential eo< efficients of y are constants, It Is
necessary to find tt Particular Integral of the equation
in which F is a function of x.    Solving "by the method of sym-
bolical operators, we have
the evaluation of the right-hand side will furnish a satisfactory
value of y.
In some particular cases the form of F renders evaluation easy;
we will proceed to mention some of these which occur most fre-
quently,
I. Let V be a rational, algebraical, Integral function of x ;
suppose the highest power of ,7; In V to be the nih. To find the
particular Integral, -. . .    must be expanded in ascending powers of
7); and, because I)**1 and operators of a higher order would reduce
to zero all the terms of K", the terms in this expansion beyond J)n
may be omitted. .Further, if the lowest power of I) in f (I))
be Dk then the expansion will begin with AT* and it does not
need to be carried on beyond //*, i.e. /rW(H^ ; hence, in/(/>) all
terms of order higher than //*** may In this ea.se at once be
omitted before expansion.
fat. 1,    Solve	(D*
and th(j coinpleiticaitary ftinctton ik <P*(A 4- /£*/); hcnicjo the primitive in
g « ^ { A + Ifjff) + i (2U-8 4- 4# 4- 3).
Afx 1    Holvcs	(/>*-«4)y«.r».
Th« prirnitivo i« ovi<I<«it!y
^ « - ? + ,4 <s« 4. JRe"«* 4. 0 cow («a? 4- a).
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jgfo.3.   Solve
file_4.wmf


terms up to the fifth being retained (§ 46).   Now H-2/J+... and -i may
be considered separate operators; operating with the former first and remem-
bering that only a particular value is wanted so that constants need not V>e
inserted with =& , the value for y is
Now if jj2 had operated first (or if the second operator had been taken dis~
tributively, each term with ^, so an to be
1   .
then the value for y would have become
The primitive is
-f
and the apparently additional part of the particular integral obtained, when
the operators are taken in the second method, is seen to be included In
the complementary function, since G and D are arbitrary constants.
It is easy to see that in general not merely the terms of an order higher
than Dn+k may be at once removed from /(D), but in the expansion itself all
terms of an order higher than /> may be neglected whether the subsequent;
operator D"~k be of an order greater or lews than n. In particular, if X be a,
constant, only the lowest power need be retained.
Ex. 4.   Solve
(i)
(ii)
II This method may be applied to evaluate y, when V is arx
exponential, and to simplify the process (and so render the evalua-
tion more proximate) when V contains an exponential factor. Irt
either case we may write
46.]
and then
 WITH   COXSTAXT
= ^___.A'.
If X be a eon.staut, the value of ?/ is now ad on<v. obtainable by the
preceding method, The quantity ti may or may not Ixi a rood of
/(^) —0. Suppose it to be a root r— I times repeated, ho that for
a single root r = l. If a ihi not a root, r = 0. Thcin expanding
we have
in which fw((i) means the ft,ih differential coefficient of/*(#) with
respect to z, when a is substituted for z\ then for y we have (by
attending to the remark at the end of Kx. *} on the lant page)
1        /Y
y = "7^r°
r!
In particular, if r = 0, then
Ex. I,   Solve	( //- + ./; -f I) // •-•-. f!to-
Moro 2 ih not a root of ^-f-i'-f- 1 ...•;(), nud thorofuro
awl the primitive in
Ex. 2.   Salvo
Here
 \   <:(m ^   'f/;W" 2 ,
 
and the primitive in
 y as /f «^ -f- /Ar1* f ,i;i/te»
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Eas.Z.   Solve	(i)    (D-a)ny=e™-,
(ii)   (D*-6£+Q)y=e*+e*x.
Ex. 4.    The roots of the equation /(«) = 0  are n in number, being
<Zi, «2, ..., a» ; obtain the particular integral of the equation
Discuss the case when two of the roots (ax and &2) are equal.
If X be a rational algebraical integral  function  of x aad
therefore expansible in powers of x, then the quantity
must be evaluated as before in I.
Ex.\.   Solve	(D2
Here
and the primitive is
&r. 2.   Solve
Here
and the primitive is
*	#
^7.3.   Solve	(i)
(ii)
III.   Suppose that V contains a sine or a cosine as a factor, so
that
*	F= X cos (nsc + a),
in which n and a are^constants.    Then we have to evaluate
'
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Let	yx =	Ar sii i (w; -f a) ,
then	y+iy^
— : //>'(«•*;+«)  ............ :._,.,_,., "F
f(J)+in)
It now remains to evaluate
1
which may come under one or other of the given rules;  if its
value be w-f-iv, then equating real and imaginary partn we have
y = u cos (yix 4- a) — v sin (/w; -f a).
In the case when. X in a constant and cos '/u; ik not part of the
complementary function, ho that in is uot a root ofy(#) = 0, the
evaluation is immediate ; for then
If however cos m- be a part of the complementary function,
80 that in is a root r— 1 timeH repeated, then nince
wu have
i      ,    a/ 9
f(JJ+in) '~f(r)(w)'
we truist sc^paratti au<l equate the real and imaginary parts as
before,
rt      i        t«   i	(•$**/         *»
Ax 1 .   Solve	- < ' .. 4- »/// sr ./? cc is au
(W?2
Then	V~
*	-
--n«il part of ««'<
*
*-a*
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Ex. 2.    Solve
Then	y
 [46.
=real part of exi
,xi
16   2*
x .
= _sm^;
and the primitive is
Ex. 3.   Solve	<£ (D) y—cos nx,
cos nx not being a part of the complementary function.
Let
then	11
cos nx
(— ^2) cos^^7-f n(pQ (-^-2) sin nx
"'
If however cos we be a part of the complementary function, then the
denominator will vanish and apparently render the particular integral infinite.
But it is merely a part of the complementary function, multiplied by an in-
finite constant, which may be absorbed into the arbitrary constant; to
evaluate the particular integral it would be sufficient to evaluate
1
assigning the infinite part (when h is made zero) to the complementary func-
tion and retaining the finite part as the particular integral. It is however
better in such cases to use the former method; in fact, this method is prefer-
able only in the case of examples like that just treated.
Esc. 4.   Solve -
(i)    -T^+3/=sm nx (both when n is, and when it is not, unity);
iii)
 WITH   CONSTANT  COKKFIC1KNTS.
.   3*
 03
 
d*y   ft^/ ,
•V + 2  •:,+//== .to
 is, and when it in not, unity);
(
_4 4.4?; =
~
vi)
7ii)
iii)
 - -1-1)2 COH WA> 5
•= ,v«* c< m (Av 4- a) ;
xi)     {./>4-f(wi24- w2) 7>*-|-7/iV}y=C(»H J (w+'/i) .r coh J (wi - n) ,v; ;
.V.   If F contain a power of & a.s a factor, so that we may
for the detormination of the* particular integral we may uhc
extended form (§ 35) of Leibnitz's theorem.
?hus
*wFT
•e the series rntmt b(t carri(.;cl to the (m -f l)th tc^rm; each of
3 tcrnfis ntill leavf»s a quantity to bo c.evaluated whieh may be
by the methoclH of one of the* preceding diviniouH; if it/ may
the quantity may b« oV>tained by the nc*.xt inotlyxl, which ih of
ersal application. The huccc^hh of thin gtineral method depends
y on the solution of an conation (the solution being rociuisito
>tain the complementary function) and on the integration of
.ting expressions.
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V. Suppose thai all the fuefnrs, which occur lu V and can be
dealt with l>y one. or oilier of tin? foregoing methods, have "been
taken outside the operator and that the f|uu,ntity remaining comes
under none   of these heads, so  that   we   have  to evaluate  ex-
pressions of the form
•   ,. })(. ^pressed in partial inu-tions, eaeh having for its
(J))
denominator a lim-ar faeior or a ]»o\\vr of a linear factor of ^ (D)>
the constant i|uiintit-i*'S uerurriii^ uot boing iiee,essarily real; then
the fractious will he of I lie form
A
ni -n   is  a.n  integer, An au<l  ^  con.stiuits,  and  a a  root of
= 0.     Hence
f
If imaginary qnmitifleH «'!iU*r into any expression the conjugate
imaginary quant it ien will *u*h*r int.osomt* other; such a pair of ex-
pressions must in gt*nent.I ln> r.oiuUinril so jw to leaver no imaginary
quantity in the explicit rxjm*H*ion *»f ilif particular integral
AV. 1.	(
We? have	. 3 •
licnco tlio purtituilur Ititegrft! "m
-;i/|r
J

'
.*/	,
/> — ,$    -       //   «    '
and tlits complementary fiuiutiur* i«
JS». 2,    Let tlie rigttt4ifit«I         In tin* |tfi)W«lliig example lx> ^'log^ la-
stead of log.?: ; thon we may titthur	by jnirtM or uho the extension of
Leibnitz's theorotn.   The latter
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'^-3
f	xf f	<>	2xf -'
J	JJ        &t	y
.&. 3.   Solve
lere £7" is a function of x.   We have
1
 * f (<
= M   i   p-     i .
2m \D — wi       1) 4- m
=         Lin* |^-in«^_e-ina:| ^^^1  .
2zn\     J	J	J'
, changing the variable under the sign of the integral,
1 [x
= - I
. which Ug is the same function of £ as U is of x.
There is another method of integrating this equation which proceeds on
fferent "lines.    Multiply throughout by sin w# : then
d (dy  .	\     TT .
-j~   -~-smnss-nycosnx}~Usmnx.
J	'
id therefore
dy .
_•£   OT
_
dx
sin ^w? — ny cos w-j? = - An +
 {*
/   6r^ sin ng dg.
Similarly, multiplying by cos nx and writing the equation in the corre-
>onding form, we find an integral
-r- cos ?i^? + ny sin nx = Bn + I   U^ cos n% d£.
-
Eliminating -4 between these, we obtain
ctx
y — A cos nx + B sin nx + - I   U^ sin n (so - £) dg,
freeing with the former result.
Ex. 4.   Solve
 ii
(i)    -r~2 + tfy = ^'2 cos ow,
 
F.
 when ?i>a and when n=a ;
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....    dfy      9      rr
M j J        	!1   	72. •?/ = (J
dx"
where £7" is any function of # ;
Ex. 5.   By means of (iii) in Ex. 4 prove that
J -i.'	'	y _i_	^"^
47. Owing to the close similarity between the linear equation
with constant coefficients and the homogeneous linear equation,
the latter may be dealt with here; it may be written in the form
where V is a function of so alone and may be a constant 0. In the
latter case the particular integral is at once obtainable; it is
evidently
If the operator x -r- be denoted by ^} then (§ 37)
and the differential equation may be written
Consider the two parts of the primitive separately ; the com
plementary function is the primitive of
Now we have already seen that
Hence, if p be so chosen that
then wp is a solution of the equation ; and if pl9
roots of F (X) = 0, the complementary function is
 ..., pn be
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?he case of equal roots has been discussed already (§ 45); if
roots be imaginary, say pl and y;a, so that  /       r	,• ,'-
pl = a -f i/3 and p2 = a — i/3,       ;
, the corresponding part of y will be   -/;'
xa [Ai cos (/3 log #) 4- /!,/ ,sin (ft log #)},      l'"' •     •: •" '
arbitrary constants having been changed.	•   .
h\   If the imaginary roots a±i/3 bo repeated r times, the corresponding
of the complementary function will bo
.4 ^ + A / log ^ 4- -'1..,' (1< >g #)2 -f ... + vl / (log .r)r -x j- cow (/3 log a?)      ,/^.," r'r X   £ ,
+ { bi + B± log # + /V (log |V)J4 + ... h- 7V (log a?)*- -1} sin (/31og a?)].
4*8.    The particular integral is the value of
the evaluation may bo effected in two ways, which are really
ivalent save for the difference in operators employed.
If V either be a power or contain as a factor a power of #,
#m, then
In the case when T is a constant, the evaluation is easy. If m
not a root of F (z)-Qt then wo may expand {^(Sr-f m)}"1 in
ending powers of ^> and neglect all but the first term, which is
ependent of ^> and in fact gives
OxtH
The name method (of expansion) will apply when T is a rational
egral algebraical function of logo?; and since
5 expansion cloon not m»ed to bo carried beyond V, where ?& is
3 index of the highest power of log //; in T,
If however m be a root r — 1 times repeated in jP (z) = 0, then
t) . ^ J?*w (OT) 4 7—prj^Cr4"1} (m) + ...
5—2
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and we have to evaluate
^T*'    vv
If T be a constant C, then since
^l = loga?, -'••
the value of y is
if it be a function of logos as before, the operator should be ex-
panded in ascending powers of & up to y (Srr being retained in the
denominator), arid the value of y will be given as the sum of a*
number of terms of the form
§>
that is, of a number of terms of the form
,      -v ..... f
(s + r) P
A general expression can be given for the particular integral in
the case when V takes none of these forms. Let w™/k\ be expanded
in partial fractions and suppose some term to be * ; ... - ?**
then y will be the sum of terms of the form      • ' '	p     .    .<
v	"~!  '	f
a	••r" r ^ :
*-« *
which is equivalent to
•s  As^^Vx""*,   or  Aa* \ Var*~l doc.
^y	A        J	•
Another method of proceeding. is to change the independent!
variable from x to ^, where a is & ; this changes S- into -r or D^ \
48.]
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and all the methods of § 46 will now apply. It is easy to see that
all the cases indicated for ^ are strict analogues of cases indicated
for D.
Eso.   Solve
(ii)     x* --— - x •—•
(m)    x to ~~x 7712
(vi)    A'2 -~c, — Zy—%-\- cos .1? ;
( vii)   J:2       - (2m - 1 ) #     + (m2 + ^2) ^ = ^m log ar.
MISCELLANEOUS  EXAMPLES.
 1.	If there be two linear equations of orders m and n (n>m) satisfied by
the same dependent variable, a third linear equation of order n — m can
without any integration be derived from the first two ; and the equations of
orders m and n — m (when integrated) will suffice to furnish the integral of the
equation of order n.   (Liouville.)
 2.	Solve the equations
(7)    ^4-y
3.    Prove that the solution of	*
(D + c)ny=cos cm?
•n-
is    y — e~cx (Al -f /l^H- ... 4- J.n#w~x) 4- (e2•+ a2)  2 cos (a^ — n arc cot    ).
\	a/
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4.    Obtain the general solution of the equation
in the form
-i t	1   f*
%'Jo	sinw(*-0
where £7' is the same function of if as £7 is of if, and' ?&' is given by
5.   Solve the equations
(iii)        [ + 32      +48y=a?e ~2a: 4- e2x cos 2^ a?;
6.   Obtain the complementary function of the equation
in the form
ew? sin ~ )+?r sin   02? sin ~
and shew that the part of the particular integral corresponding to the tyj
terms under the summation sign is
7.   Prove that the solution of the -equation
is
1    I
o
it     Xl    </)      ,1    _J
 co
CHAPTER  IV.
miscellaneous methods.
 49.	before we discuss the linear equation of the second ord(
with variable coefficients there are several miscellaneous methoc
which it is advisable to consider ; they apply to systems of equ*
tions which admit either of complete solution or of approach to
solution in the shape of a first integral.    It is to he understoo
that the equations hereafter given are typical and not merel
isolated equations which can be integrated; it is frequently possibl
to include others under some one of the following classes by mear
of well-selected substitutions for either the dependent or th
independent variable.    Such substitutions point out however th
limits within which the methods are for the most part effectiv<
so that it must be borne in mind that the methods are not c
general application to all linear equations of the second order.
 50.	The simplest case of all is that in which the equatio;
is of the form
where X is a function of x alone.    It is immediately integrabl*
and the result of integration is
A1 denoting an arbitrary constant.    A second integration gives
=   dx  Xdx + A,
MISCELLANEOUS  METHODS.
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being another arbitrary constant.    Proceeding in this way we
.1 have after n integrations as the general solution
-//•
tfhich Br replaces ~r~^f"T\] an(^ ^s therefore an arbitrary con-
it.
51.    Another very simple equation to be considered is
& y _ y
dxn       '
vlciich Y is a function of y alone ; but in general it is integrable
y when n is either ls or 2.    In the case when n is 2, let the
dx'
.ation be multiplied by 2 ^: then each side may be integrated,
[ we have
>pose;  in this the variables can be separated and finally the
leral solution of the equation
dx2
I        dy         _
J\ylr(v)+A}h
Ex.   Solve
A first integral is
are c is an arbitrary constant; separation of the variables gives
1 therefore
 arc sm
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52. Any differential equation whieh merely expresses a rete-'
tion between two diftiwnlwl eot'ffk'ients, whoso orders differ by
either 1 or 2, admits of solution. ah a type of the differential-
equation, when the orders diftiT by 1, we may write
dn~l v
Let   /•«^i=sir» tlien the «'i|iiutiun
"
fto
the integral of whieh is
Suppose thin equation c-un l>e Hoivc*d for T and that the solu-
tion in
1' « <£ (.r 4- J ),
that in
Then thin in one of the conon alroudy discuHHod (| 50), and
general irttegrttl can be* obtained,
Or after obtaining the a|nation ^r {F) «• #• 4- /tt we may
thufi: sinoo
rf('r'VUr
(iA,^!   *'
fcherofwrts
rf-y    fr/     f WF
«^^-Jlrf*"Jy{T)-
Similarly
rar
^(F)
r riwr
-j ^j*
</r r rfr       r i-ar
>'(^)J/'<K>	.'/'(f)'
and so on, until
52.]
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an arbitrary constant being introduced after every one of the inte-
grations, which must be taken in order from right to left. Then
we have two equations between cc, y, Y, from which F is to be
eliminated; and the eliminant will be the primitive.
It is evident that by this method the equation
can be solved.
Ex. 1.   Solve
Let
then
of which the integral is
and therefore	y = Aea + Ex + C,
where A, JB} 0 are arbitrary constants.
Ess. 2.    Integrate
53.    As a type of the differential equations which connect
differential coefficients, whose orders differ by 2, we may write
Let
 ,
da?
 = ^ ; then the equation becomes
'	^
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the solution of which has been obtained in the form
dz
If, after the integrations have been carried out, the equati
can be algebraically solved for z in terms of sc, say
(where the function 9 (of) will involve the constants A and j
then n~2 direct integrations will furnish the primitive. B
if it should be impossible to effect this algebraical resolutic
then we have
g-M +*//(*>*}*•
TT	d"~8y    f 1      f	zdz
Hence	—fizrg = jm#== I     __ -
<bf*    J         J   A + 2
JL^ [_^^L^^ [
ar-*    J {A + 2ff (*)&}* J
{A + 2ff (*
and so on ; ultimately we shall obtain y as a function of z, and tl
primitive will be the climinant with regard to z of the equatit
between y and z and the equation between x and z.
•j d4y    d*y
Ex. I.   Solve	aj  .^.a ,*;.
(h;{    dxl
(l*v
When we write z for 7 J, the equation becomes
so that	^ = C|ew -f ^/
and therefore	y—Af + Be *+Cx+D9
in which -4 and B replace ^a* and «2a2 respectively.
#
JSa?. 2.   Solvar
54]
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54. In some particular cases the general differential equation
of the second order can, by substitution, be depressed so as to
become a differential equation of the first order; such cases
occur when one of the variables is explicitly absent from the
equation.
First, consider an equation in which x does not occur, so that
it may be written in the form
Let ~- = p, and then -j42 — p-£- the equation thus becomes
dx   *'	dx2    ^ dy'         H
a differential equation of the first order to find p in terms of y.
Let the solution be
P =f(y\
in  which f(y) will  include  an arbitrary constant.     Then  the
variables are separable, since we may write
dy      ,
='
and integration of this equation will lead to the primitive.
Next, consider an equation in which y does not occur, so that
it may be written in the form
.%, ft). a
dx    dx*l
Let -7^ = p; then j* — -/-'•> the equation is transformed into
an equation of the first order to find p in terms of x.    Let the
solution be
where F includes an arbitrary constant.     Integrating this, we
obtain as the primitive
MISCELLANEOUS METHODS.
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x.\.   Solve
When we write -JJ- =p the equation is transformed into
III.
v«!,
 •the integral of which is
 
If
li
 ^where /u, is an arbitrary constant ; the primitive is^given by the evaluation &£
Ex. 2.    Solve	a2
The substitution -^ —p transforms the equation into
<*   dp «..-
(i
• on integration this gives
;and therefore
,so that the primitive is
Ex. 3.   Integrate
HOMOKKXKOt'S  W ATI**N'S,
/ '.«
There are certain  ela»*i*H of iliffi'p i*ii»t   *.jii»»;*^   <«•
kind of homogeneity HulwiHtN; a«*t III*    olnfiMh '.^'J
uitable transformationH In? ihim!** t«» ifc-|». n«l t*j^:$ «Jo*
is of lower orders    The  hoim^-wit)  ^ iM«*-t4f».i"i   *
if y be considered to bo of w <litn« n^Mti'*.	' ^ Mf "*'
ddl, then -j-» since it in the limit «»J / , i" «* '      ' ''*'(* ^
?z/	,!••/. ^   *     r        »i   r
r^, being the limit of —' , tn ot « «   - nnu« n :«»^-, ^i*^    >
l the equation in «aid to l:n* hoino^ n« »itt * mt,*i*. a! '^   ^
ons be assigned to the e^m'SfMiniliu f *|tM»**it*« -   *l^- ^ tf^
of the name dirm.*n8ionK    Tin.* ^iinfil* i^ * ;i •   i   *^ •    '* -,
which n is unity.
t, let n be unity ko that ./• mid //         l<««f h l»^ * ^i^ ri' i -'i  ^
.ension.   Let y ^ ss nnc 1 >•    ^; fli» n
////
"
 r/tf
>n; and the n»
and ft Now it will In* mitri 4 tfttit i|i«- rr* tf*» i* ^* *4 l< u»
^x of the exponential whi-r**v*T it twmr** in aw» >Iit^ t i»ty**^
>nt is the nttinlx»r n*f>ri*M*f»tin^ ttn- fhiMMj<^<«M *ff iS »f «i^i
1 coefficient; awl then ff»n%	^tt{i*fii«fi^ii t^fe*^i |4% *
diflferential eqtiation, Hiipjwi^i^l tioiiif^ffiir^ii^ tli«	• *,i
> exponential will im* ftn*	fur	*4 th** *•-$*»'*
.d this expoiiential will thrn€«ifr In' a	li         I*
1   The new imli'iNwlcnt	f ml) i»m Inn^r^^'ft
ly in the csfjitaMon,	mill	|tt« ,4 il*»*
discussed in 1154 aud <»tn him* tu
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Ex. 1.    Solve	.#2 ^2
Making the substitutions of § 55 we have
cPz     dz     (     fdz      \2        0U
+?w4*
When we write ^='yj the equation becomes
dk
or, if #=2$,
and therefore	- - - -r - = d9.
The variables are separated and the equation can be integrated.
Ex. 2.   Solve
Passing now to the general case in which homogeneity is con-
stituted on the assumption of n dimensions for y, we write
x = ee,  y = xnz = zene.
We now have
(to*'
and so on. It is obvious that the coefficient of 6 in the index o
the exponential, which occurs in the expression of every dijBferentia
coefficient, exactly measures the dimensions of that differential
coefficient; and as before, when substitution takes place, tin
exponential will disappear and the differential equation, having
been thus transformed into one from which the independemj
variable is explicitly absent, can have its order lowered by umtjj
HOMOGENEOUS  EQUATIONS.
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.   Solve	^       =
is homogoncoiiK if v/ ho considered to be of two dimensions while sg is
Hence we substitute
equation becomes
t integral is given by
us the variables can be separated in the form
dz	1A
pral of which will vary (being either an inverse oirculur function or a
n) according to the sign of A.
5.   Solve
>articular set of €asc!»	wlien n is tnado infinite ; all
,ntities y,~X, ...... hav<< th<*n iha mime dlmeiiB
cte
t method of solution is to adopt the mibRtitution
^ resulting equation butwwn w and at will be of an order
y unity than the giv<m
t.   Solve
»
82	EXACT	[5a
Exact Differential Equations.
56.    A differential equation of the form
is said to be exact when, on representing the left-hand member by
F, the expression Fd^ is the exact differential of some function
[7", which is necessarily of the form
_Ji    ^/    /•«
''
Consider first a linear exact differential equation, which may
be represented by
where the coefficients are all functions of x. An equation of this
form will not in general be an exact differential equation, but we
proceed to shew that, if a certain relation be satisfied by these
quantities P, the equation can be integrated once.
Indicating for convenience differentiation with regard to x by
means of dashes, we have on direct integration
and therefore
to»/(p0-p1'+p,"-p;"+	>
d   y
•d^-f'
I •
1      '
L
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where the law of formation of the successive coefficients Q0, Qv Q2,...
is the same and, in particular,
— p   — p '
n-l
-" •*    -        •*     •
Now the condition of integrabiiity evidently is that there shall
be no tenn remaining "which involves an. integral of y ; arid the
necessary and sufficient condition for this is that
<?0 = o,
that is,
When this condition is satisfied, the first integral is
where A^ is an arbitrary constant.
If now the coefficients Q satisfy the corresponding condition, viz.: '
the equation in again integrable; and the process can be continued
so long an the coefficients of each successive equation thus derived
.satisfy the condition of integrabiiity.
J&x. 1.    The equation
is an exact equation; for we have
A-l.    A'-l,    /Y'-O,    ^'-0;
and so the condition is satinfled.   Integrating each side we haw
"
/§;'	In practice it is soiaatimM easy to see that a given equation is into-
r'|/(:	gzable.   In many         the qtmutifci« JP «e either of the form «w^* or sums of
li	6-2
84
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,      cfa/ .
expressions of ibis form ;  and ^^n1H «• Perfect  differential coefficient, if
m be less than n ; for integrating ib by parts we have
If fl=m+l the last term is (-l
Then we apply this lemma to tho present example, the terms involving
^ , y| are seen to be perfect differential coefficients, and sc ^ + v is 4- (w\
Oilr    CM?	cfo?      ^         diSC
so that the left-hand side is a perfect differential coefficient and the equation
is therefore exact.
mx, 2,   Prove that the equation in Es. 1 cannot be further integrated by
the foregoing method.
$,x. 3,   Solve
(ii)
and show thattha equation
hecomes integrable on beiag multiplied by sojdq.o  power of ss.    Obtain its
integral.
57,   The method which la used for integrating exact equations
which are not linear may be illustrated Tby considering an example.
J&x. 1.   Solve
On the supposition that this ii an exact differential equation, we may wite
where p stands for-/.   Let ^ denote what would be the value of U if p
were the only rariable, so that
let all restrictions be removed so that
• '
^^
aad therefore     '
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which, gives on integration
^-#"1
that is,
and therefore the first integral is
.The preceding method will be seen to lead to the following
general rule for the integration of an exact differential equation of
the nth order. The equation, being derivable from one of order
dHy
n — I by direct differentiation, will contain -r-^ only in the first
degree; if this condition be not satisfied, the equation is not exact.
Let the equation be written in the form 1^=0, and integrate
Vdx as if +-rp~ were the only variable occurring in V and •- ™ its
differential coefficient; let the result be Ur Then
involves differential coefficients of y of the order n— 1 at the
utmost; as it is an exact differential the highest differential
coefficient of y which occurs can enter only in the first degree.
Repeating the process as often as necessary, we shall ultimately
have
Then a first integral of the given equation is
Ex. 2.   Solve
 » %&->*$,-+>
 
Ex. S.   Shew that the equation
integrable on multiplioatioxx by the factor 2^-/-2^i/*   Henoe
deduce a first integral attd tlie primitive,
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J£i?. 4.   Integrate the equation
 [57,
having given that there ib an integrating factor of the form Xt — 4-X^y.
(Euler.)
•I  !
 Linear Equation of the Second Order.	:
58.    We shall hero prove Home of the leading properties of tli<
linear equation of the second order; but the present investigation
will not for the most part anticipate the discussion of the genera
linear equation, for the properties here established belong solcslj
to the equation of the Heeond order.
The general form of the equation iw
d?y    yi dy    *       r,
.. ,  *^     L    P      V   _L_  /I**  —    £>
in which P, Q, and .B are functions of .1?; they may in special
be merely constant quantitieK.
Substitute in the uquation for y a value w, where v and w
both functionn of t&; m yet the only limitation on them is
their product must be equal to t/.    We then have
-f
dPv    tf. dw    T% \ dv    fdfw     n dw     *  \       n
*• (2 -*-4- Pw} ,-•• + [ ,<-. 4-P -Y- + Qw)v**R.
\   oo?	/ (W?    \cwr         cte	/	;
ab we may choose a relation arbitrarily between v and w
make either of them satisfy some condition, we will suppo»*
possible to determine w so that the coefficient of v may
that is,
&p
 .0,
 
It I !
 which, it will be- noticed, is the	as the original equation

the right-hanS side equated to zero.    The quantity w being
considered known, the modified equation becomes
4. p   =
"~
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f
ore followH that, (/" 'iny xnlittitfH wluttMwr nf the
h the right-huttd wiunted In can be funnd> tha
mitiw of the, oriffinftt. ffjiiMlian in ittt f/vneml for m cttn
el Thcj i>robk*in «»f ilt'ilnelng thin ctosti[»lf*ti$ pritnitivi*
refiolvecl into that= «f fiiiiliiig norm?	Holntion of
ecjuation.   Thin, in tin* iiiont gi*i«*rftl	of I1 and Q
to particular fuaciiotiH of jr, nc>t yt*t Imtm <
al ImfcanceH it in jioHniblc? to tlt*t<*rrninM wuch a
i, HometinicH by iimiH^tion, somtttitni'H by nieaiiH of a
serieH, 8onictiini.'.s by int:*aim of a fit.*imitc Integral; but
latter cast*H (wliirli itn* tmually doni'ly (;ontuu;t(.Hl) the
[nation of tin* forni obtairtr»ii for n ih dtilttuUt or inipow-
li this form (§ *>} ntill rc'irtitiiis thi; H<»luttoti.
>lvo
ar Holution of
his oaxi be
88
 Ex. 2.   Solve
(i)
 LINEAK EQUATION OP
(ii)
59.   If however a solution of the equation when R has
put zero cannot be obtained, then it is sometimes useful to
'
.
from the transformed differential equation the term involving -r;
That this may be the case w must satisfy
dec
from which we find
there is no necessity for adding a constant in the integration
will afterwards disappear.    Insert this value of ^ in the equatlcj
and write
then the equation becomes
dor
In some particular cases this equation admits of immediml
solution, but these cases occur much less frequently than thoso 1
which the preceding method applies ; and the advantage of the
form, which will be indicated shortly, lies in an altogether diffoimei
direction. Now we know that if a solution of this equation wll
the right-hand side equated to zero can be obtained, the primi'tli
of the general equation is obtainable ; and we may therefore qnc>1
the equation in the form
= 0.
Ex. 1.
Hence JP= - -*, and therefore w*
THE SKCON'I> OIWKtt.	B9
-21         11        1	*
^^+4rl+4.r"^"4r        .«»'
nation giving v i«
'/ !sj"" rTa1"1 Jl'
Mi of this is
the general integral of th« first initiation in
y*-(A;& + B# 'l)«P"
I
I	>1V6
(i)
ic advantage of whig tint fi»nn
1 •	f th<> linear <IIfl« r*»nf Inl «ji«ili**n of tl$*» «t*it<itt«l <ml«*r, Hi«
I*	that for all wil^tif tit ioim t»ttrh io» r/(*r) fi»r // in tin* laitor
|	Is a function of 71 nwl Q of Kiif4i a tonn that, wht*ti
»nd         ri'iiiovi't} by tlt«»         tttittott
Jf   JBtj
^ form
is	thm	fiiiirtiuii tif Ft        C^ an It m of
1 we        thiwfftrt1 cull / an tn^inVint of lh« <;<Nfflir;io
9Q	NOHMAL  FORM	[6<X
of the differential equation*. The equation so reduced may be
said to be in its l normal form' ; and any two linear equations such
as the equations in y and z can be transformed into one another, if
the normal form of each be the same.
If it be known that two given equations are so transformable and the
equation of substitution between the dependent variables be desired, this can.
easily be obtained by using the normal form as an intermediate transformed
equation. Thus in the general example the equation in y becomes transformed
to that in v by writing
and the equation in v passes into that in z by writing
and therefore the relation which transforms directly the y-equation into the
s-equation is
'Ex. 1.   Prove that the equations
,,      -v d*z . ,„     „ ,de	f}

 3/*
.
k /|	can be transformed into one another;   and find the relation between z>
\$	1	and x.
I \l
iff	Ex. 2.   Find the value of Q which is such that the equation
ij;	s+"&-*-°
1 1|	may be transformed by a substitution y^zf.(x) into
111   '      ,	'       .	d*z    1 dz
Obtain the value of /(#).
61.   Let ^ and y2 be two particular integrals of the equation.
and ^ and v.2 the corresponding particular integrals of
or
Of. Malet, PAiL ZVcw. (1882), p. 751.
61.]
then
and therefore
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so that s is the quotient of two different HolutioiiH of either diffe-
rential equation. We now proceed to find t,hc- equation which is
satisfied by a; since each of the quantities y (or v) may consist of
two terms each containing an arbitrary constant, factor, the quotient
of one by the other may contain three; arbitrary oonnfemts (not
four, since without altering the value or generality of nuch a
quotient any constant may bo made unity); therefore the diffe-
rential equation satisfied by a, a function involving three arbitrary
constants, must be of the third order.
Indicating differentiation with regard to x by dashes, we may
write
»," + //>, - 0,
Taking logarithms of
and differentiating it, we have1,
which on being diff<«rc»ntiat<*<l givcm
But
so that the equation is
92	SCHWAHZIAN
and therefore
or	8. = -     ^ .
Differentiating this again, wu have
and the transposition of the last term givas
This is the differential equation natinfied by $ ; and it is of the
third order, as was indicated.
The function of the differential coefficients of s with regard to #,
which occurs on the left-hand side of the equation, has been called
by Cayley the Schwaraan Derivative* and is denoted by him by
[s, %} ; it is so called bccaiiKc its properties are discussed and it is
of fundamental importance in a memoir by Sehwara in Qrelle's
Journal (t lxxv), though the function is not originally due to
himf.
62. If now any Holution of thin equation can be obtained, then
a solution of the original differential f*q nation can be immediately
deduced. For lot «uc?h a solution of the new ociuation be denoted
by s ; then since
we have, on integrating this,
iia * 6V"*,
where C is arbitrary.   This i» one Holution ; another is
MM 1
Vl » vji sss Ctf      S9
* Cayley, Cam&r Phtt. Twu. (18W))f vol. xlil, p. 5.
t It occurs implicitly iii LagrftEg«fi« memoir ** Bar la construction des cartes •
g^ographiciues" (Eu?ri% vol. iv. p» 651 (thi*	is due to Bebwara), a^d
Jacobi's Fundaments Nwa ; Ami	for the time In Kummer's memoir
oa the Jbtypetgeomitrio	in CV^IIf , i x% which It referred to in Cliapter vi. ;
see alto Oayley, I. e.
ii]
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,nd from these the corresponding solutions of the equation in y
.re derived by inserting the exponential factor. When any one
olution of a linear equation of the second order is known, wo can
>btain the general solution; and hence any particular value, of #
atisfying its differential equation will lead to the complete solution
f the first of the differential equations.
This theorem holds in regard to the general linear equation of
he second order; but its chief application arises when the linear
quation is that satisfied by the hypergeometric scries, to be
iscussed in Chapter vl
Ex. 1.   Prove that, if
he Schwarzian derivative of s vanishes.
Ex. 2.   Find the general value of s when
a? {*, #} -h a =
rhere a is a constant.
esg. 3.   Prove that     "
 /         .. 9      f
•/     f  -     «;    ^    „  '
{,•    i/    «      /
f
f *       - f ^   ^j J f» '
,'   4-
(iii)    {a, .#}«
>
y\ ~
63.   Another method which ib sornetimos cjjffoctivo I« that of
hanging the independent variable.
Take z as the new independent variable ; then
<%    dj/dz
dz tlx '
da?'
ad the original equation becomes
SOLUTION BY  CHANGE OF  THE
 [63.
As yet z is quite arbitrary and it may therefore be chosen to
•satisfy any assignable condition.    Thus we may choose to make
the coefficient of -J- vanish so that
dz
_i_ j- _„ -. u
dx         dx
and therefore z is given in terms of x by the equation
fj    -fP<to
z =  dxe
The eliminant &f this relation between z and x and the trans-
formed equation may furnish a differential equation which proves
integrable.
One integrable case occurs when the value of z in such as to
satisfy the relation
where p is a constant ; arid then the equation takes the form
s i
i
 of which the integral is
 
i'm
 ol and y8 being the roots of
 
i
 and it is not difficult to prove that the relation which must exist
between P and Q in order that 'this may be the        is
Another integrable case would be furnished by
d*\*
and so for other cases ; and it will be noticed that in	the
equation is reduced to what may be called a known form* that is,
one of which the primitive caa be obtained*
63.]	INDEPENDENT  VA.RIA.IJLK.
Ex. 1.    Solve
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Here	P (I ^'2) = - ,v,
ao that	.--»=<
= (1-.^)-*,
and	2 » arc Hiii.*.'.
When the independent variable is changed to z, the equation Imootiios
and therefore
 A / arc §ln * -f M ftp(!COH*
(i)     (^
(ii)
(v)     (l-^)g    2,J+2,/
 0.
64. The property used in | 60 to obtain the relations between
the dependent variables in two equation**, which are transformable
into one another — viz. that the equations have the name normal
fonn— can be used to obtain the relations between the dependent
variables in two equations, the independent variables in which
are different, on the hypothesis that the equations ultimately
determine the same function. The process adopted will be similar
to the former one, as both equations will be reduced to their normal
forms in the same variable and these, being assumed identical, will
give the conditions necessary for the justification of "'"the hypothesis.
Let the two equations, which are to be thus transformable into
one another by changing both the dependent and the independent
variables, be
96
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,^ + ey = o	(i),
an(*	5?       dz		
in which P and Q are functions of a>, and JX and 5 functions of z.
Writing in (i)
t   n   dp   p*
and	-« = W ~ -£x - ^ »
we have	^+Iy^°   	^'
and writing in (ii)
and	J~S— -jj- — R >
we have	^-f-JV^O   	(iv).
dz
In (iii) changing the independent variable from x to z, we
obtain
or
in which dashes indicat6 differentiation with regard to x.   To
reduce this to its normal form we write
or, on the evaluation of the integral in the exponent,
the equation then becomes
(y),
64]
where
 EQUATIONS.
and {#, #} is the Scbwarzian derivative of z.
If, then, the equations be transformable into one another, the
normal forms will be the same when expressed in terms of the
same independent variable ; hence comparing (iv) and (v), which
are the normal forms, we have
and
Substituting for G in the latter equation we have
/-!{*, *} = /**,
or
 
and substituting their values for ya ^«d v, in the former equation
we have
These two equations are the conditions that the differential
equations (i) and (ii) should have the given property, Tho first of
them gives the relation which must exist between the independent
variables; and, when the first is satisfied, the second gives the
relation which must exist between the dependent variables.
The foregoing equations enable us to obtain the general form
of all differential equations into which (i) is transformable, and
also to obtain the connexion between two given related equations*
Thus, for instance, the equation in a given independent variable
z equivalent to (i) would have as its normal form
F.
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where	^ =
an	J = ^5 — -I -— - ;
11	and since $ and / are known in terms of #, J is also known   in
terms of x and can therefore? be expressed in terms of z. Everj
differential equation, which in equivalent to (i) and has z for it«
independent variable, must have; the foregoing equation in vl foi
its normal form.
JS5j7. 1.   Prove that the oquationn
are transformable into one another by thu relation
\   k i	and find the relation totween z mid %
r -^ • ,	(O. H. Stuart-)
\, M	.	JiT4?. 2.   Prove that tho
and	-/^*0
/*,/-'      ,i^ «.r
are transformable into one aitothor by tin? relntion
u'-l- *./-,:;
and find the relation between ;/ and /%
r&
 Method of Variation of Parameters.
05.   It was proved (§ 58) that if a solution of the equation
be known, the primitive of the equation
VARIATION  OF PARAMETERS.
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iained; but the following method is effective in giv-
3 (and other linear equations) what was called in the
r the Particular Integral, and it can be applied where the
:merly indicated cease to be applicable.
>e a solution of the equation
ting Q we have
re
a integral is
 1    P   ~    *  2
i   /;   ^   ^j
jand for the quantity of which A is the coefficient, so
mitive is
particular solution of the differential equation. Then
tg analysis shews that any two particular solutions y^
onnected by the equation
alue of C is no longer arbitrary but depends on the
iMd y^ the two particular solutions of the equation.
t
i ias aow take the above value of y and substitute it in
7—2
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11	on the supposition that A and ji are no longer constants hut
{',<	functions of x to be so chosen that the equation shall be satisfied.
('<	Thus the form of y is the same for the two equations, but the
||	constants which occur in the former case are changed in the latter
ff  | "	into functions of the independent variable;   to this process is
v|	applied the name Variation of Parwttieters.
p |  !	We have now two unknown quantities A and B, in terms of
II ' ;	which y, a single unknown, is expressed; and we are therefore at
J4! I	liberty to choose any relation between them that may be most
|| I \	convenient for our purpose.    "When we differentiate y we obtain
I! i	dy    T>diL     A dy9       dB       dA
-	-
dx
provided
dB    ? dA^Q.
we shall take this last equation as the relation between A and B.
Again, if we differentiate ~-, ho that
\ |    '	da?        'dsf         do?     dx cfe     das dx9
" l\
h	and substitute these values in the original equation, then, since y
^'	and y8 are particular solutions of the equation when R = 0, we have
li1	its the result
dot dx     dx doo
Thus	dA     dJS
dm     d^	It	M
and therefore
6.
it
dL
is
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where E and F are arbitrary constants and 0 is an. absolute con-
stant depending upon the forms of yl and ytr
If now in the differential equation, we write <£ (#) for P and
^ (x) for 11; /x (a?) for yl and /a (,«) for ya; then ^//,6 general so-
lution of
of
3t
 y =
where f^x) andf^(x) are particular solutions of
cPi/     . . , dv
ctr^ therefore connected by the relation
It may be noticed that we may make (7 unity without loss of
generality; for if it be not unity we may substitute for j^(^) the
quantity ^j£(#) which, while ntill a particular solution, will render
the constant unity.
Ex. I.   Solve
Arranged in the ordin&ry form this is
d*y      x   dy      I
~
Particular nolutionis of the equation without the right-hand
-•and ««; hence, if we
 are at
iEay proceed as abov<v &»d have a« the primitive
As in the general        4 and J' are connected by
cM ^ , dB     A
Pi
P1   i
 102
while
Thus
and therefore
and
 VABIATION  OF
cLl         ,     , dB       ,
-y -=#6""* and   . =~1,
dsc	dx         J
A=7iT
 
I?'
 The primitive is therefore
. 2.   Integrate by this method the equation
where § and $ are functions of ss alone.
^. 3.   Solve
d^v
(i)         + n%i/ a* sec tw? ;
67. The method of variation of parameters may be a]
in a manner, different in regard to the terms neglected, to c
a subsidiary integral, the constants in which are subseqi:
made variable parameters. Thus consider the equation
Neglect the term involving F(y) in order to obtain a subs:
integral ; it will be that of
which is	.
„	dx
Suppose now that 0 instead of being a constant is a fui
of x and let this be differentiated ; then
>6,	67,]	PARAMETERS,	103
or
Therefore
and so
A first integral of the original equation therefore is
g/W* , {A _
This can be again integrated since the variables are separable.
Ex. 1.   Solve in this mariner the equation
Shew also that the integral of thin equation may be derived by the method
of §54. ^'pi/'j ,»'- :.:
By changing the independent variable in thin example from x to y, obtain
the integral of the equation
Ex. 2.   Integrate the general equation
firstly, by neglecting the Ii-wt tuna to olitain. a Bubsidiary equation and then
varying the paranwterH ;
secondly 9 by applying the Htvmo method to the integral derived from neglecting
the second term ;
'F	thirdly, by multiply ing by (/••}    and then integrating each term.
It thus appears from thene examples that
is iategrable in the         ;—
(a )   when both /* and $ are functions of a?,
(£)   when both /* and § are functions of y} f
(y)   when I* m a function of of and $ a function
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Two particular methods.
d?v
68.    When in the equation -p + 7^ = 0 the quantity / is   i
rational algebraical function of a fractional form such that   tli<
denominator is of a higher degree in the variable than the nuirte
rator, the following method is sometimes of use.
Let a quantity
be substituted for v ; then the equation becomes
S + ^Bf -*
where
Pt = I + Pf +<**!..
dx
On integrating the equation as if the left-hand side were
perfect differential, we have
Since the quantities Pl and P2 are connected as yet by only a
single relation, we may assign as a further condition to determine
them
P - 2 dP\
2*~2dx>
and this gives as the equation for Pl
*£-p.-/
dot       l ~  '
while, if any value of P, satisfying this be obtained, an. integral oi
the original equation is obtained in the shape
% + 2P1z = A.	*	}
dx         *
It should be pointed out that the utility of this method depencia
on the form of the equation which gives Pl ; this would be lost Tbyi
the substitution	j
p =_I*^	\
1        w dx '	\
for then the equation giving Px becomes changed to the originaL    j
LINEAR EQUATION'S.
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ith the assumption which was made as to the form of / we
Tite
here T3 U and V are rational integral and algebraical func-
if x.   Then we may assume
j the constants in, /(#) as the quantities' to "be determined from
uation; but in general there are not sufficient disposable
ats arising in / to allow the equation to be satisfied. Hence
ethod, like the other methods which have been proposed for
ution of the linear equation of the second order, is not one
rersal application, but is effective only in particular cases.
1.   Solve	x (I - ^)2 -r ;2 = 20.
e the equation for I\ is
^i_ 7>a- ^_^A«
Cfc»5t*	«Z" ^1 "•" <T^J
P1==—j- _	- and substitute ; the equation in satisfied by E~
DC       Jl ~~* SJ
refore a firnt integral i»
dz	2
 — l,
da:
primitive can easily l>e deduced, for the equation ia linear of the first
I.   Solve
(i)
(ii)
...»
(ill)
N     7
 sin&r
[68.
ft 11
If a term involving^ should occur in the equation, this term
should be removed before applying the above method.
Ex. 3.   Solve
106
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r. 4.    Shew that this method will apply to the equation
provided there be a single relation between A', B' and 0'; and find this
relation.
69.* A certain class of linear differential equations can be
solved by the resolution of the operator on y into the product of
operators. Thus consider the equation
d*y       di/
A I      	*/-     _JL_   /»1    	*<      -
IP
•iff
 in which u, v and w are functions of x; then, if the operator
df        d
U -!-s + V   y- + W
da?      dx
be resoluble into the product
L
p, g, r and s being functions of a, the equation can be integrated*
For, if we write
rsstf,
i
 we have
and therefore
 dz
>_
it
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: must now integrate
r -y -1- sy = Ae~Jpdx,
dec
is linear of the first order.    In order that this resolution
ke place, we have the three equations
qr+p
 'd/r
dx
 pr = u,
+ s = v,
 I
ds
irmine four quantities p9 q, r and s; but we may consider
" as known factors of u and treat the two remaining equa-
:> determine q and s.
t these cannot be solved in general, and again therefore the
1 will apply only in particular cases.
1.    Solve
3 we may write ^=^+2 and r—x — l.
^E'x+F', we have
JB+JS'=l     \ '
c-e satisfied by
he equation may be written
~
 - 1)    - (to-
at integral is
primitive is
H   M
IK.
 108	PARTICULAR FOttM  OF  EQUATION.	[69.
Ex. 2.   Solve
(i)     fl*
(ii)    (*-
(iv)   (rf
(v)    (#2
(vi)   .^2
70.   There is a particular form into which the ordinary linear
differential equation of the second order may be changed ; raulti-
throughout by ef*tdx, we may write it
i
•| *
I!
 Let a new independent variable z be taken such that
then the equation becomes
Now Qe^fdx is a definite function of a; and therefore of z\
1
let it be denoted by •?*., where £7 is a funetiou of z.   Then the
equation is
d  <l
which is the form referred to.
Sir William Thomson has indicated a method of approximating
to a solution of this equation by mechanical means**
* See Proe. Roy. Soc. Vol. xnv. (1876), f. 269.
70.]
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Ex.   Express P^+Qfa+Ru**0 in the form ^+^ys5=a    Prove that
0=£0-tfi+tfa-—> wliere
rx      fx
fifi—C+C'ffi, /S;1+1=     dx \  nSndx,
Jo      J o
expresses the solution of this in a series necessarily converging for all values
of x, provided ft remains finite.
Work out the case when ^=&'n.
General Linear Equation.
71.   The general linear equation with variable coefficients is of
the form
dy	_
in which JST0, Xl} X2,	, Xn and V are functions of x alone; the
class in which the coefficients of the differential coefficients of
y ar<5 constants has been already considered. The coefficients
Jf0, Xlf	, Xn may be taken to be integral functions  of a?; if
in any equation they were riot actually so, the equation could be
transformed so that its coefficients would be integral functions of
x by multiplication throughout by the least common multiple of
the denominators of such fractions as occurred in the given form.
The primitive of the differential equation consists, as before,
of two parts:
First.   The Particular Integral which is any value of y (the
simpler the better) satisfying the equation;
Second.    The Complementary Function which is the general
.(ii).
solution of the equation without the second .member, that is, of the
equation
r dny
= 0.
The equation (ii), being of the nth order, will have in its general
solution n arbitrary constants—the necessary number for the pri-
mitive of (i), which is the sum of these two partg,-
[72
72.    If yl he a solution of (ii), then AlVl is also a solution
since the equation is linear; and therefore, if yl3 y^ 	? yn be *r
different particular solutions of (ii),
110
GENERAL   LINEAR
where A19 A^ 	, An are arbitrary constants, is also a solution
If now the solutions y19yy,	, yn be independent of one another
so that no one of them can be expressed by means of a linear
function of all, or of any of, the others, then the foregoing value o:
y is a solution involving n arbitrary constants; it is therefore the
Complementary Function. In order that this may be the cas€
there must be no equation of the form
for any values whatever of the constants Xt, X2,	, Xn other than
.zero for each of them.    If all the constants X be not zero, we have
the derived equations
, ^/^ d"-y. ,
and, since the x'h do not all vanish, the determinant obtained
by eliminating the x'h must vanish, that is,
for1' '
 = 0.
 
dx'
y».
 y,
 dx
y*
Hence the condition that the y's should be independent o:r,
in other words, that the foregoing value of y should be the Coin-
plememtary Function, is that A should not vanish.
73.]
(71
«ti«i
I**
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73.    It is easily proved that, if A be zero, then some equation
of the form
must exist. For otherwise let the value of the left-hand side be
denoted by u\ multiply the columns in A by X1? \2, ..., \ respect-
ively and add them together, replacing some one column — as the
first — by their sum. Then we have
tit
 dn-\i
deT1'
 = 0,
da
tttut
u,         y,,       ...,      y
an equation of order n — 1 which determines u. Now this is satis-
fied by u = ylt 7/2, ..., yn) that is, it has n particular solutions which
are supposed independent. But the number of independent par-
ticular solutions which an equation can have is equal to its order,
a property which is violated by the preceding result. The fore-
going equation in u must therefore be an identity so that u is zero
and therefore, on the supposition that A is zero, there is a relation
between the n quantities y.

 74. The value of A when different from zero can be found as
follows. Let the values y = yv ys, ..., yn be substituted in (ii) and
from the n resulting equations let the coefficients JST8, JT8, ..., Xn
be eliminated ; then we have
 
-To
 dx"'
 = 0.
 
*    flti
 ;l
 dm*-' '
 y.,
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The determinant which is multiplied by X0 is -v— , and therefore
cLoc
this equation is
which when integrated gives
Since A and    X^X^1 d® are -determinate functions of x, the
constant G must be determined by some other method; compari-
son of particular terms is often effective. The value of G will
evidently change with a change in the set of fundamental solutions
Esc.   Let yx be a particular solution of the equation
when we write y^zdx for y, the equation determining z is (§ 76, jpostf) of order
m - 1. Let £,_ be a particular solution of this, so that y^dx is a second parti-
cular solution of the y-equation ; and let z^udx be substituted for z. Thus
the equation in u is of order m-2. Let u^ be a particular solution of this
equation ; then yjz^fu^dx is a third particular solution of the original equa-
tion. Proceeding in this way by m-l successive substitutions we shall
arrive at an equation of the form
dw    .
y~ = tW,
dx       '
of which a solution can be found; and there will be, in all, ^ particular
solutions y.
Prove that these particular solutions y are independent of one another;
and shew that for this set of particular solutions
(Fuchs.)
75. The Particular Integral may now be deduced by means of
the method of the variation of parameters; this is the most sym-
metrical method, but another will be indicated in the next section.
In the equation
Scott's Determinants, p. 36.
75.]
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let the J-'s "be supposed functions of x instead of constants; then
the value of ~ is given by
%x    	w dx
dAl        dA^	dAn
dx      2 dx     	"'	dx
|	Now as we have n functions A, while the only condition oh yet
"%	.      attached to them is that they are such as to make the preceding
\	value of y satisfy the differential equation (i), we may make them
|	satisfy n — l other conditions assigned at pleasure, provided those
/	are not inconsistent.    Let m assume as one of these conditions
r
'*•	tet ,     dA3	dA.    ,.
\	*•£ + *-£ +	:+y^-°'
and we then have
f
" »     ==: jfl..  •"•;•    ~f- xl,,    x      "j~ ......... -f~ An     ', w .
cLx        J cwc        ^ c4'/;	cto
^	Differentiating this again we have
c
|!	a7/__      (Z2yI	d2y	^-y
?'f	~~-—~ _„ ^•jL	-j- _^J	.        «.L. _		«L,    /I      .    .'/„„,.
g,	(iffc	f/-fl	f/ff<	n f/t-,'2  J
|	provided we assign as another condition
y
I	^l^Ai + ^ic^2 ,	4.^y»^«-.n
; i	c^-  r2a;      cte  c^t      	     ^  dx  ~*
1'	Proceeding in this way and assuming that the ah are such m
|	to satisfy
\\	dx*  dx     dst? dx     	    doc*  dx ""  T
/f	^83/i ^-i    ^3|/t rf-^»	d*yn cZ-4
d;*j     S^B  rfa?     "	     ~daf  dx ~
0?^'"^ 'iflto ^ 3^"* 'i3i    	^
(which with the previous two make up the assignable n -1 con-
M         ditions, not inconsistent) w;e have
"1'
8
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IJ
1 n

 The last of these, when differentiated, gives
*v-a ^>+a fy* +
cbf-^'dar+^'dtf*	
. Qi^i , ^y.^. ,	^   -»n^n	m
T dxn~l d® ^ dxn"1 dx "*"	 ' ~d^rt dx  ;	n
but, as all the conditions which were assignable have been used, the	\
second part of the right-hand side does not vanish.    If we multiply	\
the differential coefficients of y thus expressed by the algebraical
coefficients which are attached to them in the equation (i) of § 71	I
and add the results, since y is a solution of (i), and yv yv 	, yw	|
are solutions of (ii) of § 73, we shall have	|
f- x (d-siid^ +d^dA^       + ^y- dAA	i
V~** \dif-*'fa      dzT1  far,-~~~^ d^   dx)'	;!
dn"*y
Let Ar be the minor of v~~~f in A for the values r = 1, 2, ..., n ;	\\
then the n equations giving the values of •••', l,   -^ *,	9 _- **	j
have as their solution the equation	\
for all the values of r.   Hence
and therefore
where Cr is an arbitrary constant.   The value of y is therefore
r=l
the Particular Integral being
fFA,
75.]
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Ex. 1.   Shew that, if /x (#), f,2 (#), ./^(tf) be three particular solutions of
the equation
in which $ &nd $ are functions of % only, then the complete integral of
is given by
^^
where C19 <?2, C3 are arbitrary constants and a is a determinate constant.
Ex. 2.    Solve the equations
(i)
(ii)
76. When we know one or several particular solutions of the
equation (ii) of § 71, the order of the equation can be depressed by a
number equal to the number of particular solutions known. Thus
suppose we know that yl is a particular solution of the equation ;
when we change the variable from y to y^u the equation becomes
u
 du
 
or, what is the same thing,
dnu
 du
 
in which JT/, JT2', ...... , -^^1 aro functions of Jf 0,
 and
differential coefficients of yim   If now for -j- we substitute v, the
resulting equation is of order n — 1 and the original equation has
therefore had its order depressed by unity.
8—2
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If ya be another particular solution of (ii), then yjy
of u, and therefore ~r- (~ j is a solution of the equation
ax \y^
this can therefore have its order depressed by unity and
of the new equation will be less by two than, that of (i
be seen to be possible by proceeding in this way to dii
order of an equation by m when m particular solutions j
Each depressed equation remains linear.
77.    When n - 1 particular solutions of an. equation
order are known, the equation can be depressed so as to 1
4 ^  j	equation of the first order, and as the latter can be
}^ '• •	follows that we can obtain the primitive of an equation
order when n — I particular solutions are known.    The
1 •	method of obtaining the primitive avoids the process «
I	sive depressions of the differential equation.
i ;	Let the n — 1 particular solutions of the equation (ii)
j '	sented by y19 yv 	, yn-1; and let Ov Cv   	, Cn_l
;	functions of x such that
^ j' {	y = '
is a solution of (ii); as this is the only relation between
functions, we may assign at pleasure n—2 other relations,
1 • | '!	they are not inconsistent.    Let these be
'
file_5.wmf


then the values of the successive diflferential coefficients
given by
77.]
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ffn~'l1J	rf"'1?/
"'   yi.na   y»,	.
-'1 *         1 + ......
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rfj   das
£•»         ^\         w v*''     Cw         yy,	^         w V>     (*/         ^(y
The substitution of these values in the equation (il) gives
since yv y2, 	, y^ are particular solutions,
Let A denote the determinant
and let the minor of -psf iri ^i8 be denoted by Ar for the values
r = 1, 2,	, n — 1.    Then we have
doe __ d&
A, ~ A.
 
and therefore for these values of r
10.
Hence

»«(•»•;> •
 ^ Jh	fifftj  IflV »l|lf ^  |tf|||

-
* *       "—, ,
I	\ '
I ;
' I I
.v
>t '* 'i «?fi n* f|i ?i!m [MUUufmttU"! ii:
•/'      /#   ../' ./i/'r^-^
't1!I| |
^    /Y1    f ^
Jilll!
<IKJV
ptiu
KII
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Geometrical Application : Trajectories.
IS. It has already been noticed that a differential equation. Is
the appropriate analytical expression of any property of a curve
which is connected mth its direction and its curvature ; and it there-
fore follows that the investigation of many geometrical questions
ultimately depends upon the solution of a differential equation.
In the higher parts of mathematics differential equations are of
almost universal occurrence ; hut in other subjects it is less pos-
sible than it is in geometry to give examples, as there is no neces-
sarily general method of arriving at the differential equation,
while its deduction in geometrical problems is obtained almost
immediately by the use of the formulae of the differential calculus.
There will he no attempt to give here any complete classification
of applications to geometry ; there will be only a single general
problem discussed, that of Trajectories,
A. Trajectory is defined to be a line which, at its points of
intersection with the members of a family of curves expressed by
one equation, cuts them according to some given law.
79.   As the most general form possible, let
•/(a?, y, a) = 0
denote a family of curves of which a is the parameter ; through
any point on one curve a trajectory will pass and there will thus
he a second system of curves representing these trajectories. Let
| and rj be the current coordinates 'of this second system; and
suppose the analytical expression of the law which holds at each
point of intersection to be
= 0.
'
 In this equation, at a point of intersection f and 7; are respectively
the same as a and y, being the coordinates of tkat point; but
~*J, ......... are not the same as •—, ......... , for they indicate the
a£	to
direction and the curvature of the two intersecting curves.
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We proceed as follows.
From the equation
:
 we obtain the values of all the differential coefficients of y} which
occur in the relation F=0, as functions of x, y and a; and in
each of these expressions we substitute the value of a as a function
of x and y derived from the equation of the curve. This will he
equivalent to eliminating a between /=0 and the equation giving
each differential coefficient. Let these values of the differential
coefficients of y be substituted in F= 0; it then becomes an
equation which involves x, y} g, y and differential coefficients of ??
with respect to £. But we have seen that x and y are the same as
£ and t], since both sets are the coordinates of the same point ;
therefore F=Q becomes a differential equation in tj and £ only.
80. The most frequent example of trajectories is that in
which a system of curves is to be obtained cutting a given system
at a constant angle. If this angle be a right aogle, the trajectory
is called orthogonal; if other than a right angle, the trajectory is
called oblique.
In the case of orthogonal trajectories the tangents at a common
point are to be perpendicular, and therefore
 
,_,,_   .
dso
 — u
which is for this case the form of F » 0.    For the given system
of curves we have
/(<&, y, a) = 0,
dx    dy dx      '
from which we eliminate a and obtain a relation between #, y and
U "?/
-,- , which is really the differential equation of this system   of
r»
curves ; let this relation be
<SO.]	TKAJ KCTOHl US.
Now for the trajectory we have
f = x, y = 97,
1	rf'/         1
and	•' =3 _ _
 ] 21
and therefore! the differential equation of the trajectory in
The eli.iiiiiiat.ion of the parameter i« immediate when, the equa-
tion of the given family of curvcH occurs in the form.
<j> («?, y) = a.
For we then have
which at once irfvoH •"',   independent of a, and is the form of ^ = 0
f/'f*
for this cuhc.
81.    When the equation of the curve in given in polar co-
ordinatcH the Hume method may be applied    For we then have
as tho cu{uaticm of the family of curves   If <f> bo the angle between
thc nuliutt vector arid thc part of thc tangont to the curve drawn.
front thc point back towards .the line from which $ Is measured,
we have
while, if ^ bo the	quantity for the trajectory, and jR and
be the polar coordinates of a point* on it,
tan <f>« Jt
 dii'
the	am afc right angles
IT
'2'
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f ,j ;
!/	and therefore
:	de ^d®     .     n
<  •	r — j^ -__ -}-1 = o
j	ar    »jK
I ||        '	where -R and r, © and 0 (but not  their  derivatives)  are   -fclxe
same.
Now
~dr    d0 dr       '
;	eliminating c between  this equation and the  equation  of
curve, we find a relation of the form
For the trajectory
'	'        dr        ^,2^
the differential equation of the trajectory is therefore

This, when integrated, gives the equation of the systeno.   of
curves possessing the required property.
]	Ex. 1.   Find the orthogonal trajectory of the series of straight lines
We have	~=m.
\ j }   •	<fa'
*' ] s,	and- therefore the differential equation of these lines is
i     ;	xty_
\	Hence, by our rule, the differential*equation of the system of orthogonal
1   .	trajectories is
which on integration gives
a series of concentric circles having for common centre the common poixxi> of
the lines.	-„  '
81.]
 TEAJECTOEIES.
 123
Ex. 2.    Eind the orthogonal trajectory of
rn = an sin n6.
Taking logarithms and differentiating, we have
n dr       cos nd
_   	 — rn   	
r do      sin nd9
which is the differential equation of the family of curves.    Eor the trajectory
we have
1 dr _        d&
r dQ~~       dB,}
and therefore the differential equation of the trajectory is
dtt    sm nQ
The variables may be separated and
 a
 
dR
n _-. — _
 cos ?iQ
so that	Lln~j.
the family required.
Ex. 3.   Prove that whatever be the value of n the orthogonal trajectory
of the curves included in
is a family of conies.
Ex. 4.    Shew that the orthogonal trajectory of a system of coiifocal
ellipses is a system of hyperbolas confocal with the ellipses.
Ex. 5.    Obtain the orthogonal trajectory of the system of curves
(ii)    	r2=a2 log (c tan 0), c being arbitrary.
t Ex. 6. Shew that, if f(x+iy) be denoted by u+iv, where u and v are
real, then, the families of curves u=const., 2;=const, are the orthogonal
trajectories of each other; and the families u cos a+2? sin a=const., for different
values of a, are oblique trajectories of each other.
In particular shew that, if % so obtained, be homogeneous of order n> the
the value of u is
90      dv
How may the value of u be found when n is zero ?
Ex. 7.   Find a system of curves cutting at a constant angle other than
right a system oflteoncentric circles.
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82.    If one of the variables he given as an explicit function of
the other and the parameter, the equation will be of the form
y = tf> (x, a) ;
instead of eliminating a we itiay proceed as follows. Let the
equation of the orthogonal trajectory be
?? = <£ (£ a),	...
where in the last a is to be considered an unknown function of £
to be determined so that the curve may be the orthogonal trajec-
tory. We now have
dy _ ^
dx    'boo '
drj _ 30    d<j> da
3|~3|    9a3f'
and therefore
Now, as no further differentiations are to take place, we may
£\  i	O »
write ^ in place of 5-- , since x is equal to £ ; hence we have
This is an equation between two	variables a and £;   when
integrated it will determine the value	of a, which, when" substi-
tuted in	•         .
77 = <£(£, a),
gives the orthogonal trajectory.
Ex.   Obtain the orthogonal trajectory of the ellipses represented by
Here
and the equation determining a is
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which gives
da2     2a*| ___ 2
#~i-?T
This on integration leads to the equation
«Hl-«=4-^
therefore the orthogonal trajectory required is
MISCELLANEOUS  EXAMPLES.
Solve the equations :
...      dhf , 2rfy , / a    2\       .
(!)	t,-'   +   .        J>    4.   (   7i2 __	J   ?, _. 0   J
N '        C/2.'2      ^ cfc*       \	.'/2/ J
(ii)     .^-2^
(v)	H
, .,	f         rfyl
(vi)	\)/-x :J\
x	{'         rZx'J
(v ii)	f-'^ 4. gn cot tw?      4- (wi2 - ^-2)y = 0 ;
2.    Assuming that the primitive of
ib of the form ^a»w4-^, prove that it is given by
u**A Bin (x+a),   « » /I cos (r 4- a),
'"" Obtain the primitive of
•::   .    M
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3.   By the method of variation of parameters deduce
 
" ••• m
 4.    Prove that the equation
-
(as -1- V) ^ + («! + V
has a particular solution of the form eXx, provided
and hence solve the equation, assuming this condition s;
11 1P
 5.   Integrate
 .     0        U>~U/
sm2 x ~r—. -h sin x
 
If ^=0 when %=0 and ^=1 when #=~, then ^=\
2
Also solve the differential equation
 7T
4:'
 


 determining the arbitrary constants by the conditions
when #=0.
6.   The equations
lit:
ill
 have a solution in common; find the primitive of ea
relation between P, P', Q, Q' supposed to be functions
7.    Prove that the equation
6, c, i(a-5-c), |(b-c-a), i(c-a-«
can be integrated by the method of § 68, provided the
be satisfied for some one set of signs given to the radic
Find the solution when this condition is satisfied.
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8.    Solve the equation
where a, &, k are constants, by assuming
and obtain the general solution.
Solve similarly the equation
also Ex. 1 in § 68.
9.    Prove that, if <j> (#) be a particular solution of the equation
then #<£ (-) is a particular solution of the equation
Hence solve the equation
10.    Prove that if #=<£ (#) be a solution of
f __ J is a solution of
"+
then £ = (
the constants a, 6, c, c? being connected by the relation
ad— bc=l.
Hence solve the first equation in question 8.
11.   Shew how to solve the equation
,.    +  .. .....
8	(a + Z>^)u
where X is a function of x only and J.1? ..., J[w are constants.
12.    Integrate the equation
^2, A dn^,^    n~"
~      '	2
X being any function of x.
'">    1 .»•"'. ^1,   .*   $J
s.
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13.   Shew that, if a particular solution of the equation
 
$ !i   ',
f| |>
Ill
|!j  ,
k!l *
:
 be known, A^ and X2 being functions of a;, the primitive can be obtained.
Hence solve the equation
dy      2 .         o sin x	^1 *»   ^J,c rf Ji.ji
5.x1	cos2 ^?"
14.   The primitive of
being	y =
show that the differential equation which has for its primitive
*)*= 0,
where
/TJ     .A x
(Hermite.)
15.    Prove that, if yt and ya be two particular solutions of the equation
the rootn of y^O and .y.^^O separate each other so long as both of these
solutions remain continuous.
(Sturm.)
16.   Solve the differential equations :
(in) (n-«^)
(iv)   *s (•'••*+") '^
« « ?	l   '	;
! if	i'	;
I*	! J;!	;
If?	,;	I
 (vi)    (*-^-
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Solve the equation
and R satisfy the relation
n this relation is not satisfied, can the equation be solved by the intro-
of a factor /z, so chosen that the new coefficients satisfy the relation ?
Solve the equation
In,
dx?	(Zex-aP)*'    '-'	(Stokes.)
Find the form of $ such that, if x= <£(0) be substituted in the equation
>econie
nce Bolve the former equation.
Prove that the equation    ^ +
 > can be transformed into
ic rektion between z and x is given by
z) is given by
dPt/    1 dy	a**
ice reduce the equation  n "" '  /=^?2y (n*~~ e ) to the form
Solve the equation
A and J? are constants,
rify that fee equation
 >' -,
isfonnable into the foregoing equation by the substitution
4?=sin (arc tan ^)>
led'	ff*-t&-4A+i*;     •
ad the rektion between y and v.   Hence solve the second equation.
8V	.	9
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•-.U .*/•••-. -v -aa*. ,„  i    Uv^:."4.  v   *      "      "".      •-•/      1,,, £.4 \  c^. t. ,  ,  ,.
22.   By transforming the dependent variable from y to  ee, solve
equation
Hence solve the equation

 _,  _
23.    Prove that the primitive of the equation
cfcr      r,  MA *
 (Sparre.>
where cr i» the Schrwarzian derivative of y with regard to &, is
y (/I' + /K*' + C'*P) ^A + Bx + Cx*;
and shew that this is also the primitive of
a»   :V/2,     %i   '==0,
where ^!,ya,... arc the first, sownid,	differential coefficients of y.
24.   Prove that the primitive of

 *;•
 is
,,»-, ™      ^^ —H/
where ti2=l-2^.   dihcuhh the eiu-w in whicli ^, supposed constant, is  ©q[tittl
toi
25.   The arc of a plane curve* measured from a fixed point A up to a point
P whose rectangular co-ordinaton are x and y is denoted by s; obtairx   1bl.ie
general Caxtosian oquationu of the curves for which the following eq—•*•"—**"
respectively hold:
(I)
;
(iv)   *-«;
"!.»0;         (vi)   «*(^jl+2c^)*;        (vii)   «=(
wy	"^
£0.   Find the general differential equation of all parabolas touching*
axes and having their chord of contact of constant length.  Solve the e^xiafclcm
obtained.
Obtain also the differential equation of all parabolas touching the axes*
I*.
27.   Shew that the differential equation of a general eonic is
and of a general parabola !h
o
'    (Monge and HaLpheiu>
EXAMPLES.
 131
 28.	Find (i) the curve in which the radius of curvature is proportional to
the arc measured from a fixed point ; (ii) the curve in which the product of
the perpendiculars from two fixed points on the tangent is constant ; (iii) the
curve which has an evolute similar to itself.
 29.	Find a differential equation of the first order of the curve, whose
radius of curvature is equal to n times the normal ; and shew that it is always
integrable when n is an integer.   In particular shew that when n = 2 the curve
is a cycloid, when n=l a circle, when n= - 1 a catenary.
 30.	Shew that the system of curves cutting at a constant angle a other
than right a system of confocal ellipses is given by
x = c cos <j> cosh n (\ 4- $),   y = c sin 0 sinh n (X + <£),
where 2c m the distance between the foci and n is tan a.
(Mainardi and Mukhopadhyay.)
31.	Obtain the orthogonal trajectories of the curves
(i)     xP+y*=*cx;	(ii)    #2+#2H-c2=l4"2<?,zy;
(iii)   aP+y*=3axy;	(iv)   r/«c2;
in the last r and / are the distances from two fixed points.
32.	The curve for which the ordinate and the abscissa of the centre of
gravity of the area included between the ordinates %=*a, and #=# are in the
same ratio as the bounding ordinate y and the abscissa x is given by the
equation
33. The curve whose polar equation is rwcosm0=aw rolls on a fixed
straight line. Assuming that straight line to be the axis of #, shew that the
locus of the curve described by the pole in the rolling curve will have for
its equation
2m
In particular shew that, when 2m=1, the described curve is a catenary;
when w=2 the described curve is an elastica.
(Frenet.)
/J2/9/
34.   Shew that, when a first integral of the equation * %—/(%,y} ib given
in the form -/**$ (#, y, <?), then the primitive is
(Jacobi.)

A tet integral of       «y (1 4- 2 tan2 #) is of the form     =,H> (#) 4- 0$ (a) ;
determine th® primitive.
'
CHAPTER Y.
integration in seeies.
88. it may happen that a differential equation, the solution, of
which is required, comes tinder none of the preceding classes which.
are all of some particular form, and therefore that the methods
applicable to these fail; recourse is then had to approximation to
obtain the value of the dependent variable. The form of approxi-
mation which in most frequently adopted is that derived from
converging series; by retaining a large number of terms the error
can be made small, and the series may be considered to be the
value of the variable. That this method is A priori justifiable
may be seen as follows.
The given equation is a relation between the successive diffe-
rential coefficients of y and may be considered as giving the one
of highest order in terms of those of lower orders; thus if it were
of the second order it would give -y*i in terms of ~r- &&d y.   Wb art
e       da?	dx        *
differentiated once it would rive Vi i& terms of -A, -?- and %ry
6      da?	dsf   d®	^
that is, in term! of -&• and y, since j^ is expressible in terms
of these two, %nd so for each of the differential coefficients  of
higher order, which can thus be expressed in terms of -f- and y ;
dx
but the differential equation will not give any relation between
83.]
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-f- and y, which are thus independent of one another. Suppose
doc
now that a value a be assigned to x and that for this value of x we
u ?/
make y — A and ~ = B, which constants are, in general, arbitrary ;
then the equations derived by successive differentiation furnish the
values for.3?=c& of the differential coefficients of y of successive
orders. Let these be denoted by C, D, Er... Now if the value
of y be <f> (od), which we assume is a function expansible by Taylor's
theorem in a converging series of ascending powers of x — a, we
have
<j> (x) = <j> {a + (x ~ a)}
file_6.wmf


.



 
 
where
 a)
 stands for the value of
 when a is written
for x after differentiation.   Inserting now for the various coefficients
their values, we obtain
and this, if a converging series, is a solution of the given equation.
It should be remarked that for some particular value of cs the
differential equation may determine not the coefficient of highest
order but one of lower order; thus the equation
dof     oo dx
would for values of & other than zero determine -3 ^, but for a? =* 0
would give ~ = 0, if we consider infinite values of any coefficient
excluded.
The foregoing method and another, which is id? practice substi-
tuted for it and which will be explained in the next article, is
almost impracticable in the case of equations whien neither are
linear nor can be transformed so as to become linear; for such
equations the determination of more than the first few terms of
the expansion entails great labour.
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Ex. 1.    Let us apply the foregoing method to the equation
When differentiated n times the equation gives
and therefore when ,a?=0
1
 Now the given equation leaves y arbitrary, say=A, and ~™ arbitrary, say =
i	i   i ffiy    ^
when #=0 ; but -^-^=0.
Hence we have
_J^ = — 3*?	~
»+2        r dxJp~l
 
i !
 similarly
 =0;
 

 and
«(-l)*(3p-2)(3p-5)... .4.1.4.
The expansion of y is, by Maclaurin's theorem,
x2 d^y     ^ <$y    & (fry
+	+	+	+ '*-
This is the sum of two converging series and contains two arbitrary constants;
it is thus the primitive of the equation.
Ex. 2.   Solve
(ii)
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Ex. 3.   Obtain an integral of the equation
12 -- gjj - 517^732    p 722 .""3*742
>
dx1
in the form
_	.
= -A   1 -   j- +  2 -- jj - 12 +
 ~|
"" — J •
84.    The preceding investigation shews that, by means of the
'>	differential equation and the expansion of a function in terms of
£	the independent  variable  as  given  in Taylor's  or  Maclaurin's
|	theorem, an expression in the form of a series can be obtained for
|»	the dependent variable ; but, instead of working through what is
/	sometimes a troublesome process, it is convenient to accept the
|	principle that a series can be obtained and so to assume for y
t	some series arranged according to powers of x with indeterminate
coefficients and indices. This series is then to be substituted for
the dependent variable in the differential equation, and as it is a
;	solution, of that equation it must make the equation an identity ;
;	a comparison  of the indices  of the independent  variable will
V	shew the  law  of their progression, and  a  comparison of the
|	coefficients of the different terms involving the same powers of
}	the variable will give the required relations between the coefficients
|	in the expression assumed.    The latter will then for such values of
|	the independent variable as  leave the  series  converging be a
|	solution.
i
fj	85.   As the method just indicated is really equivalent to the
\\	earlier one, it is not better suited to the solution of non-linear
$	equations ; but much labour is saved by it when the differential
|/	equation to be solved is linear.    One of the most important forms
r	to which it is specially applicable is that which may be written
where 0 and ty are rational integral algebraical functions.    To
solve this, assume
y = AjxP* + A^ + Ajf** +
where mj? m2, m^ ... are exponents in ascending order of magni-
tude; since
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the equation, with the value of y substituted in it, gives
A^(m^) xm^ + A^ (wa) xm* + ...
+ Ali(r (Wj) x™^1 -f Aa ty (m2) ocm*~l +...== O.
In this equation ma — 1 is the lowest exponent and it occurs irt
only a single term; as the left-hand side is to vanish identically,
this term must disappear, and therefore	.
or, sii^© A1 is a coefficient of a term actually occurring and so is-
not zero, we must have
A comparison of the indices of the remaining terms shews that
ml = m2 — 1 and therefore w2 = mx 4- 1,
m2==m8-"1   »	»>       mB = ml + 2,
and so on ; while a comparison of the coefficients of terms involv-
ing the same indices gives
and so on. Take now any value of ml as given by the equation
•tjr (Wj) = 0, say Wj = a ; then as Al is quite arbitrary denote it "by
A. The remaining coefficients are given by
,1  = _	4  = i	.
8	2    "1"	'
and so for the higher coefficients; the corresponding value of y is
thus	*
85.]
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• 0.
it leal
 The expressions connected with the other roots may be simi-
larly obtained ; and as the equation is linear the sum of all these
values of y is a solution.
Of this general form the most important example is that equa-
tion which has for a solution the series known as the hypergeome-
tric series ; it is discussed in full detail in the next chapter.
Ex. 1.   Prove that the primitive of the equation
 
is given by
 dy
-f--
dx     J
ad so

J-2»)T2.4(3-
 2wj
 
WB
 JEa;. 2.   In the case when Bw= 1, the separate parts involving tho arbitrary
constants in Ex. 1 become tho same, each being
m'%4
 

 If this bo denoted by 0, and y~uv*sw, where u and w are to be determined,
we have on substitutirig> since v is a solution of the original equation,
 
cl^w    I dw
T   4. - , -
^w*    ^7 cw;
 u t I du\    0 du dv
--. 4. ~ ~r ] 4-2 — -r
a? dxj      dx dx
 
i it 1
 As we have two arbitrary quantities u and w, we may assign any one condition
we please ; let this be
dT%    1 du   A
The value of u hence derived is A 4-5 log <#, and thus
or
 Idw
.,,    .....
aedx
 2B dv
«-.   T-B
x dx
 
uf y
 The value of y is now
 r 8
and therefore contains two arbitrary constants, the total number necessary for
the primitive ; hence we require only a particular integral of the equation
in w.   To obtain this write
188	•         INTEGRATION
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Substituting and equating coefficients of different powers of #, we   liave
from the
coefficient of of1 ......... B1 = 0 ;
These equations give
B1=0=BZ=...	=J?2n_1=...)
so that no terms involving odd powers of x occur in w.    For^the coefficlon"fc»
of even powers we have
— •# 227427^2 ( J + i -h 1) - >3' 22 > 42 f
and generally
Hence the value of y is
+
 mV        wV	\
2a f 42    22 ;42 , 62 + • • • J
As Bf is undetermined, there are apparently three arbitrary constants *
but it will be seen that the expression multiplied by B' is the same as
multiplied by A and therefore these two constants coalesce into one
arbitrary constant A' which may replace A + B'.
85.]	IN  SERIES.
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in the form
.        ,
- 28 +5^73.1 -33; 35; 41 + -
(
,'£	»"t'^	&*•'	A^1	\
i - 12 + j-j-gp - i»;'2aT3a+ iT^'Ts2" ..... i2 **" "7
(Fourier.)
Ex. 4.   Integrate in series, and oxprosn in a finite form, the primitives of
the following equatioim :—
86.    There are two special points which arise in the, integration
of some differential equations; they owes their origin to the same
cause, but they require to be dealt with .separately.
As an example of the one, let ub recur to the Berien obtained as
a solution of the equation
d*
d\     1 r /   d\]
sg *~j	   4-    &[at ,- }\ y
dxj     x r \ tie,/) J
which was
If/
Jt
 the constant a being some root of the liquation
ty (m) » 0.
This equation will usually have more than one root ; let some
other root be denoted by 5. Then, in the ease when b is greater
than a by gorne integer k, the .-tolution in the form above adopted
ceases to be available ; for in the denominator of the coefficient of
if within the bracket there occurs the factor ^ (a 4- k) or ^ (b)
which is %ero, so that, unless thore be* a ssero factor in the numera-
tor, the coefficient apparently becomes tufiuite.
In the	when such a zero factor does not occur in the
numerator we must have	to the fundamental aquations
from which the	derived, whieh are
140
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A^$ (a) + A2^(a + I) = Q,
A^ (a + k - 1) + Ak+l ^ (a 4- fc) = 0.
Now since -\/r (a-f- F) vanishes and Ak+1 is not infinite, belrag" a
coefficient in a series supposed converging, it follows that either
Ak or 0(a + i-l) is zero. Rejecting the latter on accoiint
of the hypothesis that no zero factor occurs in the num. era/tor
we have Ak = Q, and thence from the preceding equations "we
find that the coefficients Alt A^ ..., Ak_l are all zero. Hence the
part of the series which precedes the term of inside the bracket is,
on account of its coefficients, evanescent, and the series aetTaaJly
must begin with the term CV+fe, that is, with Cx&; and this will "be
the series derived from the root 6 of the equation ty (m) = 0. One
of the particular solutions has thus disappeared, but to obtain one
in its place we may proceed as in Ex. 2 in § 85. Denoting "by v
the one which remains and has absorbed the other, we may write
and, after substitution, assign some one relation which shall serve
to determine u and w and render the differential equation, easier
to solve ; this relation will usually be determined by the special
form of the equation.
Ex. I .   Consider the differential equation
Substituting
 y =
 2 + . . .
(this is easily seen to be the necessary form), we find as the equation,   deter-
mining m
L e.    (m — 1) (m — 4) = 0.
Hence a—1 and 6=4, so that the roots differ by an integer.   It will be found
that, on taking the root m=l, the equation is of the form discussed aod. "fcliat
the terms up to, but exclusive of, & disappear; while the series derived fronx
the root w=4 is Asfttf*.
Complete the solution.
E®. 2.   Solve
87.]
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87. We now proceed to consider the other special point.
Hitherto it has been assumed that no vanishing factor occurred in
the numerator ; and the result of the necessary alternative was
indicated. But a vanishing factor may occur in the numerator of
some of the coefficients of the terms within the bracket, either in
that term in which there is a vanishing factor in the denomina-
tor or in an earlier term. In the latter case all the terms which
do not have a vanishing factor in the denominators of the respective
coefficients disappear ; and if such a factor never occurs in a later
term the series will end at the term next before the first which
contains that vanishing factor in the numerator, and the solution
will thus be expressed in a finite form. But some vanishing
factor may appear in the denominator of a later term and the co-
efficient of this term will then take the indeterminate form 0/0,
while the intervening terms will disappear; arid all the terms after
this will contain this indeterminate coefficient. The series will
then be of the form
A it? •+ Baf*1 4- - . . -f Ftf*f + g (Kaf** + Laf*1*1 +...),
where k — 1 is not less than/    This may be written

where A is arbitrary and B/A, ..., F/A are determinate ; M9 being
equal to K x 0/0, is arbitrary (on account of the indetenninateness
of 0/0) and L/K, ... are determinate. This series is a solution
of the corresponding differential equation arid therefore will be a
solution when a particular value is substituted for the arbitrary
•constant; hence
obtained by writing M =0, is a solution.    In such a case there is
•therefore a solution of ike equation expressible in a finite form,
Ex, I.   Consider as an example
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When we write	y=Axm+Bx™ + a 4-...,
the equation to determine m is
m2-9=0,
and therefore	m = — 3 or +3.
For the root — 3 it is not difficult to obtain the series
 [87.
 
;
 j—      ^        2    1	1
?~3   1 - - # + -—-o^-h terms in a8, ^, ^ which vanish
|__         O	0 . O	I
_zL.rJL^iii^-. ro_    -2.-i.o.1.2.3.4	I
-5.-8.-9.~8.-5.0A      -5.-8.-9.-8.-5.0.7A      " J'
Write M instead of
-2. -1.0.1.2. 3
and then the series is
4.5
11
 4.5,6
'-3*)        (42-32)(52~32)(62-32)
thus verifying the theorem that one solution of the equation is expressible in
a finite form.
Ex. 2.   Verify the general theorem in the case of the equation
Ex. 3.   Solve the equation
88. Further illustrations of these special points will occur later
and they need not therefore now be considered in greater detail ;
various other points arise which will be discussed in connexion witk
special equations. Thus it has not been stated that a series must
always proceed in ascending or in descending powers of the inde-
pendent variable, but the comparison of the terms in the differential
equation after the expression for the dependent variable has been
therein substituted will indicate the nature of the series. In the
case when one of the solutions becomes evanescent one method has*
been pointed out, which will be useful for supplying the deficiency
thus caused; another will be indicated below. In fact the difficul-
ties that arise are usually connected with special equations and not
[87.
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j general equation; and therefore some special equations
considered. Of equations of a particular form there are
ch are more important than the others included in the class
.n series; they are
;, the differential equation of the hypergeometric series
ill be discussed separately in the next chapter;
nd, Legendre's equation;
ij Bessel's equation;
th, Riccati's equation.
last three of these will now be discussed in order. It must
i be understood that what is carried out here is merely the
3 solution of the differential equations and that there is no
at an exhaustive investigation of the properties of the
76 functions determined by the dependent variables.
•le in
 legendre's Equation.
This differential equation is
 
is the same equation,
*dy
 n(n+ l)y = 0,
 
ater
bail;
vith
aust
ide-
itial
>een
the
has
5ncy
cul-
aot
 . the quantity n is a constant. The equation is one which
ly occurs in investigations connected with questions in
bhe branches of applied mathematics ; in these cases n is
but not always, a positive integer. The equation is one
cond order and has therefore two independent particular
;, and every other particular solution can be expressed in
• these two ; but it will be found that the form of these
ntal particular solutions is different in the two cases when
when n is not, a positive integer.
* -f . . .
>roceed to obtain these solutions.    In accordance with the
nethod of integration by series we write
y «   jt
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and substitute ; then we have
n (n + 1) ( A^ + AjxT* -f AfT* + . . .)
= J- {(^-l)(m1J1^
 £89.
* - m2 (m2 -
.-and this must be an identity.   An inspection of the equation shews
that, so far as powers of x are concerned, we have
»or the series must be one in descending powers of x\ we there-
fore now assume that m1? m2, m8, ... are arranged in descending
order of magnitude, their common difference being 2. A com-
parison of coefficients of the same powers of x gives, for those of a?11*1,
{m, (X + 1) - w (ti + 1)} J.1 = 0,
. = 0.
Now JL is not zero, being the coefficient of the highest terra in
y ; hence either
ml — n,
or	ml = — (n + 1).
«
The relation between the coefficients of consecutive terms a,rises
from equating the coefficients of #wi-2r+2 on the two sides; it ib, for
values of r greater than unity,
r = (X - 2r ~f 2) <X - 2r 4- 3) Ar
.and this gives
90.   Consider first the solution corresponding to
90.]
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The highest term is then .4^" ; and the relation between the suc-
cessive A's is
so that
_ _ (m- 2r + 4) (n - 2r + 3)  ,
~"T   2(r-l)(27i-2r + '3)

and therefore the series becomes
n (n — 1)   tt_g    n (n —"
_ 2___ a    + _ .__
it A
 Let the series within the bracket be denoted by yv which is
therefore a particular solution. When n is a positive integer, the
series is finite ; the last term is, when n is even,
,     _in	n.(w-lHw-2)	2.1
 

 or, what is the same thing,
while, when n is uneven, the last term is

 3.2
 7
or, what is the same thing,
! w.! (n — 1)!
the numbers of terps in the two cases are respectively fan, -f- 1 and
'
When ?i is an integer, 2n is an even integer, therefore a
zero factor can never enter into the denominator in this case ; thus
the series considered will never come under the class considered in
§ 87 which yields two solutions.
F.	10
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The series yl9 multiplied by
n being a positive integer, is usually denoted by Pn ; this functl
is an extremely important one in physical applications.
Ess. 1.   Verify that
and that Pn is the coefficient of zn in the expansion in ascending powers o:
of (1 - to+*2r*.  ^w ^ ^J ^ Q fv<.    Jlj if ^ fP
Hence shew that 0= (1 - Sfls-fs2)"* is a solution of the equation
jEa?. 2.   Prove that the roots of the equation y1=0 are all real and nurae:
cally less itian unity.
Ex. 3.   Prove that the sum of the coefficients in Pn with their
signs is unity,    ^qi^^f*. t*^ M> ^iw »*,, f».     -^   'jw ^.     _ I j w -
I	II	'    "*"   VI
ch^
jKa?. 4.   Obtain the equations     '
(i)    7ZJ>n«(2^
(ii)   (^-l)
In the case when w is not a positive integer the Series yl
ceeds to infinity; and for convergence it is necessary that
be greater than unity. But in particular when %n is equal to sonc
positive odd integer, say 2r — 1, then the coefficient of xn~~*r has
zero factor in the denominator, and no zero factor occurs in til
numerator either of that term or of any subsequent term; henc
(by| 86) the terms whose indices are higher than n— 2r do ru
exist in this solution of the differential equation, which will ther<
fore begin with af*r multiplied by some new arbitrary constgtxi
But since 2?w== 2r — 1, therefore n — 2r = — (n-i-1), or the solutio
degenerates into an infinite series of descending powers of
beginning with zT(n+l}. To the consideration of this solution, -vt
ahall now proceed.
91.]
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91. We take now the second solution of the equation deter-
mining the value of ml; this is — (n + 1), so that the term with
highest index may be taken to be .4^"(n+1>. The relation between
the successive coefficients is
r - 1) (2r - 2) Ar = (n 4- 2r - 3) (w 4- 2r - 2) 4^
for values of r greater than unity, and therefore
	(n + 1) (n + 2)	 (n + 2r-2)	
r " 27-1.1. 2. 3 ... (r - 1) (2^ 4- 3) (2n 4- 5) ... (2w 4- 2r - 1)    1?
so that the series is
Let the series within the bracket be denoted by
ticular solution; the series y2 multiplied by
2n.nln\
(2n + 1)1
 ^, which is a par-
(n being a positive integer), is usually denoted by Qn ; for con-
vergence it is necessary that x should be greater than unity. This
series y^ or the equivalent function Qft, is also of great importance
in physical investigations.
When n is a positive integer, the series proceeds to infinity.  '
WBen n is a negative integer, y^ is a finite series ; if n = — 2p,
the series begins with oftr~l and proceeds for p terms; if n = — (2p + 1),
the series begins with a?9 and proceeds for p +• 1 terms.
When 2n is equal to an odd negative integer other than — 1,
say —(2r-+ 1), then the coefficient of ^f^2***1) has a zero factor in
the denominator, and no zero factor occurs in the numerator of any
term in the series; hence as before the preceding terms do not
exist and the series begins with oi'(n^H'1) multiplied by some
new arbitrary constant. But since 2n « — (2r + 1), therefore
— (to-f 2r 4- 1) = n, or the solution y% becomes an infinite series of
descending powers of % beginning with ocn9 Le. yt degenerates into yl .
10—2
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92.    We thus have the following results.
I. "When n is a positive integer, there are two independent
solutions of the differential equation ; (1) y^ a finite series, (2) y8,
an infinite series ; and the primitive is
II. When n is a negative integer, there are two independent
solutions; (1) ylf an infinite series, (2) yy a finite series; and the
primitive is
2/ = .%14--%2.
Ill When n is not integral and 2n is not equal to some odd
positive or negative integer, there are two independent solutions ;
(1) ylt an infinite series, (2) y2, an infinite series; and the primi-
tive is
i"   '
'41   •
1:1   '
 IV.	When 2n is equal to an odd positive integer, there has
been obtained only one solution of the differential equation, for yl
degenerates into j/2, this solution being an infinite series;   the
primitive is thus not expressible in terms of yt and y2 alone.
V.	When 2n is equal to an odd negative integer other than — \,
there has been  obtained  only one  solution of the differential
equation, for y2 degenerates into y19 this solution being an infinite
series ; the primitive again is not expressible in terms of yl and y2
alone.
VL When %n is equal to —I, there has been obtained only
one solution of the differential equation, for yl and ,y2 are the same
infinite series beginning with oc~~^ ; the primitive again is not
expressible in terms of y1 and y2 alone.
It therefore remains to obtain the primitive in the last three
cases.
93 (i).   Consider first the case of 2w equal to an odd positive integer ; then
Z)(n + 4)
.	a;      +...
__
,
a?
 
f    \''
I1  lf
iv%1;
 is a definite solution, and we have to find a second and different particulai
solution.   In the first instance, assume
93.]
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where 6 is an infinitesimal quantity which will ultimately be made zero.  Then,
so long as 6 is not zero, the quantity
is also a definite solution ; and it ceases to be so by the vanishing of 0, since
6 enters as a factor into the denominator of the coefficient of #»-2p-2 an(j a]j
lower powers. Now we have
+ (-!)*
(n — 1)... (n.~ 2p - 1)
_,
^
 \
'"J '
where
fl)
and so is determinate and finite.    But
and therefore
xn~~~i'    = .T"~n'      . # = #;~"n"~  (1 +• a log &).
Also the coefficient of #"~2r within the second bracket is
(ft - 2j« - 2)(ft - 2jp -3)...fa - 2p - 2r - 1)
... (2p+2r
5 - 0) . . . (2 n + 2r + 1
 -4) . . . ((9"^ 27) '
^.e., is
(2ft + 3
 . _ ^™_^
) ;;. (2ft + 2r + 1 - <9) (2 - <9) (4 - 6) . . . (2> -
__
6...
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where
Hence

U       r ^
When the second part of the right-hand side is expanded the aggregate of
1      C
terms which involve - is ^~y9; the aggregate of terms which involve log % is
0      u   "	°
.and there remains the aggregate of terms independent of 6 (and also as it
appears of log #), as well as a further aggregate of terms multiplied by positive
powers of 0, most of which have been omitted and all of which disappear when
6 is made to vanish. From the first part of the right-hand side there is an
aggregate of terms independent of 0, as well as an aggregate of terms which
disappear when 6 is made zero. Hence the primitive of the equation is
2 log x + Tn+Rn\
on changing the arbitrary constants.    Here Tn stands for
0
, /
{
and Rn stands for
^~iry f
rfi I2.4...
the value of Cr being
A
The value of the coefficient J./{7 which occurs in Tn is ,	% >* k

93.]	solution of iegentdbb's equation.
so that \ve may write Tn hi the form
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The second particular .solution of the equation is tliuw
and it will be noticed that that part of it which is expansible in descending1
powers of x bcgiriH \vitli a tern involving^;**1 ami couta<ins no term involving
.-»;-»- J.
But in the special chiho when 2?i is equal to unity, so tli&t p is zero in the
preceding investigation, tlion the form of Tn, now rl\ Bay, is limited to tlio
first term; and \ve have
so that
The remaining parts are unchanged inform.
93 (ii).    OoiiKiilor now tho ca,so of 2» ccjiial to an odd nogdtivo integer
other than - 1; the integral y, in definite, I nit
will then not bcudtifinito
Before awrtxitniiig n to l»o half an odd intogor, write
(ho that 2»i in n powtivo odd integer when the ttHHurnptiou an to the npecial
value of n ib rnf«l<i).   Thcu
and
and
 -«•••* 4.
*     •*"
where J^ and Y% are tho Hjicciai »olutionB of
•* The Eolation, thus given corresponds to that for Boflsel'fl equation, Ex. 1,
p. 107, due to HankeU
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w being positive.    When 2m is an odd positive integer we know fron
preceding investigation that the primitive of this is
where
and
the value of Ar being
i
Hence the primitive of
in the case when %n is an odd negative integer other than — 1, is
y—Ey^A (y± log x+ Vn+ Un),
where
4)	i
C      "      J	2(271
and
f=CO
U = 3?n   2
.  {         \	where in Un the value of Er is    *
ill!
The second particular solution of the equation in this case is thus
and it will be noticed that that part of it which is expansible in desce
powers of x begins with a term involving ar*-1 and contains no tei
volving #n.
93.]
 SOLUTION OF  LEGEKTDBE'S   EQUATION.
 153
03 (iii). Lastly, for the special case in which %n is equal to — 1, we proceed
in a manner similar to that adopted in § 93 (i); and we find that the primitive
of the equation is
where y^ is the series
and
and
 2-r r! r!
04.    Since in all these cases %n is an odd integer, the equation can be
written
where p in an integer.
The ca«e of p positive is that considered in § 93 (i) ; the case of p negative
is that considered in § 93 (ii) ; and the case of p zero is that considered in
§ 93 (iii). Properties of the functions denned by the differential equation in
the present form have been discussed by Mr W. M. Hicks in his memoir on
"Toroidal Functions," Phil Trans. Lioy. Soc. (1881), pp. 609—652.
Ex. 1.    Assuming the result of Ex. 1 in § 64, shew how the solution of
 f!
I
can be derived from that of
.„    ,..d*v , l-S^efo
t1-^* ........... *    Tk^
which in the differential equation for the quarter-period in elliptic functions.
Ex. 2,     Prove that the Particular Integral of the equation
in X/Vn where X is a constant; and that the Particular Integral of the
equation
is X'Qn + i> where X' is a constant.
154
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95. In the general case of the differential equation, as represented by I.,
II., III. of § 92, it is possible to express the second particular solution in terms
of that already obtained and of similar functions. Let v denote the particular
solution already obtained, so that for instance v would be Pn in I.; and let
y=uv — w9
where u and w are as yet indeterminate.    When this is substituted in the
differential equation, we have
Since v is a solution, the last term disappears; and, as the only condition
imposed on u and w is that y must satisfy the equation, we may arbitrarily
assign another. Choosing this so that the coefficient of v may vanish, we have
and therefore
) _.
Qj'JG
 constant.
As we are seeking a particular solution, it is convenient to have it as
simple as possible; and therefore, giving a special value to the constant, we
may write
so that a value of u is given by
The equation to determine w now becomes
dx
When the Particular Integral, say %, of this is obtained, the second
solution of the original equation is
The value of wl as a series of descending powers of x is easily obtained.
Thus in the case when n is a positive integer we take
X
.4 (2^-1) (2^ -3)
and at once have the equation, which determines ^, in the form
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Let	u\ = C^
then, substituting and equating the coefficients of the highest term, we have
and equating the coefficients of the terms involving .^~^l+i? we have
^r+^ + ^-^r + ^^^^r + ^Or^
V-i 9       n (*> - 1) (» - 2) . . . (n - 2r + 2)
V      '     *---	'
The general value of (7r, deducible from this, is complicated ; the values of
the earlier coefficients are
V3~         3.4.5(2w-
ancl so on; but there is no advantage in writing down more of the coefficients,
as the expression for wt will soon be put into a different form.
bQtwwn the particular solutions.
96. We have now obtained the primitive of Legendre's equation in all
cases when n is a real constant, by deducing two solutions which are linearly
independent (§ 72) of one another. But wo know (§ fif>) that when, one solution
of a differential equation of the second order lias been found, the primitive
can be expressed in terms of it and, if necessary, of other functions, and
therefore any other solution is so expressible; we proceed to obtain this
relation for the cases— viz. I., II., III. above— in which it has not been
obtained. The firat form in which it may be given is derived by means of
§ 65. We may define Pn and (Jn by the generalised equations
8
»n (n) II (?i) [        2 (2n - 1) "	""
whether n be integral or not; II (n) is Gaass'B n function and is P (%+l), and
in the cane of n integral in n I (nee next chapter, § 126) ; arid Pn and $n are
still solutions of the 'Legondre's ecpiation, since they are respectively constant
multiples of y± and y2» We therefore have
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multiplying the former by Qn and subtracting the  latter multiplied by P,l}
we have
where A is a constant, which is definite and not arbitrary since Qn and Pn
are definite functions. To find ^1 we consider the terms containing the
highest powers of x; these are
in Qn
and in Pn
hence	A
since n (2% 4-1) = (2?z, +1) n (2?i); and therefore
& -I '
This gives
or, its equivalent
and therefore
dx
no constant being needed, as may be seen by comparing the coefficients of
the highest powers of x in the expansion of the two s^des in descending powers
of x.
9*7. This result may be written in a different form ; but it is first" neces-
sary to prove two relations between the functions given by Legendre's equation
for different values of n.
From the expressions given in the preceding article we find that the
coefficient of ^+1-2*- in Pn+1 ~Pn^l is
t _  y
(      ) 2)l~1n?2,-
the last factor is easily simplified into
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and therefore the coc'ttiniont is
n(2tt)	//.(//-!)(//.--ii)...(rt-i2/- + 2)
(    ' 2M~ri(')fc)n(/o 2^..^/-(>i • JX-«•-••*^..(^'••-•^+:i;(^-u     '"
llencc the coefficient of./?'1""-'' in
that Is, i« the eneJlirj^nt of f,!»i! .same power hi (*2u ••{-1) /'rt.    Those two
{/ire thus c(|inil i^nn hy t<»nn ; aiifl th<*n'Jort(,
-<2n I- !)/'„,
Tn the cuHii \viion // is a ])o,sitiv«t inf.f^'r this leads to a, liuitu hufwh for
(I'C
the hist terra off,h« Htjriu.s ^/*, or /'» fu?. 1), iujronlin^ us -//. is t»v«n <»r odd,
If w, 1)0 nnt a po.sitivu inl*^<a', this .serins will proauul in inlinitiy and will
.still he this valtHt of    . " , pruvidiid ,/• l«» ^ntatur ih;m unity.
98.    Now hy § 05 vv« wus ifiat
in a Holution of th«j tliff«reut,i;tl c^itiatir»n, if //* 1m
Integral of
 as the Particular
(I^	3 + _})
T>y the; fonuula juni ohtiuiifiti.   T<* obtain thin Pariit'Jiliu* Iitti!gral vvt» write
w -- «j / « ... t + f3y'» -;r»- — •»• "ar« j / » .... Sr -n +1 • • •
and
the loft-hiuul Hiclif hii«? ah ih« i;r>«!3
w(/i-fJ)H
And therefore
 • LV 4. 1 } (n - %
!)(/*- r 4 I);
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The value of w is therefore now definite; and the corresponding
of Legendre's equation is
»-9    p      _,_	\
(;ri2)p»-6+ ......... /
the last term being
	3	
(»-l) ($»+!)•<»
when n is even, and
« 1	.	1
when ^ is odd.
99.    We have now to compare this solution with Qn.    Let it be sirp]£>os
expanded in a series of descending powers of x; it must then be of the forr
where A and B are constants.    Now in the series the term involving $2™ etc
not occur, since
I      1        1
and therefore A must be zero ; hence the coefficients of the powers
xn and #~'(w+1) exclusive of the latter disappear; this is easily veriftocl j
the first few.    The above solution is therefore a constant multiple of Q^ , a
thus
-p     i      "   p
TTn ;n-1 + 3(w-lyn~3
where ^Tn stands for the series which, when n is integral, is a. function
degree n — 1.    Hence
'-i p.'
and therefore
where U is an integral function of x of degree not higher than 2n - 2,
we substitute on the left-hand side from § 96, it becomes
B	1         U
or	=
where the right-hand side is a finite integral function of x.    This is t*ru.e
all values of x ; writing x—l we have JB= value of Pn2 when x is unity.      3ST
in Ex. 1 of § 90, Pn was indicated as the coefficient of ^ in the expansion
99-]
 bessel's equation.
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 (1 - 2.rs+s2) ^° in ascending powers of s ; and therefore the value of Pn when
#=1 is the coefficient of zn in the expansion of (1 -2^-hs2)~-, i.e., of (1—g)-i.
This coefficient is unity, so that Pn when ,r = l is unity ; thus Z? = l and the
equation becomes
jKv. 1.    The following properties, analogous to those of Pnj hold for Qn:
tie f,
bet
rifie
 Ex. 2. Obtain the properties of the integrals Q corresponding to those of
the integrals P given in Kx. 4, § 90.
Ew. 3.    Prove that, if x be loss than ?/,
(;// - #)	l =   3  (2?i +1) /'« (#) #n (;?/).
The further (lovclojmient of tho properties of the functions which are the
particular solutions of .Lcjijondre's equations docs not cle]>ciHl merely upon the
differential, equation; the student will find most ample investigation of their
analytical properties and their applications to mathematical physics in the
excellent treatise by Heine	-/frmdhtmh dor Knydfnnutionm.    The treatises
by Todhunter, The Finwtwm of Laplffct,^ Lamd and JJcssel, and by Ferrers,
Sphwiwil Htmnnnicx, will prove useful/
 
ictk
 bess el's Equation.
100.    This cllfferciitlal wj nation is
or, what is the name thing,
trui
f, •:
nsi<
 in which ?i is a constant;   it will  be assumed that n  is real.
The equation, like Legendrc's, occurs in investigations in applied
mathematics and n is usually an integer there ; but, as in. the case
of the preceding differential, equation, this limitation will not be
imposed on the value of -n,
160	'         bessel's	[iqq.
To solve the equation we write    -
and substitute ; we then. have
K2 - n2) A^ 4 K2 - n*) AfF* + (m32 - n2) A^ + .........
4 Aj^ + AfTJ* + ......... = 0,
which must he identically satisfied. Hence, from a comparison of
the indices, we have
m.2 = ml 4- 2,
m3 = wa 4- 2,
or the series is one in ascending powers of x, the common difference
of the indices of the powers being 2 ; and thus mr = m -f 2 (r — 1).
Taking the term in x with the lowest index we have
mx2 = ?r
since J.j is not zero ; and therefore
m1 = + n, or ml = — n.
The coefficient of xm^rm on the left-hand side must be zero,
and therefore
or, snce
101.    Consider first the solution corresponding to
77^ = + n.	•	I
The coefficients A are then given by	*
Ar	f
r+l        2
so that
for values of r greater than unity;   and the series, which is a
solution of the differential equation, becomes
* a?	a?
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where Al is an arbitrary constant.    When to At is assigned the
particular value ^n jjt-t. where If (n) Is Gauss's function II and is-
the same as T (n 4-1), then the expression is denoted by / , so
that
»      _
tt    2nH (w)
 as'
 , 4-:
—    V
which is usually called the Bessel's function, of order n. When n
is positive, whether integral or not, the series proceeds to infinity
and, for finite values of the variable, is obviously converging.
Thus AJn> where A is an arbitrary constant, is one solution of the
differential equation. Before considering the form of JnJ when n
is a negative integer, it is convenient to obtain the solution
corresponding to the ease
The work is the same as before with the change of sign of
and the solution is
_
- n H-1)    2! 2* ( - w + 1) ("-w + 2)
:j	F2riY-^+"i)T-r
where B^  ib an arbitrary  constant.    To Bl  assign   the  value
:	 -   then the resulting expression is exactly the same
2   11 ( — n)
function of — n as Jn "m of 4 n and may therefore be denoted by
J' , ho that
r  ~
-n
 i «
If now n be tiogativo, whether integral or not, or'^e positive
but not integral, thin series proceeds to infinity and, for finite
value** of the variable, ib converging; in this case BJ^n is another
solution of the differential equation.
11
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If then n be not an integer, whether it be a positive or negative
quantity, Jn and J_n are two independent and determinate par-
ticular solutions of the differential equation and the primitive is
102. If n be an integer other them, zero, two cases arise. First,
if n be a negative integer and equal to — p, a zero factor occurs in
the coefficient of all terms after x£p inclusive within the bracket ;
and therefore by § 86 the terms which precede this disappear, and
J becomes
[ (r) V2
or, what is the same thing,
since n +p = 0. Now this last expression is (— l)?'«/;,, that is, is
(— l}"nJ_n; so that in the ease when n is a negative integer one of
the particular solutions, Jn, degenerates into a constant multiple
of the other, J_n.
Similarly it may be proved, or it may be at once deduced from
the foregoing, that when n is a positive integer one of the par-
ticular solutions, ,/_n, degenerates into a constant multiple of the
other, Jn.
When n is zero, the two solutions coincide. Hence in every
case when n is integral whether positive, zero, or negative, we may
write
^ = (-I)'•/:„;
but that this equation may be valid it must be remembered that
it refers to the respective limiting forms of the particular solution
of the differential equation when the superfluous terms of the
latter for the special value of n have been removed from the
expression in the general case; and the relation merely gives this
limiting form. It however shews that .when n is integral it is
sufficient to take the positive square root of n2 and to consider, as
the corresponding particular solution, the function associated with
that square root.
[ill
 02.]
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Fin
rf ai
 It thus remains to find a second particular solution in two
xses in order to have the primitive ; and these two cases are
• First, when n is zero :
Second, when n Is an Integer which (from the above explanation)
lay be considered positive.
103.    To obtain these particular solutions it i,s convenient to have Homo
Liidamental properties proved.
It may be at one*; verified that
/..-.    d  .
from the last two we have.

,.*! fe;
Itr fi
«  oft
 Dividing the first of these throughout hy ./;'1 I and the Hftcond by ./: "
id suhtaicting the latter from th« fonin-r we; havcj
 
it eve
%v*? in
 Similarly
 
r*..?t! tl
M*;4llll
of t
V*M  t
•'iw*b
mi it
^liitr,
«:*tl wi
 Now it in uvideafc from the #.moml value <»f ,/ that Jrft^ 0 ; henco the pro-
cling ecjiwtioiiH give
i« series in converging.
&.    Pw>ve that
t,	«~L
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104.   To obtain the desired particular solution in the case when n is zero
we substitute
in the differential equation
Fy     1 dy
and the result is
To make the coefficient of J(} vanish we have
which is satisfied by
u
the equation determining w is now
_      .,
T" w -— ~" ~"      .••"•
•	.v cm;
,'.*+£u-&*-4{^*;
-*    ^.^-4,
Now from the equation
d*Jn    I dJn     ,     n* T
d^ +x'dx +'/»-fl2</»
it followH that
y=Ut
is tlio Particular Integral of
<#*?/     1 r///	Xw2 ,
V   .|. .„     •/  H,y=	f/
C/.?/       ^ £/A*      l/        A'2
The general term in the right-hand Hide of the equation determining w ib
we have therefore for thin term
Hence
and therefore a solution of the original equation is
 t   L   ,
104]	KQU.mox.
Let this bo denoted by I',; tliwi t.ho j.riuriti™ «.f th« «1iuiti..u
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where -4 and B arc arbitrary constants.
105.   To obtain the se<'.mnl particular .solution iu th« ctji.su whmi n. ix «,n
integer we write
so that
Idw
Now
d*(\JJ   id(\.Im)    f.   "--u ,
~^"" + i    </.'•    4'1    .'.•-;'"
X being a constant; and thwcfort* a vahiu of //• hi
(-1) r. j.-,
Let Wj bo a (|uantity satisfying
 1  f
Ja*i
then a suitable value? of />* will Ixt
-'v^Vo',;;;;;^,,,
The right-hand sick*, of the. equation ^iviu# ^ mtwi l«* iraiiMfVimiiML    .Hy
the general relation bctwitmi tlin*** «ii«ci?iiHl%*it Hf?«.sc*rK fiiii<:tif»i(.s wi? hnvft
hence
hence also
S
also
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and so on ; and the general equation is
_   ^-
'"   n(^~2),^ n-3~^-2=e
or, what is the same equation,
Also, by actual substitution we have	r
^i^^~^ / _^^>1	t"
V     """^    /   P    "5   c^: J	!
jp2_+m2-j^ 7~|	i
'     -   "^a^"        d '	;
so that, on writing m=n-p,	\
{di + i£+i_«?ix «^__i(»-^x ?i*>i . * \
l^2    * e?a ^      «2J   " *"'~       «»-"     p 1^.7; rf^ "*" .«a   "J '	*>
\p being a constant.   If p be not zero, the right-hand side is     ,'"''.	•         ^	'*•
2 (»-/>),.   r     .    L'"' "      '""."   '    ''      ''" f	I
.     .	-^n:VWa^    ^^<Ai.      ^	•
while if _p be zero, the right-hand side is	%•''  !>	'       h<	^    ^   f	J
If now we substitute in the equation for w1 the value
a comparison of the two sides of the equation gives
if p be not zero, and gives
if p be zero; and therefore, whatever p may be,
Hence the value of wt is
P=«-l     1      /9\n-p     T
,   s       1    f2\        ,A
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and therefore the second partwular solution of Betisc.l'$ equation in the case when
n is a positive integer other than zero is
Let the right-hand side be denoted by Yn ; then the primitive m given by
Ex. 1. Another method of obtaining a second particular nolution ib cm-
ployed by Hankel as follows. Any linear function of the particular solutions i»
also a particular solution ; hence in the general case Much n solution is given by
Sill 2?A7T	'
which is then perfectly determinate ; while in the particular case of n an
integer it takes the form 0/0 wince (- l)M,/n=:f/_tt. Prove that when evaluated
this assumes the form
h.-i n(n-2>-
-*QO}
where
and identify thiw with the solution already obtained.
(Math. Ann. I. p. 469.)
JSfc. 2. The sorios for Jn is always a converging wcrios; l>ut, wh.cn ^ is
large, the convergence is slow and it is convenient to have a series proceeding
in descending powers of z. Prove that

 C,    (
V"
ho that the series terrninalxis, if 2n- bo equal to an odd integer.
(Lorumol.)
106.    The relation between the two linearly independent in-
tegrals »/n arid J n hiay be found as in § 96.    We have
168	RELATION BETWEEN THE  EQUATIONS  OF	[106.
Tf + l
and therefore
-
da?    -'<      dx*
•which gives
^J      -dJ-n
dx    ~n      dx
where A is a constant which, however, is not arbitrary since Jn
and J_n are definite functions. To obtain the value of A it is
saflficient to consider the highest terms only in the left-hand side ;
when these are substituted, we find that
A = _ _
_
w n ( -
_ z sm htt
and therefore
dJn r       dJ n ,       2   .
-y «/ „	t^ «/  = — sin w/tt,
ckc     tt      rto    M    vra?
or, what is the same thing,
d A/_tt\ ___     2 sin njr
dx \JnJ	TTXJ*
Ex.   Obtain the corrosponding equation when n is an integer.
Relation between the equations of Legendre and Bessel.
107.    It is possible to derive Bessel's equation from that of
Legendre.   For, differentiating the equation
 j
m times, and writing
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we have
(1 - sf) ^;J - (2m + 2) a *j~ + L (n + 1) - m (m + 1)L = 0.
Let the dependent variable be changed to f where
f=(i-x-T^;
the equation now becomes
Let the independent variable be changed from % to <£ where
4>" = »'(l-*«);
then after slight reductions the equation becomes
When we make u infinite, we have
which is BesserH differential equation.
When all these operations are combined, we have, as the result,
that the limit of
when  ?i in infinite, in Bessel'H function of order m, <?5> being the
independent variable,
It would appear from the foregoing process that 0 is infinite ;
this however in avoided by making &• approach indefinitely closely
to the value unity. The geometrical analogue of this relation be-
tween <f> and a: is that whereby any very small portion of a spherical
(or other) surface in the neighbourhood of a point is studied by
assuming it ultimately to coincide with the tangent plane of the
surface at that point and to be magnified in that plane.
J8x.   Verify that the above expression becomes, in the limit, a multiple
of ,/m.
In this connexion the student may consult Heine, Theori® der Kugel-
functiomn, 2nd edition, vol. l, p. 182 ; Lord Bayleigh, Proa. Land. Math. 8oc,
vol. ix. p. 01.
170	eiccati's	[107.
:	The primitive of Bessel's differential equation has been obtained for every
case; the further development of the properties of the functions which, occur
in that primitive cannot be given here.    The student will find the functions
:	fully treated by Lommel in. his Studien uber die Bessel'scke Punctionen and in
•	several papers by the same writer in the Mathematische Annalen, vols. II. ni.
;   ' ;	iv. IX. xiv. xvi.; in particular the paper in vol. xiv. deals with differential
equations which are integrable by Bessel's functions.    Eeference should also
j     \	be made to Neumann's Theorie der BesseVschen Functioned and to Heine's
1 f   A	Theorie der Kugelfwictio%en,  2nd edition, where (vol. i. p.  189) a list of
memoirs referring to the functions is given; Todhunter's Functions of Laplace,
Lame' and Bessel contains many of the properties.
1	For a general property of all linear differential equations similar to those
| '     ;	which have just been discussed and which give rise to functions depending
'	upon a constant parameter the student may consult, in addition to the fore-
;	going, Sturm, Liouville, vol. i.; and Bouth, Proo. Lond. Math. Soc. vol. x.
j
;	eiccati's Equation.
!	108.    Riccati's differential equation is
1	dx
but it ib convenient to consider first the more general form
du	7  2        n
% ~ — ay -f by = car.
1	dx      J      J
\ i
I	If in the latter the independent variable be changed from a> to
!	z, where z = xa, and the dependent be changed from y to u, where
j	'       A        y = uz, the equation becomes
!	du   . b   2    c   ™-a
,,	+^u* = ~.za
1 i	dz     a        a
\ ,    ;	which is Riccati's form.
i l
1 l	109.    Consider now the more general form.
! -	Firstly, it can be integrated in finite terms when n = 2a.
i	For assuming y = uxa we find on substitution
'  '	, «+!  ^
dx
\\	du    7 2
I;	bo that	x     -fc 4- ou = c&
In the case when n = 2a this becomes
dx
 f-
file_7.wmf
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the variables are separable and u is expressible in terms of ex-
ponential, or circular, functions according as b and c have, or have
not, like signs.
Secondly, it can be integrated in finite terms when (n ± 2a)/%n is
(i positive integer.
Let the dependent variable be changed from y to yv where
wn
A + ~- = y and A is a constant the value of which has yet to be
t/i
determined. When substitution takes place and the terms are
rearranged, the equation becomes
n	2Ji       ^w-f-l J .
- a A + IAZ + (n - a + ZbA) - + b —a -     2 ^ = ®pn.
2/1     yi    2/1 <&
We choose A so that the constant term vanishes, and thus A = 0
or ajb.
Taking the value alb for A and substituting in this new form
wo have, after a slight change,
.7; J -(« + ») yl +61^ = 1^.
Now this equation is of the same form as that with which we
began; and the changes, that have taken place, are in the coeffi-
cients—the original a has changed to d + n, and 6 and c have
changed places. In this last equation we write
a 4- n    mu
y. = -	- 4-	;
1        ^        ?A
the foregoing analysis then shews that the equation in y2 will be
And the result of i successive transformations will be to reduce the
given equation either to
x '    — (a -f in) yL -f cyf = bxn
or to	»
(/1/
/j* m^U" 111	 (ft -4- if).} ')/  »"{"• O?/    ^~* CiX?
according as ?* is odd or even.
172	riccati's	[1O9.
Now, by the case first considered, this equation is integrable in
finite terms, if
n = 2 (a + in),
.   . „
that is, it
+ilr
is a positive integer.
Taking next the value zero for A we can easily transform the
equation into
an equation which differs from the, former in yl only so far as
regards the sign of a. Adopting now for this the preceding series
of transformations we write,
 r
and the equation in ya is
Hence after i — 1 transformations of this series (and therefore after
i transformations in all) the given equation, is reduced either to
or to	x | ' — (in ~ a) yi -I- by? = cxn.
In either case the a {nation is integruble in finite terms, if
n = 2 (in — a),
that is, if
in
is a positive integer.
Combining then thcnc two results wo have ; the equation^
is integrable in finite termx when (n ± 2a)/2n is a positive integer.
In each case the integral is given in the form of a finite
continued fraction, the last denominator of which involves either
exponential or circular functions.
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110.    We can now obtain conditions that Eiccati's equation
shall be integrable in finite terms.    From § 108 it follows that
,	m
— +      = cxm
dx
is transformed by the substitution u — yjx into
where m = n — 2.    Now the latter equation is so integrable when
n ± 2 = 2m,
where i is a positive integer ; and therefore Eiccati's equation is-
integrable in finite terms if
m + 2 + 2 = Zi (m + 2).
Taking the negative sign we have
____
while the positive sign gives
or what is the same thing in the case of the latter
by merely changing the integer i.
Hence Riccati's equation is integrable infinite terms, if
or a positive integer.
&,   Prove that the equation
is integrable in finite terms, if
i being an integer.
Relation between the equations of Bessel and Ricoati.
Ill,    The equations of § 108 in the form in which they have
been discussed are of the first order, but are not linear ; there are
174
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I):
 some important transformations which render them linear of the
second order.
In Riccati's equation let the dependent variable be changed
from u to v where
,       1 dv
bu = —   -
v dx
so that if u is expressible in finite terms, v will be so also; the
•equation then becomes
dx*	~~   '
which might be taken as a standard form, equivalent to Riccati's
equation.
If b and c have the same sign (in which case exponential func-
tions occur in u) this equation may be written
g-aV, = 0;
while if their signs be unlike (in which case circular functions
occur in u) the equation is
-7	3 4- d*angv = 0.
dx
Both of these are integrable in a finite form for the same value of
ra that renders Riccati's equation integrable.
Change the independent variable from a to z, where
 r
 
and
 q = \m -f 1 = - say ;
the equation then becomes
n — I dv
- lev = 0.
dz~       z    dz
This therefore is integrable in a finite form if
whence it follows that w.must be equal to an odd integer ; and so
if the equation be written
Zp'dv . 1
. -- ±- -^ ..: frcv -. Q
z dz
file_8.wmf
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the condition of in tegr ability in a finite form is that j) should he
an integer.
This is reducible to its normal form by the substitution
and the equation for w is
 vz~* =
4-
1
__6cu, »_,
which is integrable in a finite form if p be an integer.
Lastly, let w = z^t be substituted; the equation for t is
cPt     left     ,	,,   i
the primitive of which is
If p + -J- be an integer, this ceases to be the primitive: we then
far the primitive
t = AJT^ [z( - 6c)4-} H- B7P^ [z( - left.
Hence the solution of Riccati's equation can be expressed in terms
of Bess el's functions ; and, in particular, the primitive of
is given l>y
 da?
 = 0
or
according a,s m, •+ 2 is wtf, or is, ^fee reciprocal of cm integer.
" This  is  immediately derivable  from a  combination  of  the
preceding traasform&tions.
The only case af failure is that in -which m+2 is zero, that is,
when in is — 2 ; the equation is then
-         !.
which can Ibe solved hy the method of § 47.
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For further information upon this equation a memoir by J. W. L. Glaisher	*
in the Phil.  Trans. 1881, pp. 759—828, should  be  consulted, where full	!,
references to authorities will be found ; and the connexion between Riccati's	^
equation and Bessel's will be found fully discussed in the book and papers of
Lommel to which reference has already (p. 170) been made.	1
Some examples of the solution expressed by series will be found in the	|
Miscellaneous Examples.
Symbolical Solutions.
112.    In cases when the solution of a differential equation in	I*
series consists of a function, in a finite form or when it consists of	'
a terminating series together with some function or functions in a	f
finite form, it is sometimes possible to obtain a solution of a
symbolical nature which will, when the operations therein indicated
are performed, prove equivalent to the solution otherwise obtained.
As an example, consider the differential equation
d?y      o      m (m + 1)	.	\
.. ,.u. _ m 11 — _ - __ - ti	«
j<t   ny-       »     y>	t
lV*Af	t/C/
the solution of which has been proved to be expressible in a finite
form when m is an integer. When the dependent variable is
transformed from y to u by means of the relation
the equation becomes
-|\2^
j-a   -	1) - ~~ -- rfu = 0.
dor       ^	x dec
dZ'l
j-
do
Consider now the differential equation
the general integral of which is
v = Ae** 4- Be**,
and change the independent variable from x to z, where z stands
for \d? ; the equation becomes
«  'd*v    dv      2      A
22r^+^-^=°-
Let this be differentiated m + 1 times with regard to z and
dm+1v
let t denote -~ mfl ; then we have
CvZ
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lefc now the independent variable be ^changed from z to a?;
the equation then becomes
Hence we have
the primitive of tie original equation in y therefore is
A slightly diflferent form may be given to this, for
£
X <M?
on changing the arbitrary constants;   and the primitive may
written in the form
<L W-4 V -f B'e~
tic) (         I
Since the differential equation remains unaltered, when for m
is substituted — (m -h 1), the primitive may be expressed in the
additional forms
and
V         *
a?. 1.    From the foregoing it can be at once deduced that the prrmi-
tive of
dty     9     6
-
(an equation arising m investigations connected with the Figure ^of the Earth)
is expressible in the farm
12
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Ex. 2.    Prove that the primitive of the differential equation
can, in the case when q is the reciprocal of an odd integral 2£+l, be exhibited
in the forms
•-(— -ITH" *»"*)}•
(Glaisher.)
. 3.   Prove that the primitive of the equation
v-9
cur
is given by     «
•where r is to be put equal to a2 after the performance of the differentiations.
(Gaskin.)
In all these cases when the solution of the equation is thus given symboli-
cally, it is not difficult to identify the solution in this form with that obtained
in any other form, such as one in series by the earlier methods of this chapter,
or as one by means of definite integrals as indicated in chapter vn. The
student who wishes for fuller information on the subject of these symbolical
solutions and their connexion with solutions in other forms will find a full
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 176)
quoted.
MISCELLANEOUS EXAMPLES.
1.    Integrate in series, and express in a-finite form the integrals of, the
equations
-   (i)    .*g-*-0;	(ii)   .«3-*-0;
and integrate
A,2cZy_/
+         ""
MISCKLLANKOUS   KXAM.PLKS.
Snlvt! tin; lunations
tl'>'t/     (hi
S l\	-	. f	. "      I	I \
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3,    Iiit<»gni,ti? in H«*rii*;4 lln* ilifTon.JHfcial cu
((Uainhor.)
•1.    Verify that ^ rout of llio equation
1*niifHf**riii tin? n{tui>t.if>it
niul iiit*'i|rni4* th<» l.iwt iwjtyiti^n in wtriiiH,
'//•3^f'f/rr" /^
iu iiw fi>ri«
7,   < lliiiiiii tin? firitnitivf? «»f tfm (*qttation
in tin? !***!!»
i' f 1 1^) -I /^' [(i ~-£) Hiu (^ ^ + «) +      cuh (    r,* + a)}
(LwhlioKlliH.)
12—2
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8.    Prove that the coefficient of am in the exx>ansion in ascending powers
of a of
(l
is a solution of
J	9.    Prove that, with the notation used for the solution of Legendre's equa-
tion, {Pn (cos 0)}2 is a solution of the differential equation
10.    Prove that, with the notation of §§ 90, 91,
•* n + lN5n""NJn + l-* ^
(Trinity Fellowship Examination, 1884.)
11.   Prove that the primitive of the equation
is given by
provided m be not greater than n.
What is the x^rimitive when m is greater than n 1
12.    Shew that the solution of the equation
 (Heine.)
 

 where k is an integer, may be expressed in the form
where yn is the solution of Legendre's equation.
13.    Obtain the primitive of the equation
14.    Prove that the equation
has, in the case when n is an integer, for its 'primitive
 (Heine.)-
(Lommel.)'
EXAMPLES.
15.    Obtain the primitive of the equation
 181
 
in the form
.«-'-"--
w here	/*W = | -(n - 1 )2 - b.
10.    Verily that the primitive of
 (Lommel.)
where a,,, aly..., aw« t are the roots of the equation am=l; and that of
18
where a(), ot,..., a,2w are the rootn of aaw4ll= -£
17.   The primitive of the equation
 (Lommel.)
and that of	#* \ #+&x y=0
i	i
ik	]) «.?; {AJ{} (e%)+B F0 (cx}}.	(Lommel.)
(Bee, for connexion Ijotwoon these two equations, Ex. 10, p. 127.)
IH,    Prove that, with the notation, of § 101,
not l>eing an integer, and that
(Lommel.)
19.   The differential equation
if> integrable in finite terms, whatever function of x is denoted by $, provided
»n be an integer*
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20.    The equation
dPu    t du
^+^
is integrable in finite terms, if
where i is a positive integer or zero.
(Malmsten.)
21.    Prove that the coefficient of 7^ + 1 in the expansion of
satisfies the differential equation
(G-laisher.)
22.    Shew that, if y~X be a solution of the equation
(k being a constant), then a solution of
is given by
W-
^~
Hence solve the equation
^2_!^+/%=0.
c?^2    a? ob      *
(Leslie Ellis.)
23.	The equation
<i-«->g-a.!-«-o
is integrable in finite terms in the following cases :
 1.	when - is an odd integer ;
 2.	when -j ( 1 - - ) 4-4-1 is an odd integer ;
 3.	when - + J( 1 — )+4-l  is an odd integer.
a~\\     aj        a)	6
24.	Prove that the equation
admits of finite solution,
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 1.	when any one of the four quantities a — 13 ls an even integer,
 2.	when any two of the quantities
ai ~ «a>    £ i ~ ft>    ai + «a ~ ft — ft
are odd integers ;  where «t, «,, and ^1? ^ are the roots of the respective
q uadrati < .5 equati 01 is
,{///! (a - 2) (Ha - 2w - 2) + Jew (a - 2) •+•// = '<),
and	Jaw/3 (w# - 2) + Jc7i/3 H-/=0.
(Pfaff.)
25,    Prove that the three expressions
I    aW	I	aW __ _____J___^ a°^°        I
-"V-j ^ +(/^4)(^-a)2!'^"(^HKF^
^r-i» Ji -^ tf r +/' <P - l.) a%;"    ^; ^ - ]') (P - 2) «<V +    I
I   .^    >(^-i) 2"J "^(^-t)(jp"-i)"Tr+"T'
arc all particular nolutious of the equation
and .show that, when p ih not an integer, theae throe expressions are equal to
one another. Obtain, in thin cane, a second and independent particular
Hoiution.
20.    'Provo that the primitive of
may i»o written in either of tho formn
(
/f\V + l
& (l\     {x-*v(
(Boole.)
Prove that the primitive of the name equation may also be written in the
form
(Donkin.)
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27.   The primitive of the equation
can be expressed in the form
Obtain that of
dy
x-f
dx
in the form
(Spitzer.)
28. The orthogonal trajectory of the system of surfaces of revolution
given by Pn=crn+\ where Pn is the solution of Legendre's equation and its
argument os is the cosine of the vectorial angle of any point, is given by the
equation
29.   Prove that, if the equation
be transformed by the relations z(cs&+d) —ax + l and y=u(cx+df so that
is the new dependent variable, the new equation is
where
Hence, or otherwise, solve the equation
CHAPTER VI.
hypergeometric seeies.
113.    the series
a/3
 
8
X
is called the hypergeometric series and is usually denoted by
F (a, /3, 7, x) ; the four quantities a, /3, 7, $ are called its elements
and of these x alone is variable. The elements a and /3 may be
interchanged without affecting the value of F ; if either of them
be a negative integer the series will consist of a finite number of
terms, otherwise it will proceed to infinity. It will be assumed
that 7 is not a negative integer, so that infinite terms may be
excluded.
If x be less than 1, the series is converging; but if x be greater
than 1, the series is diverging. If x be unity, the series is con-
verging if 7 ~ a — ,3 be positive, and diverging if 7 — a — fj be zero
or negative.
The series is one of very great generality and includes as
particular examples very many of the series which occur in
analysis. The following examples admit of easy verification :
II.
III.
 log(l +«) =<
 - \n, - in + fc
, 1, 2, - a?).
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IV.	log
V.	<f = Fl,fr 1,       , when £ = oo .
VI.	cosh x = F ( a, /3, J, t~ 5 j > when a = oo = /3.
\	4)£X/J/
VII.	cos nx = F (^n, — Jw, £, sin2 #).
-£!#. 1. Prove that all the differential coefficients of the series will be
diverging for the value x = 1 if the series itself be diverging for that value ;
and that all the differential coefficients from and after one of some order will
be diverging for the value 37= 1 though the series be converging for that value.
Ex. 2.	Express as hypergeometric series
(i)	sin ty the variable element in the series being t2 ;
(ii)	sin nt, the variable element in the series being sin2 1 ;
(iii)	cos nt, the variable element in the series being - tan2 1.
Others are given by Gauss at the beginning of his earlier memoir (referred
to in § 134).
114.    Let the coefficient of xr be written Ar; then the relation
connecting consecutive A's is
Consider the differential equation
= 0 ............... (i)
in which S- stands for the operator &-*->    A solution of this equa-
tion can be obtained in a series : let this series be given by
Substitute this value in the differential equation, which must
be identically satisfied ; each separate power of oo must therefore
disappear in virtue of the quantity multiplying it being zero.
Thus for the lowest power we have
and from the vanishing of the coefficients of the higher powers the
relation between the successive quantities B is given by
114]
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We shall assume that £0 is not zero, because the relation BQ = 0
would make all the B's zero; and thus the former equation is
satisfied by either
or
 = 1 - 7.
115.    Take first the value p = 0; then the relation connecting
the quantities B becomes
Now when 50 = 1 = J0, the relation just proved, compared with
that which connects the A98f shews that Br = Ar; and therefore the
series assumed for y becomes the hypergeometric series. Thus
one solution of the differential equation (i) is F(a, fi, % #).
Let the operating factors in (i) be expanded and terms of the
same order collected ; then the equation may be written
[(1 - a?) ^2 ~H {7 - 1 - x (a 4- /3)} S- - a/3x] y = 0.
"Rnt	^-— T
-L>U.U	rJ   	  «X> ~t       »
<X« _   ,2	.
;j   — ^;   —-   - -j- {£ • y- *
aa?        a^'
when these values are inserted the above equation, after rearrange-
ment and division by a? (1 — #), becomes
dx
 ' = 0	(1),
which is the differential equation satisfied by F(a, /3, 7, x).
Take next the value ^ = 1 — 7 ;  the relation connecting the
quantities JB becomes
Let BQ = 1 ; this equation shews that the quantities J5 are the
successive coefficients in a hypergeometric series whose constant
elements are respectively a + 1 — 7, j8 + 1 — 7, 2-7. The series
assumed for y begins with al~y ; hence the value of y is
aA-v F (a + 1 - 7, /8 -f 1 - % 2 - 7, a),
and this also is a solution of the differential equation (1).
188	NOKMAL FORM OF THE EQUATION.
We have thus two particular solutions of this diffi
equation; and therefore any other particular solution w
finite for values of x less than unity may be represented by
AF(a, ft 7, x) + Bo£-yF(<L + 1 - <y, /3 + 1 -y, 2 - 7, a
in which A and B are constants, the values of which i
determined by comparing powers of x. If in this expres
and B denote arbitrary constants, it furnishes the primitive
116. To reduce (1) to its normal form we must com
with the general linear equation of the second order. "W
have
[
x	I—as
and therefore the invariant /, being
becomes, after some reductions,
1-"*'
i
"*"*
*    a?    ^(*-l)*^      *(*-!)       '
where
\ 2  __/-|  	      \2 .        2 	 /     	  n\2 .       2 	 /     	 n	   O\2
Let this invariant be denoted either by I or ^ (a?); the
form will be convenient when the independent variable co
be changed.
Thus equation (1), by the substitution
becomes
in which \Js (x) denotes the foregoing function of x.
117.]
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Set of 24 particular solutions.
117. We now proceed to find some further particular solutions
of this differential equation. It follows from the investigation
of § 64 that the conditions, which must be satisfied in order that
the equations
and
should be transformable into one another are, firstly,
fdt\~*
V ~ z hr      = zu>
\dxj
and secondly,
fdt\*
 .(3)
.(4).
 f If if
-M
•' I1-:
 
Hence, if we consider ^ (£) as a given function of t, the latter
equation will give the value of t in fcerms -of a?; and when this
value is fc-lind the former will furnish the relation between
v and z.
% ,
Now assume that the  function -^ (t) is such as to make
equation (3) the normal form of the equation satisfied by
a hypergeometric series with constant elements a', /3', 7' ; and
suppose that we can obtain from (4) a value of t in terms of #..
Then, since the value of u will be at once derivable from that of t,
we have a solution of* (2) in the form
and this is distinct from the value of v which we have already had.
118. The primitive of (4) will give t as a function of as, a, /?, %,
a', ft, y • let us select those forms of this function which make t
dependent on x alone, and independent of the two sets of constant-
elements. We may, to obtain these, write
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The former of these on multiplication by 1f~* is direct!
grable in the form
rr»=a,
and proceeding with the integration, we have
ax -f b
on changing the constants.    This is the general value of t
makes the function {t, oc] vanish ; but the conditions require

and this will not be satisfied for arbitrary values of these cor
which must therefore be determined so as to be indepenc
the constant elements of the series. Now
.     .Aat + Bx+C
where	A = 1 — fjf,
and we may write
Hence the constants a, 6, c, d must be such as to satisfy
+ B'
The quantities a, £, 7 (and therefore A, B, G which are fu:
of them (are arbitrary and thus the numerator and denon
of the left-hand fraction can have no common factor ex
file_9.wmf
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(vi)    « = '
3onstant; and similarly for the right-hand side.    Hence we may
write
= (cud - 6c)2 [A' (ax + Z>)2 + B' (ax + b) (ex 4- d) + C" (c
ma?2 (1 - ^)2 = (ax 4- 6)2 (ob + df {(c -a)x+d -b}2,
.n which m is constant. The latter of these equations will deter-
nine the values of a, b, c, d which are admissible ; the former will
:hen serve to indicate the relations of a', ft', y to a, /8, j in order
}hat the expression at the end of § 117 may be a solution of (1).
119. Comparing now the coefficients of the different powers
>f x on the two sides of the latter equation, we find that the
bllowing sets of values for the constants will make the equation
dentically satisfied :
(ii)	c = 0=d— b=a+b'y m = aff;
(iii)	a = Q = d       = c -~ 6; ?^ = 5°;
(iv)	a = Q=d~-b = c+-d; m = ¥ ;
(vi)	d! = 0 = c — a = a + b; m = IP.
These values substituted successively in the expression for t in
•erms of x give:
(i)    * = «;	(ii)    «=!-*;	(iii)    t=l;
118.]
espectively ; and these form the complete system of values of t
equired.
120. We now transform, the first of the two equations by
aeans of each of these in turn and obtain the necessary relations
>etween a', ft', 7' and a, ft, 7.
Consider first the set of values (i).    We have
(iv)    t»r
o that
11)2	i'AKTl«Tf,Alt
or, what: is an rijuivali'iit «*f of fjuati'-'U1*,
\2	   *'S.	.3 ....        '5  ,         ,,*
A.       " •-     As	*	/*       " "    /*•	«	* '
Whim <*x|»rrssrd   in  frntis  »»f  th«'  «'*»
n'lafcions an*
M-ffi*    '*    //A
and (naitrinbt'nn^ that 1111 iii!»'n'lj;n*i,'''» f 1 ^' * 1 * :*?*»! *^i*t»
Htiint i*!i'iiii*!iis uutki'H mm rhanj4»* ii> * I \j|4i '• >in*--f^' -«'-j
find thai th<*w* ar«* satisfird i*v
(1;	a'***
(2)	*' -7
(;i)	a'^-. ^.
(4)	«'=1
of ^; u
 to
 r// ,
,       Iv
f/»r
^/-'m    v. |,,j    7 t J.a    -|. m.
Now tht.w an1 t"iluti<»n > «»f" *«jim.i<irj » '') ; it* i r-i -i *•< «]i
IUII(lHlg  MlIlltioltH *(('  fjltittiuu (i | «'•   II,'!',!   l!,i,j«iJiH
them by
and thcrt-lori' four jinrfirnbr :-i»hiti<n*:- »i{ » >|<i.tti<«n » 1 >
 (I)	y « /''(«, /i 7, j ) ;
 (II)	y »(!-*•;» '•"^'7-or,7 • fi,<r,4t,
 (III)	y « .«l"v ^'<u « Y f 1 , ^ . 7 4 i , a . y. j- > ;
 (IV)	y-*l>T(l-r>»- ' ^'( I -«, l-tf,4.
120.]
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Treating now the relation t = 1 — x in the same way, we find
other four particular solutions in the forms
(V)
(VI)
(VII)
(VIII)
j, = .F (a, & a +£-•/ + 1,1 -
- a, 1 - ft 7 - a -
And from the relation £ = - we have as one particular solution
00
(IX)
 a, a-
 1, a -
 
121. All the particular solutions for the different values of t
can be found in the above manner. Each value of t leads to four
particular solutions, so that there are in all 24 of these. But this
laborious method of obtaining the remainder need not now be
adopted ; it is possible to write down, from the nine foregoing, the
following fifteen to complete the set :
 
 
(X)
(XI)
(XII)
(XIII)
(XIV)
(XV)
(XVI)
(XVII)
F.
 -7
 - a
 J =-
J. —
13
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(XVIII) y = (1 - xY*F & 7 - «, %
(XIX)	« = «1-^(l-*)T""~1.fT a-7+1, 1-&2-
\
 (XX)	y-a^a-ar^-F^-Y + l,!-^-
 (XXI)	y = x~a.
 (XXII)	y = *'p.
 (XXIII)	y = «T v (1 - a
 (XXIV)	y=af~1(L-aiy
Relations between the particular solutions.
122.    Let all these solutions be denoted by
the suffixes and the numbers of the foregoing equations cc
ing to one another ; these quantities y are not independe
the ordinary property of a linear differential equation of t
order (of which they all are solutions), there is between
of them y\,y^, yv& relation of the form
y^Ayp + By,,,
and we must find these relations for the different combi
the solutions. But certain cases will arise in which eith<
will be zero, and therefore the corresponding solutions ^
from one another only by a constant factor; and the*
recognised by the application of the following lemma.
If there be two solutions of the differential equation (1)
in the same ascending powers of x and both series be convei
they differ from one another only ly a constant factor.
122.]
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For the sake of simplicity suppose one of the solutions to be
F (ol} y9, 7, x) and the other when developed in ascending powers
of x to be given by
y = A 4- Bx 4- Got? +	
Substituting this value of y in the differential equation we should
by a process similar to that in § 114, find y = AF (z9 /3, 7, #), which
proves the lemma.
123. Let us apply this lemma to obtain the particular so-
lutions which are equal to yl; this we shall suppose to be a con-
verging series, so that x< 1. Then y^ is also a converging series
proceeding in the same ascending powers of x as yi; the first term
in each is unity; the constant factor of the lemma is therefore
1 and we have
2/i = Vv
The next one in the list which, expanded in ascending powers of cc,
begins with sf is ys; if we select from
 : iiwi
i S#i
 
the coefficient of #n, we shall find it to be
'    1VI         «(«+!)	(a + n-I)fl(l3 + l),
1.2 ...... w.(aH-j8-7 + l)(a + /3-7-h2) ...... (a H- £ - 7 +• n)
jP(aH-w,£ + w,a + £--7-|-w-t-l, 1).
But in this coefficient F is converging (and so has a finite value)
•only if
 ti<o
is.!
be positive (see § 113), that is, if 1 —y — n be positive. Hence
from and after some definite term the coefficients of the powers
of x will bo diverging series ; and we cannot then consider the
series F (ot, ft, a + /3 — 7 + 1, 1 — x) to be converging though ex-
pansible in ascending powers of ac. Hence ys is not equal to yr
Dealing with 7/7, yiy yu, y17, ylB in the same way it will be
found that the last two alone are converging series at the same
time as F (a, /3, 7, x) ; and hence we have *
Again £/8 and t/i? y4 and y2, y19 and y17, t/20 and y18 are derived
from each other by exactly similar transformations of elements ;
13—2
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thus to pass from y1 to ijs the former is multiplied by xl~
first and second elements being obtained by subtractir
third from the old first and second and adding unity to e,(
and the new third element by subtracting the old thir
from 2. This process is seen to be the same for all and 1
2/3=2/4 = 2/19 = 2/20-
Ex.    Prove that
2/5 =2/0 =y2i=fe -
#7 =2/8 =y23 = 2/24 —•
3/9 =2/12=2/13 = 2/15...
2/iQ=3/11 =yw=2/16 ••••
124. It thus appears that the 24 solutions can be di
six classes ; and the equal members of these classes we n
respectively by F1? F2, F3, F4, F5, TQ corresponding to
sets of quantities in order. It remains to find such re
there may be between these owing to the fact that they
tions of the differential equation. .
Now Ys and Y4 are converging for those values of x
less than 13 while F5 and F6 are converging for those v
which are greater than 1 ; as the former therefore are c
while the latter are diverging and vice versa, there can
be no equations connecting F3 and F4 with F6 and F0.
fore  must  find the  equations   between   any  three   o:
Y19 F2, F8, F4; and any three of the set Yv F2, F6, F0 ; <
be sufficient to have those equations into which Y1 ent
changes of the elements and division by a factor throu|
one  of the 'quantities  F could be transformed into
the equations required will be those connecting the fol
groups : —
Yv Yv 79; Tv Yv F4; Yv Yv F4; Yv Yv Y5; Yv '.
F"
Let the equation for the first of these groups be
or	Vl = My, + Nyf
To. determine M and N the substitution of any two
values of x will be sufficient ; let then x = 1 and cc — 0, ai
124.]	gauss's n function.	19^
1 — 7 a positive quantity so that &'1"7 is zero when x = 0; we have
for these two cases
F (a, ft y, 1) = Jf J1 (a - 7 4- 1, £ - 7 4- 1, 2 - % 1) 4 _Z\T
l=JVT(a, ft a4/3-74l, 1).
To evaluate M and -ZV we must obtain the relations between
the series for argument unity, to which we now proceed.
Introduction of Gauss's II function.
125.    The coefficient of xm in
is
a (a 41)	(a 4-w-1)0084-1)	Q8 + m - 1)
I . 2	m. 7(74!)	(74.771-!)

_
7(7-1) ' "    ~1 . 2 . 3 ...... (m- 1) . (7 41). ..(7 4m— 1)
= coefficient of #w in - -~-- -s ^(a 4- 1, ^8 + 1, 7 4- 1, «) ;
7 (7 - 1)
and the term on the left-hand side independent of &• vanishes so
that
But from the differential equation satisfied by F (a, /3, 7, a) we
have
Let the value of F(a, ft, % a?) when a? is made unity be denoted
rT^W
by Fl (a, ft 7); the value of -y-j when x is made unity is finite and
therefore
198	gauss's
F, («, ft 7) - * («, A 7 -1) = - 4l   s
sothat
or, changing 7 into 7 -f 1, we have
Similarly
'.ftft
aad therefore
l-a-^)7:7(7 + k -T->
F, («, & r
126.   Let
..       ° be denoted by n (k' z]
then
Since
1.2. 3...fc.
we have
1(1  S
 It   FUNCTION.
I . 2 . :j	A
(3+'l)(s + 2)...(3r.
1.2. :$	
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i tin* supposition that z Is an integer.    From this transformation
id from the original definition alike we have.
II  </',*
 1 4 z
These equations shew that for a given value of z the function
\ (/*, c) tends towards a limiting value jim /• approaches infinity,
id that this limiting value is finite. ah then II. (co , 5) is a function
* z aJoiti.% let it he denoted by II (V); the lanf. ecjuation Hhows that
II(c-f lj-(j+ I) II (s),
fid f.Iie Former shews thai, if* be an integer,
II (s)-zl,
iiilc* in any case we have	»
'hurt; I1
 ih tluj Uatnma Functitni of Kuler.
In thu equation giving /^ lei k become infinite; then every
..*no of the Heries /f\ (-2, ft, j -f- *r* ) is /,ero <.tx^<*pt tlte firHt^ which is
nity. If wt* substif ut.e for I.I (/: , 7 •— 1) and the othtjr functions
heir valui.»K II (7— ljt we have
,a  .^
' ' ' /; ~
 II (7 - « - I j II ft - fj - 1 ) '
A!/*. 1,    Frurii lite! if.\|»iumif»ti of / in u Hi?ri<*M r»f rt;i«!i5fitling jh^wcw of sin t,
re* vi? that
n'ti-AiA
A*?;. 2.    l*r«vo tlwtl
II { - :j II (i • ...... ! ) ...... w wiHtst: ctt.
Ex, 3.   Obtiiiii tin: retatiotiH
(0     *tiC«,ft?;/''i( ...... -«,^y-«)^l ;
(ii)    /;{«,» ft y) ^ («» -ft y - jSfj * 1.
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Ex. 4.   Prove that
(Gauss.)
Determination of constants in the relations of § 124.
127.    The equations of § 124 now become
IIC8-7)II(a-7)
and therefore
M n(l-7)n(y-a-/g-l)      II Q8 - 7) II (a - 7)
•"       n(-a)n(-/3)      + n(a + /3-7)H(-7
from which with the use of Example 2 in the preceding set it is
not difficult to deduce*that
.,
n (i-7) n(«-i)n 08-1)-
These then are the values of the constants in the equation
(i)    Y, = M
Similarly, if we write
(ii)    Y^M
we find that the values of M1 and N1 are
It is easy to shew that the following are the four equations
corresponding to the other four groups in order:
(iii)    F^
T
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" « -        *
where      M -
wnere      ^i ~
_
2
(iv)
where     Jf -
W 11 CUO	J.YJ.Q —
where     Jf =     n(y-l)n^-7) n(-«)
VV 11 Cl C	-tKJL . ~~ y-,     —	«.   .-,•   / /-k         ^ v   t~r   /	~i \  j
4   n (i — 7) n (£ — i) n (y — a - 1)
where
It should be remarked that the labour of deducing these con-
stants need not be repeated for each equation; each equation with
its constants can be deduced from the first equation and its con-
stants.
128. We now pass to a different set of equations which connect
any two of the particular solutions and their differential coefficients.
It has been proved that, if Yl and F2 be two particular solutions
of the equation	f
then	7,       - F        = Ge
1 dx        2 dx
where 0 has a constant value which depends upon the pair of
particular solutions selected. In the case when the equation is
that satisfied by the hypergeometric series we have
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=    ,
a?
and therefore
The value of G in any equation may he determined either by a
comparison of coefficients of the same power of x on the two sides
or by the substitution of a particular value of x.
Example 1.    Let
Y1 = y3=xT-'F(a-j+l, £-7 + !, 2 -7, a);
Let each side be expanded in ascending powers of x; the term
involving the lowest power of x in
YdY,
1 dx
o
is — xl~y ; the term involving the lowest power of x in
• -. F, -Fl
is — (1 — 7) x~~y;  hence equating the coefficients of the  lowest
powers we have
and therefore
Example 2.    Let
We proved before that
in which M and JV" are definite constants.   This gives on differen-
tiation
das	due         dx'
128.]
and therefore
M
 PARTICULAR  SOLUTIONS.
(*•£-&
 20$
or
from the result of the last example.    Now from the values of M
and Nvre have
But    n(
and therefore
 M
and the equation becomes
n « -
 n (a +
1 n £
 7         __ v.
"     c      ;
^.    Prove that
and that
*/«> -  n(r
'        —	"
129. In all the foregoing investigations the quantities a, /3, 7
have been supposed to be independent, and the series have con-
sequently retained their most general form; but many important
applications are made by assigning either one or two relations
between the three constant elements, or by giving numerical
values to one or more of them. Such applications (as for instance
to elliptic integrals) cannot be discussed here; but the student
who wishes for information on these points will find at the end of
the chapter a list of the more important memoirs dealing with
hypergeometric series.
204	CASES  OF SOLUTION	[130.
Special cases of integration in a finite form.
130. We pass now to consider some special cases when the
hypergeometric series can be expressed in a finite form.
It has been proved (§ 61) that the quotient $ of any two par-
ticular solutions of the equation
d\i r ..
~\ + Iii = 0
doc* J
satisfies the equation
| {s} x] = 7,
where / is a function of x only; and it has been further shewn
that, from any particular value of s which satisfies this equation,
the value of the two particular solutions of the former equation
can be obtained. In the case of the hypergeometric series the
value of / is
<>'-l)2 '       0(0-1)
X, fj,, v being definite functions of the constants a, /3 and 7; so that
for this series the differential equation which gives s may be
written
r     i-i1"^ . t   I-*8   , T V~V + v2-l
I*, *1 - 4 -^r- + 4 (^Tif*+ * —(a _T)       '
If then a relation between s and #? can be found which is
expressible in finite terms, it follows from the formulae of § 62 that
the hypergeometric series will be expressible in finite terms. This
cannot be expected to occur in the case when the parameters are
general; from the few instances given it will be seen that the
values of X, ^ v are definite numerical constants.
There are in all fifteen separate cases, and no more; for the
proof of this, reference should be made in the first place to the
memoirs of Schwarz (see § 134) to whom the investigation, in a
completely different form, is originally due.
It is convenient to recapitulate here the general formulae of transformation
of the function {s, x} for tlie changes of the variables; the special examples
given in Ex. 33 § 62 are particular cases of the general relations which are
130.]
IN  A  FINITE  FORM.
As additional examples we may take
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Another formula, which will prove useful, is that which arises by sup-
posing sn — x; then we have
i   „
so that
therefore
1-1
sf     \s'
 i*?;J
fc^'l
F/I I
: te'!;l
V*
I       !
and
 nr
il
i.1   .	(      -i	^
so that	{£,£•} ==-_»
which may be written in either of the forms
{A*}-^
.(V).
131.   case I.
By writing X = x  in  (i)   in the formulae just   enumerated
we have
"by a series of proper substitutions we may pass from this equation
to the corresponding equation for the hypergeometric series.
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Firstly, let
0     <r-l     f-l.
ff + 1      Sn+l'
i
4.1.	r     i     rev   i
then	{.,.MM +
while by (iii)
But or = s"; therefore
and thus
Secondly, let
T=S2 = l-
so that the relation between s and x is
A*n+l
then
?/      1-a?"
Again using (i), we have
but in this
so that we have
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Also, since
,	4(7
we have	#
• 1)"
and therefore
^     •   ••   n2
"I	VY ntJJLL    UlltJ&Ci    hU.IUSUllUU.LUJU
[	which gave [s, oc], it becomes
When these substitutions are made in the original equation
This is of the same form as the equation (A) in the general
y	• case, and is identical with it when we write
(	X = ™- ,     }/ = 5,     /^ = -J J
and then the relation between s and x is

X2 = (1 — 7)2, // = (a — /3)2, ^2 = (7 — a — /3)2; remembering
that fy~a~/3 must be positive in order that the series may
converge even when the variable is equal to unity and assuming
that a is greater than /3 (which is permissible) , we may take
i      1    '	1	.     1
«-i-gi.  /3 = -^>  7 = i~^  .
If it be desired to have /3 positive, we can change the sign of n;
and then the elements of the hypergeometric series are
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and the relation between s and cd is
The latter gives
and therefore
{!+(!- a)*}
while	/"- = ^ (1 - a?)* a?*"5"' {1 + (1 - a)*}"-
Now the two particular solutions, when the equation is in its
normal form, are
O/-* and Cf'-*89
and the relation between the dependent variable v in this case and
the dependent variable in the ordinary differential equation is
(§ 116)
y=Va>-*>(l-a>)-*(a+fi+l-y\
which becomes
_/l,JL\
y = VX   w    ZnJ (1 — x) "*
in the special case.
Hence the primitive of the differential equation
n
s	y =
Moreover on comparing these two particular solutions
{1 + (1 - a?)5}"* and of ~ {! + (!- ^?ff
with the set of particular solutions, we find that they correspond
to I. and ill. respectively ; in fact, the relations are
209
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These two relation
 0ved m the last case
-I
Firstly, let
then
and
Secondly, let
then
 [<r> & **
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2 _ -1
and the relation is	£2 =— s — .
Thirdly, by writing        f2 = \/3 f 8,
we at once have    {V, £J = 3 |<r, fg} = - f /
cr2 — 1
where	fc-£7T
Fourthly, let cr = s2 ; then
,	_ /IT     <r2 + 1 da-
and	273 = — 5- -— ,
*    d£3
12cr
so
_	_ ___ _ ^^
Hence	{a, f.} = V (rfi"^ >
s4 — 1
and the relation is	£,= - .-=.
Sa   2/V3
Fifthly, let	f. = F±i15
b4"~ A
then
>4__
and the relation is
Sixthly, let
then	h
 27
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a i	^£4     i
AlSO	j-j>   = "2-a 5
A	ffc      *1	4	4
•and	{£,£}=:.-._-=.
Hence	{5, £5} = Fyr^~^ -f -i
^5-7+
I
_,       ,  ,.     .
.and the relation is
It therefore follows that a solution of
ry+2sV3-ll8
=    - 7= -    .
[y-2*2<s/3- IJ
at a soluti
• va - 1
)5.      '        '   '
.    . ri -x» ,  i-z/2
x ^ i. _ — — j_ ^___^
in the case when
J        L   #         (1 ~ ^)
.     .       ,	/54+26'2y3-l\8
is given by	#=   ----- — T»- — .....    .
6	J	V -25s1 ^3 -I/
From this relation the value of ,9 can be found (it is a some-
what complicated function of x) and thence $'; and this will lead
•(§ 62) to the solution of the equation
n      . tfy    (2    7   \ dy     I
,3    6   J dx ^ 48 '
133.    case III.    From the two preceding cases a new one
can be constructed.
For let, in Case n.,
a?(1-«)3S+ 5-5^ hc + zfiy-0-
4
fTii pti	i p   o"l —       ..1?....	
tnen	1*'*'~ (T - «,)*
(*+l)2
by Case I; and so
——
a?(l-a;)
_      i
***(* +1)1'
 14—2
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Now change z into — z, so that
l + 2*9 A/3-1 \»
then	{s, z\ = {*, - z\ =
=   -l
2
A comparison with the general formula shews that the last
relation between z and s is a solution, provided
X = £,    z/ = f,    ^ = £;
and therefore	a = — ft — £,      7 = f .
Hence by means of the preceding relation we can obtain the
primitive of
in a finite form.
jEr. 1.   Shew that from Case n. can be derived in a finite  form th&
solution of
Ex, 2.    Shew that from Case in. can be derived in a finite form the-
solution of
Further cases "will be found in the Miscellaneous Examples at the end of
the chapter.
It may easily be verified that, for all the examples given, we have on
taking positive values of X, /*, v the inequality
the case of X + /x+j/=l is integrable by the simpler method of § 68.     See
Ex. 7, p. 126.
134.   Eor further information on the subject of the hypergeometric series
the following memoirs should be consulted ':
gauss, " Disquisitiones generales circa seriem innnitam
Get. WerJce, t. III. pp. 123—163;
"Determinatio seriei nostrae per aequationem differentialem secundi
ordinis," id. pp. 207—230.
134]
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kummer, "Ueber die hypergeometrische Reihe," Crelle, t. xv. pp. 39—
83 and 127—172.
schwarz, "Ueber einige Abbildungsaufgaben," Crelle, t. lxx. pp. 105—
120;
" Ueber diejenigen Falle in welchen die Cnmssische hypergeo-
metrische Reihe eine "algebraische Function ihres vierten
Elementes darstellt," Crelle, t. lxxv. pp. 292—335.
cayley, " On the Schwarzian derivative and the Polyhedral Functions,"
Camb. Phil. Trans, t. xui.;
in the last of which references will be found to further memoirs.
There is also a memoir by goursat which may be consulted with great
advantage—"Sur liquation diffe'rentielle qui admet pour intdgrale la sdri'e
hypergeome'trique" (Annales de V&ole normale supe'rieure, Sdr. n. t. x.)—in
which by developing a method due originally to Jacobi he obtains the results
of Kximmer and Schwarz.
 
'ri '*
I Aft
f 1 C * ¥
HI
W)I
»1
tf>S
MISCELLANEOUS EXAMPLES.
1.    Prove that, if
then Ar may be written in any of the forms
(Gauss.)
2.    Obtain a solution of the equation
as a hypergeoinetric series ; A, 13, C, D, E, J^are supposed to be constants.
(Gauss.)
3.   A function is said to be contiguous to F (a, #, y, #) when it is derived
from it by changing one and only one of the constant elements by unity.   Let
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^(a+ 1, ft y, sb) be denoted by -Fa+ ; F(a- 1, ft y, *?) by ^ ; and ^(a, ft 7, a?)
by F.    Then prove the following relations :
(i)   0 = (/3
(ii)   0=(y-a-
(iii)   0={y-2a-0-a)a?}
(iv)    Q = y{a-(y-ftx}F
(v)    0=(y-a-^)^T4-a(l
(Gauss.)
4.    Prove that
(Gauss.)
5.    By changing the independent variable in the differential equation verify
the following equations :
\* ' J>
(Gauss.)
(Gauss.)
(iii)    F (a, ft a+j3 4- i, sin2 0) = ^ f 2a, 2ft a+]8 + i, sin2 g J .
(Kunimer.)
Prove also that, by changing the variable from so to — 8#{l-f-(l -~.#)^}~3,
(Kummer.)
6. Shew that the functions Pn and $n, which are the independent solu-
tions of Legendre's equation, may be expressed by hypergeometric series in
the forms
the variable x of Legendre's equation being connected with £ by the relation
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Shew that, if the independent variable in Legendre's equation be
.cted to be less than unity, the primitive may be represented by
2 the series, if infinite, are converging.
(Heine.)
Denoting the series
-?-7     2,
1.2.0.0+1.6.6
+ -'
' I (  'a   ^ ) ' ^f ' Prove ^a^ -^satisfies the differential equation
(1 -^-j
obtain two other particular solutions of the equation in the respective
3
xpress the first of these three solutions in terms of the other two (see
Verify that another solution of the differential equation in the last
;ion is
'a, a +1 — 6) a +1 — e
hence derive two other solutions from the results given in the last
bion.
I).    The equation
l particular solution of the form xn ; determine n and obtain the primitive.
[ence express sin"l# as a hypergoometric series.
(Goursat.)
1.    Obtain in a finite form the primitive of
of
(Goursat.)
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12.    Prove that the relation
_
x-\~ 1086-*(s4-l)4
satisfies the equation	i
Hence obtain in a finite form the primitives of the equations :
(ii)   ^(l-a;)2
13.    Prove that the relation
4z
satisfies the equation
Hence obtain in a finite form the primitives of the equations
(i)    *(l-*)g + (|-if*)
(ii)  *(i-*)+(f-tS«)
file_10.wmf


CHAPTER VII.
solution by definite integrals.
 135.	the principal methods which lead to expressions for the
dependent variable in terms of the independent variable by means
of what are ordinarily called known functions have now been given;
there is however another method which certainly leads to a solu-
tion of some differential equations though the full evaluation by
the operations indicated may not be carried out.    This method
consists in expressing as a definite integral the value of the de-
pendent variable;  its  chief application  in  ordinary differential
equations arises in the case of a certain general class of linear
equations which can otherwise be solved in series, though not in
so concise a form.    The method is however of primary importance
in the solution of those linear partial differential equations of order
higher than the first which arise in investigations in mathematical
physics; in fact, in some questions these solutions by means of
definite integrals constitute the only solutions hitherto obtained.
Here, however, we are concerned with the application to ordinary
differential equations.
 136.	The method applies with peculiar advantage to linear
equations into the coefficients of which x enters only in the first
degree and in which there is no term independent of y or of
differential coefficients of y; such an equation, in its most general
form, is
 H'A
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where the a's and 6's are constants.    This may be written
where <f> and.^ are rational integral algebraical functions of the
order n in general, though the order of either may diminish
through the vanishing of some of the coefficients. To solve this
equation we assume
where T is a function of t but not of x ; the form of this function
and the limits of integration (supposed independent of x) are to
be determined by substituting this proposed value of y in the
differential equation. Since	'
the result of the substitution may be expressed in the form
fxeP* </> (t) Tdt + fee* f ($) Tdt = 0,
which must be identically satisfied.    The former of the terms,
being integrated by parts, is replaced by
and therefore the identity becomes
|>* <£ (0 T] - Je*       {$ (f) T}-* (t) t   dt = 0,
the first term being taken between the limits of the integral, as
yet unknown.    Now this will be satisfied, if we make
for all values of t included within the range of integration, and
at the limits. The former of these equations determines T as a
function of t ; the latter will determine the limits of* this assumed
integral.
219
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13*7.    To derive the value of T we write the first equation
the form
 n
^
fr1
 
and therefore
where A is an arbitrary constant.    Hence the value of y is
 //,
11
 
-dt
 W*
 
taken between limits of integration defined by the equation
 fU%
11J /
these limits being independent of x.
138.    We have now to determine the limits.    Consider the
equation
where ^ is a constant. Let /31 be a value of t independent of x
and satisfying the equation ; let ^, ... , /jur be other constants and
/?2, ... , /3r be corresponding values of t, all independent of ^.
Then if the value
/•
= A,
J
be substituted in the equation and if for each of these definite
integrals (T being assumed, to have the value before obtained)
a single integration by parts be effected, as in the preceding
analysis, then that the equation may be satisfied we must have
and when this is identically satisfied the foregoing value of y is
a solution of the equation. This last identity will indicate such
necessary relations as may subsist among the arbitrary constants A,
and so will fix the number of independent constants-; when this
number is the same as the order of the differential equation the
foregoing value of y is the primitive, but if it be less the
necessary number of particular solutions to make up the primitive
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must  be  otherwise determined.    Examples will be given   h
after.
139. This is the most general method of obtaining the lirr
it includes as a particular set the limits obtained by taking t]
roots of the equation
which are independent of x ; they obviously make
and they are usually the simplest obtainable. When this equa,
indicates only two limits distinct from one another, these
give the only definite integral immediately derivable in such
example. If, however, more than two, say r-t-1, limits be i]
cated, then r particular solutions may be constructed; in i
denoting these limits by a, /319 /32, ... , /3r, we derive from tl
as the corresponding part of the primitive
= T{^fvrri.
Ex. 1.   To apply the foregoing to obtain the primitive of the equation
d*y
— ^   -.£?/=: 0.
dxn     J
Here we have with the above notation
*(*)--!,
V' (*)-«";
and therefore
rT=A^eat,
or, changing the sign of the arbitrary constant, this is
while, in accordance with the general rule, the equation determining
limits is
Now this is satisfied by tf=oo when p is zero and by #=0 when /u= —
hence we may take as the limits of the definite integral 0 and oo , which -
"becomes
r&n^
0 I
J 0
 dt.
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It must be noticed that, just as in the general case one of the definite
integrals alone was not a solution of the differential equation, so this is not
a solution of the equation since the terms outside the integral are
at-***
r   ^~?iti~t
3      ~e
L.	J0
instead of zero.    This value of y is therefore the Particular Integral of the
equation
dni/
Now the quantity T does not change, if for t we write <*t, where co is a
root of the equation
moreover the limits of the definite integral are unaltered since in the equa-
tion determining those limits the term xt in the exponent has changed into
$a>t which, so far as this equation is concerned, is the same as changing x into
#6>, a change which has no effect on the limits since they are independent of
x. Hence we have another definite integral in the form
A^ I   e  nJrl       d(&t},
J o
or, when the o is moved outside the sign of integration, it is
V^*"**
Forming now these definite integrals for all the (%-f l)fch roots of unity
and adding them together we find as the expression for y, which has to be
substituted,
/co    -™tl._~faj£	r
y^AJ   e  n+1      dt + aAt
Jo	7
 dt+ ...... + a)Mn     e n+l        dt.
When this value is substituted, as in the general investigation, the terms.
which are under the integral sign vanish identically and that part of the
expression taken between the limits, which is furnished by the integral
involving -4r, is Ar; hence the resulting equation, when this value of y is-
substituted in the differential equation,- is
If then this single condition be satisfied among the n-\-l arbitrary con-
stants, the above expression for y is the primitive of the differential equation
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Ex. 2.   Prove that the above expression for y is the primitive of the
•equation
provided the constants A satisfy the condition
aq+ai+az+ ...... -Mn=a
Ex. 3.    Prove that the primitive of the equation
is, for positive values of x, given by
T    ^O~
J   -CO
Obtain the corresponding primitive for negative values of #.
(Peteval.)
.&. 4.    To solve
where a and q are constants.    Here
so that
I-
Hence one solution of the equation is	f
!
taken between the limits given by
To obtain the limits, write
and suppose a positive ; then two roots of the equation are given by
t=+q and t= — q.
If now x be restricted to positive values, a third root is given by
*=-co,
while when x is negative a third root is given by	^
£=4-00.	*
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As in either case we have three values given by the limits equation we can
•construct two distinct particular solutions, and so have the primitive. Thus
when x is positive the primitive is
—q
while, when os is negative, the primitive is
= A
 etx dt + n
 ~ l etx dt.
Ex. 5.    Verify that, when a lies between zero and 2, the primitive of the
equation is
y = d r #*"** wo*-* 0d6+C^-« I"
Jo	"Jo
unless a be unity, in which case the primitive may be written
(Boole.)
Ex. 6.    Obtain by means of definite integrals the primitive of BessePs
equation.
140. The foregoing general linear differential equation is one
with variable coefficients which are of the first degree in the
independent variable; and the definite-integral solution was ob-
tained by means of a linear differential equation of the first order
determining the unknown function T. It is not, however, the
only type of differential equation to which the assumed form of
integral is applicable; it is, in fact, a particular case of a more
general process, indicated by the following proposition.
The solution, by means of definite integrals^ of the general linear
differential equation of the nth order, whose coefficients are not con-
stant but functions of the independent 'variable of degree not higher
than m, can be made to depend upon the solution of a linear dif-
ferential equation of order not higher than m, the coefficients of
which are variable.
This proposition we proceed to prove. Let the differential
equation be denoted by
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where X r (for all values of the suffix r) is a function of x only, of
degree not higher than m, given by
Xr == ar 4- brx H- cX +
while for some values of r some of the coefficients of the highest
powers of x may vanish. Taking as the particular solution the
same form as before, we write
y=\etxTdt
with the limits as yet undetermined, and T an unknown function.
of t.    Now this value of y gives
and therefore the equation, when this expression for y is substi-
tuted in it, becomes
^ X0] dt = 0,
which must be identically satisfied.    Rearranging the expression
so that it may proceed in powers of x, and writing
+6*
we transform the above equation into
+ Up + u2a? + ...... + cr^x1'1 + ox] * = o.
Now the left-hand side is the sum of m + 1 integrals of the
form
140.]
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and each of these can be integrated by parts until the variable a
ceases to occur except in the exponential.    Thus we have
+ (-
 (TZ7r)}] + (-
ex-
the part without the sign of integration being taken, between the
limits  of the integral, as yet undetermined.    Denoting the
pression
dt
by Vr for all values of r except zero (in which case no integration
by parts is necessary) and applying the foregoing formula to each
of the definite integrals on the left-hand side of the equation, we
•change the equation, into
er 2
This will be identically satisfied if the unknown function T be
•chosen so as to satisfy the equation
mo_ ±™ + & ™-	+ (-ir dr <rz7-> =°
for all values of t between the limits of integration.    These limits
must be determined by
rssm     "1
4* 2 F,   = 0.
.     r=l     J
Now this equation determining T is linear with variable co-
efficients, and it is of the order m but it may degenerate to one of
lower order; when it is solved, a definite-integral solution of the
original equation is derivable.
Hence the proposition follows as enunciated above.
Since the equation which determines T is of order m, it will
have m independent particular solutions; these may be denoted
by Tlf T%, 	, Tm.    Corresponding to these there will be m
F.	15
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particular  solutions  of the  original   equation  obtained by sub-
stituting for T in
\<t*Tdt
these m values in turn.
141.    In the case when m = 2 the equation which determines.
T becomes
or, what is the same thing,
•       * lie      ^r~*di     W ~ ~dt
The following are some of the  special   cases   in which this
equation can be integrated very simply.
(1)    When the coefficients a, b, c are such that the equation
JjX	fjf       1     ^0— w
Ujlr	wb
is satisfied for all values of t; in this case the value of T is easily
proved to be
^f*;a«
(2)    On multiplying the equation throughout by CT2, we can
rewrite it in the form
---
' dt        l*dt      *dt     df       »
the left-hand side of which is a perfect differential if
that is, if
If the values of a, I, c be such as to make this an identity, then
the value of I7 is given by
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•which leads to the result
(3)   When the equation in T is reduced to its normal form "by
the substitution
the new equation is

A. solution of the equation is at  once  obtainable when
vanishes, i.e. when
Further, immediately integrable cases are furnished when t£ is
a constant, or is of the form X (e +ft)~*, or of the form X (e
In any case, whatever be the relations among the constants in
the functions IT, the solution of the equation determining T is of
the form
while the equation giving the limits of the definite integral is
which is satisfied by the values of t, if any, common to
.
dt
Ex.   Integrate, by means of a definite integral, the equation
•where n is a constant.
16—2
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142.    Another set of equations to which the method of solution
by definite integrals can be applied is the set derived from
for different values of n.    To solve this we assume
where t denotes an unknown function of x alone and P an unknown
function of p alone, both of which functions, as well as the limits
of the integral, have to be determined. Differentiating the value
of y twice and substituting in the equation, we find
- **? PdP - *"pP     dp = 0.
J      ^   J     *   dx*   ^
Choose the unknown function t so that
and suppose that X is positive and equal to c2, so that the differential
equation is
Then the equation which determines t is
and therefore
m
if m denote %n + 1.    Hence we have
_	,	_	-
-_  —      ano. -7 ~^ n • —         5 - .
t ax     x	t dx	x
Let the equation involving the integrals be multiplied through-
out by cfjmt ; it becomes, after a very slight reduction,
m Je" (p2 - 1) Ptdp- (m - 1) JV* Ppdp = 0.
'til
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Integrating the first term by parts, we have
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Now this will be identically satisfied if we make
d
m-
ft-II
 for all values of p included between the  limits  of integration
defined by
The former equation serves to determine P as a function of p ; it
is of the first order and linear, and its solution is
A being an arbitrary constant ; and the equation which gives the
limits is
C
till
 The latter equation is satisfied by p = oo , and by p = + 1 provided
the exponent of p* — 1 is positive ; this requires that m should
either be positive and greater than unity, or be negative, and
therefore that n should not lie between zero arid — 2. Assuming
that this condition is satisfied, we are in a position to construct two
definite integrals ; they are
m+l
e~pt (p* ~- I)"
dp,
/-
J

 
and
 w+l
J-l)   2m dp.
The former of these is equal to
rl	^I±	rO
6** <y - 1) 2m dp +   f* (p' - 1)
Jo	J-i
«_m+1	r1      "
^(jp9-l)"" * dp-f   >'(/-!)"*
Jo
f
J 0
= |o(^ + O(/~-l)
 wfl
~
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Hence the primitive may be represented by
A' \  (ept + e~'pt) (p2 — 1)   2m dp 4-
J o
substituting for t we have
J i
as the primitive of the equation
—-^ = c W
cLcc
for values of n not lying between 0 and — 2.
Ex.   Prove that the primitive of the same equation may be givec
form

,00
/
provided n does not lie between — 4 and — 2
 (Lobatt
Application to the Hyper geometric Series.
143.    In order to obtain a definite integral which shall
the differential equation of the hypergeometric series we ass
where V is an unknown function of v only and m is a con
the form of F, the value of m, and the limits of the integra
to be determined. From this value of y we at once have
^ = m (m - 1) jv*V (I - i
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so that, when these values are substituted in the equation.
-	-	-	,
it becomes
I V(l — vx)m~* [m (m — 1) i?x (1 — a?) — mv (1 — vx) {7 — (cc -f- £ 4. ;n #1
The coefficient of &V within the brackets is of the second degree
in m, which is as yet an undetermined constant ; let m be so
chosen that this coefficient vanishes, so that m is given "by
- m (m — 1) - w (a + £ 4- 1) - a£ = 0,
or	m2 + m (a -f- /3) + a/3 = 0,
whence m may be taken equal to either — a or — /3. As the
differential equation is unaltered when a and /3 are interchanged,
either of these roots may be taken ; we shall take
and then, substituting this value, we find that the equation'
7(1 -v0)~a~2[a (a+ljffo + av {7- a? (a
- a/3 (1 - 2t*0)] <fo = 0
must be identically satisfied. Rearranging the expression "within
the brackets under the sign of integration and dividing- out by the
factor a, we transform the equation into
/V(l - m')~ a~2 (a + 1) v (v - 1) xdv
+ JV (1 - ^)"a~2 (07 - ^) (1 — w) ^ = 0.
Integrating the first term by parts we have
therefore the equation becomes
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Now this will be identically satisfied, if we take as the equation
to determine V
and assign, as the limits of the proposed integral, values of v such
that
To solve the former equation, we have
Hence	v (1 - v) V= J./ (1 - v^,
where A is an arbitrary constant ; and the equation f determining
the limits is
which, on the supposition that /3 is positive and y greater than
ft, is satisfied by v = 0 and v=l. It therefore follows that
the equation of the 'hypergeometric series is satisfied by
;      (1 — v)y        (1 — xv)."* dv,
provided /9 be positive and <y greater than /3.
It is easy to shew that, when (1 — #w)~a is expanded and the
coefficients of different powers of # are evaluated, the resulting
series is a constant multiple of the hypergeometric series, this
constant factor being
A
 fV~1(l-tO
J o
144.    If now we change the independent variable from x to
—o?, the corresponding form of the differential equation is
144]
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A solution of this  equation  (and  therefore  of the  original
equation) is, from the foregoing analysis, given "by
y = B f V"1 (1 - v)a~y(l - xv)-a dv,
J o
provided ft is positive and a +1 greater than 7. If the conditions
of limitation of the parameters be satisfied, the primitive of the
differential equation of the hypergeometric series is given by the
sum of these two different solutions.
Ex. I.    Obtain in terms of definite integrals the complete solution of the
equation
dx
(see Ex. 2, p. 213).
Ex. 2.    Prove that,
(i)   if j3 be positive and a 4-1 greater than y, then a solution is
y= /"""V-1 (1 -w)?-*-1 (1 - xur^du ;
(ii)   if y be greater than /3 and loss than a 4-1, then a solution is
y« ri/-l(l-uy*~l (1 -xu)-°du',
(iii)   if y be greater than /3 and a less than unity, then a solution is
JL
y= fV""1 (1 ~%)Y^~"1 (1 -#«)-*<£«.
/&.'. 3.    Obtain the primitive of the' equation
 (Jacobi.)
(where ,7/4-.T= 1) in the form
and of the equation
in the form
being the same an before.
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Solve also
(iii)
V     '
tf.
w
It
I'll
>';
ft ?"
U *
Ip
x  V i
.*{!
* J'
'
! 'i
  
(iv)
v   '
+ 4 (x1 - a?)      + 3y = 0.
-       v         '	^
(Glaisher.)
jKv. 4.    Prove that, if n+l be positive, then
ri
r-(»+l) / /i/in    4\i(•»-!) A    _1
Jo      (      }	V     ^
is a solution of Legendre's equation; while, if n be negative, a solutior
given by
A.,> f^-Kn+D (i-^-H^+s)^ _ 1,
JO	\       #"
145. This chapter contains only a slight sketch of the method of solul
of differential equations by means of definite integrals; the reader who wis
for fuller information on this part of the subject should consult two authori
in particular. By far the most important is petzval, Integration der linea
Differmtialylewhimyen; the parts dealing with the method are §§ 2—5
Section it.; §§ 19—22 of Section in.; §§ 10, 11 of Section v. The ot
authority is eulkr, Inst. Cola. Int., vol. ii., c. x.; this work, however, labc
under the disadvantage of assuming the form of the solution first and the]
finding the differential equation natiafiod by it. There are two other mem
which might also with advantage be consulted; one by lobatto, Orelle, t. x
p. 363; and one by jaoobi, Crelle, t. Ivi., p. 149,
A full discussion of the solution of linear differential equations by rnc
of scries and of definite integrals will be found, together with numei
examples, in a series of separately published memoirs by spitzer.
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 MISCELLANEOUS -EXAMPLES.
1.    Integrate completely the equation
Prove that the primitive of the equation
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r       I
 l'lka*11 ^''*»f«liit^ ^ ^ J?^ positivo c»r negative.
(r«t/ival.)
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and that a particular, solution of
/
oo
(^?2
0
6.    Shew that the equation
$i+ly ^   ,m<%	m^l
dx	dtis
is satisfied by
Jo "
where -v^(^) is given by
Hence from the solution of
&y
_.y _..-,
da?   J
deduce that of
dft/
d^^'
7.	Verify that
is a particular integral of
tiPy
-~^
8.	Shew that when the coefficients of the differential equation
satisfy the condition a^ - ajj^ = &a2, the solution will be
y = J e
where	£/i = 62^2 4- &iW + 50 ,
arxd	108(^(7,) =
the limits being given by
e^^F-0.
(Spitzer.)
EXAMPLES.
•>
9.   Prove that equations of the form
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may be reduced to the form
of § 136, by the substitutions xm=t and y — tkz\ and shew that Jc is determined
by a quadratic equation.
(Petzval.)
10.   Prove that the particular integral of
where a- denotes k -7- , is
*
= r r r ..... -/
y o J oJ o
11,   Prove that the definite integral
T (1u*-l(l-u)*~P-1vi-l(l-vy-v-l(l-wv
J ()J 0
is, when 6>jB>0 and c^y >0, a solution of the differential equation
Give in the form of definite integrals the primitive of this equation.
12.   The primitive of the equation
where a, /3, y are the roots of
arid the arbitrary constants are connected by the single relation
(Petzval.)
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13.    Prove that the definite integral
0
satisfies the equation
(Poisson.)
14.	Prove that
P  Yl±£US
-»VL-V    tt^         7
P being Legendre's function.
(G. H. Stuart.)
t'
15.	Shew that, if ft be positive and a less than unity,
(*uP-l(l -u^~l(l -
J o
is a solution of the differential equation of the hypergeonaetric series.
(Jacobi.)
CHAPTER YIII.
ordinary equations with more than two variables.
146. it has already appeared that in some cases, though the
integration of separate terms of a differential equation would in-
troduce new transcendental functions, the solution of the equation
as a whole can be expressed in terms of purely algebraical func-
tions. Thus, for instance, the equation
dx	dy     ___ ^
_    „_. _j_	_	 _    \j
can be integrated in terms of the transcendental, functions arc sin x,
arc sin y; but there is a solution, of the form
which is equivalent to the other. We are thus naturally led to
enquire whether other cases exist in which such an algebraical
relation between the variables of the integrals of functions can
be obtained when the integrals themselves cannot be evaluated
without the introduction of new functions. The case next in
point of simplicity, which furnishes a similar example, is that
usually known as Eulers equation, in which the object is to
find the integral algebraical relation between x and y which corre-
sponds to the equation
where
and
 X = a + "bx 4- csf -f- eof
F = a 4- by + cy2 + ey* 4-/2/4.
240	euler's equation.
To integrate this we assume
,	dx
and
dt    y — x'
so that
dt    % — y'
dp    Y^-
and therefore
dt       x — y'
A second differentiation with regard to t gives
LL *Kdy _ J_ d^_dx\ __ P-.J  /&? _ dy
~
$ — y I <2 Y   CLy   (mj      2X'" ^^   ^")        \® — y)   \ Cut
[
3 17"	J V
Cu Y       .  Cii^cL
2 ~dy     ^~dx
the last four terms inside the bracket being the value of
Rearranging and collecting terms, we have
If we multiply by 2 -^ and integrate, we obtain
or substituting the value for -Jj-
Cvt
[146.
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an  algebraical  relation  between x and y, though   the  separate
integrals require for their expression elliptic functions.
Ex. 1.   Prove that another integral of the equation      ^   »
r^F*_?A,rM  ^9
J   __	«/	. L    = Qyft,
I	#-#	I	^
(, * A-
and verify the theorem of § 12 in this case by shewing that the two primitive!    "
are not independent.	^X
Ek. 2.    Prove that an integral of
k 3.   Express in an integral form the relation between y and # given by
^_,      ^/        a
. „ 1 T" ~    "        ~~, = U.
fi^. 4.   Shew that the primitive of
may be exhibited in the form
where yl is an arbitrary constant.
147.    There is another method of proceeding, due to Cauchy;
it is quite different fro A the former,
Consider a general equation between the two variables of the
second degree of the form
where X0, X19 JSTS, YQ9 Yv F2 are all of the second degree, the first
three in x, and the second three in y ; thus if
X, = Ijf + 2Zy& + bv
242	catjchy's method.
we should have
F0 = *tf
Then the ratio of dy : dx is given by
du ,      faj      a
x- cfe -f sr- ay = 0.
°
But
since	u = F0#2 -f 2F^ + F2 = 0 ; similarly
and therefore
dx	dy         __ ,,
(^-.^^(F^-TO^ '
a differential equation the primitive of which is u = 0.
Now since Euler's differential equation is symmetrical with
regard to x and y, it is necessary that its primitive it — 0 should
be symmetrical with regard to x and y in order that the pre-
ceding analysis may apply to the present case. In order that u
may be symmetrical, we must have
and X* — X0XZ is then the same function of x that Y* — F0F"2
is of y. In order to obtain the primitive of
dx    dy __
z*+r*    '
where	X = a -f 6^ + c^?2 -f g^8 -f /^4,
and F is the same function of y, we must make X and
X* — -3T0 JQ the same. The comparison of their coefficients will
give four equations to determine the coefficients of ^; but in
u there are five independent constants (there were originally
147.]	cauchy's method.
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eight as any one can be made unity, but three equations necessary
for symmetry are satisfied) and therefore one will remain undeter-
mined and so arbitrary. These equations giving the coefficients are
when the values of the  determined coefficients are substituted
in u, the equation u = 0 contains one arbitrary constant and is
thus the primitive.	<)       % .   ,    , » < «
1	-         -'-         '
V	f>
£&. 1.    Prove that the primitive of	*°	/      '
1
wh pvo
where
JK^. 2.    Verify that the primitive of
where
(Cauchy.)
Ohaj). xiv. of Cayley'w "Elliptic functions" may be consulted with
advantage.
148. If instead of a single equation between two variables,
the relation between which is expressible in an algebraical form,
we have a system of n — 1 equations between n variables, we may
without integration of each integrable expression represent in an
integral form the dependence between the n variables in the
shape of an algebraical equation ; and as this equation is obtained
by an integration it must contain an arbitrary constant. The
process made use of in order to derive it in the general ca,se will
be seen to differ materially from that adopted in the particular
•case of n = 2.
244	GENERALISATION  OP
Let the differential equations be
X^    X2~	Xn"
\	X*      X^	X^
«~2 7	«~2 "1,,	,  n—2 7
'//'	CiCO-	#L	(Xfct'g	#?	thiXj	-.
!	in which
for all the suffixes yu, in the system.    Let
/(sb) = (a- - afj (a? - a?a)	(.7; - xj;
arid let f (x^} denote the value of ~y~	  when in it, after the in-
cLx
i	dicated differentiation has taken place, x^ is substituted for x; the
;	value of /' (x^ will therefore be
* v ^  the vanishing factor x^ — x^ being absent.    Solving now the above
^ys       system of equations in order to obtain the algebraical ration of
' \?^§*^     ^e quantities dxl, dx^ 	, dxn, we find
^        ~z7~1=B~~z;*~	z=	=	zj""'
Let the common value of these equal fractions be denoted by
dt, so that we have
dxi = ^  .    ^ _ _^i_ .
d^ ""/ (^)'    "5*
arid so on.
The first of these gives
dt)
and therefore, after differentiation with respect to t,
9 ^£1 ^i — ^ ["    ^    "1 c?^      9 I"    Xl    1 ^
d^   df     dt
 4-
148.1
j	•*
Now	j=r—
But since
 EULER S  EQUATION.
 245
= 0»i - ««) Oi ~ #8)	
, ,, .   ,           8  l~    X,    1        2X,         1
and therefore     ^—    ——I—-   =	*     	
9^ L{/ 0*01 J     {/' fo)}' ^ ~ ^
provided /jl be not unity.    After substitution and division by the
d2x
coefficient of -^ on the left-hand side, the equation becomes
 

Similarly
^X^
\ f'~~(~v \i*
i/ \xz)s.
 Y
A
 			
/ w «r-«, v 007 (*.) *2 -
and so for the others, making ?t in all. Now let the n left-hand
sides of these equations be added together ; the sum will be equal
to that of the n right-hand sides. It will be seen that in the latter,
X ^X ^
enters, then
when in the rth expression a term
in the 5th expression a term
 aiso enters, and
these fractions
thus we have
the sum of the two is therefore zero.    All the terms containing
will for all values of s and r disappear ; and
— X.
2-1 (i
(P
'r/i<!
 .V.
 Ills.
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Crette,t. xxiii., pp. 354-r369, very useful; and he would do well to consult the
following papers by jacobi,
Crelle, t. ix., pp. 394—403 ;
t. xiii., pp. 55—78 ;
t. xxiv., pp. 28—35 ;
t. xxxii., pp. 220—226,
all of which are contained in the second volume of his collected works.
For the higher parts, chiefly in connexion with the theory of transcen-
dental functions, the memoirs of Abel should be consulted.
Total Differential Equations.
150. The differential equations with which we have hitherto
had to deal have been, except in §§ 148 and 149, such as include
•one- dependent and one independent variable; for the future we
shall consider those which include more than two variables. These
may be divided into two classes, one in which only one dependent
variable occurs, the other in which only one independent variable
occurs. In equations of the former class we shall have the partial
•differential coefficients of the single dependent variable relatively
to the independent variables; these are called partial differential
•equations and will afterwards be discussed. In equations of the
latter class we shall have the differential coefficients of the several
dependent variables with reference to the single independent
variable (which may be either expressed or implied) ; these are
usually called total differential equations.
Now if we have an integral equation
</> (0, y, z] = 0,     \
where G is a constant, we may suppose that x, y, z undergo slight
variations dx, dy, dz, which we know will be connected by the
relation
or, if we assume that as, y, z are all functions of some variable t,
then
dec i	dy	dz
dx '= --j- dt,        dy == -j~ dt,         dz ==: ~j~ dtm}
at	at	at
and the foregoing equation becomes
\',f'*   fr
 .         d<ft dz __
dx dt     dy dt     'dz dt
i   41
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These two are equivalent forms; the form usually adopted is the	|
first ; if in any case the second be given, it can at once be changed	•
into that of the first.    Moreover, if ~, J?-, ~ have any common
dx   dy  dz	J
factor, the equation can be simplified by the removal of that
common factor; and so we may consider the general form of such
an equation in the three variables as represented by
where P, Q, R are given functions, of at, y, z and are proportional
to the differential coefficients of <£.
151.	But, conversely, when any equation of the form
Pdx + Qdy + Rdz = 0
is given, it does not necessarily lead to an equation of the' form
<f>(*,y,*) = C;
for the existence of such an equation implies that the three quanti-
ties P, Q, R are proportional to the differential coefficients of some
one function, and this is not satisfied while P, Q, R are quite
general. We must therefore find out under what circumstances
such a differential equation will lead to an integral of the Jfiven
form ; and, on the assumption that such an integral is possible,
indicate a method of obtaining it.
There will remain the further problem of obtaining a solution
of the equation when the conditions necessary for the existence of
such an integral as the above are not satisfied
152.	In the first place then we assume that such an integral
exists ; we must therefore have P, Q, R respectively proportional
to the partial differential coefficients of" some function <f> with
regard to a, yy z, so that we may write
in which /-& is some function the value of which is unknown.   From
the first two of these equations we have
152.]
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or
that is,
Similarly
and
 •ap
¥'
 D
 _ p /M
— x    r-—
Multiplying the last three equations respectively "by jj p
and adding, we have
pffi-
dy
which is the equation giving the relation between JP, Q and H •
and this, when identically satisfied, indicates that the proposed
differential equation leadn to an integral of the form, considered.
153.    We shall now assume that this relation exists and that
the differential equation therefore has a primitive of the form
we h&ve to shew how to deduce this primitive.
If we had thin primitive and proceeded to form the correspond-
ing differential equation with a restriction, that z should not vary,
the equation would he,*
,
which equation would not be affected by any term in the primitive
which involved z alone.
Conversely then, if we integrate
PdsK + Qdy = 0,
on the assumption that z doen not vary, the arbitrary constant
of integration is a quantity independent of the variations of x and
y and may therefore be an arbitrary function of z. We replace
the arbitrary constant by an arbitrary function of z and so have a
relation between #, y and z. This however will not necessarily be
the integral required, for it may not satisfy the equation
p
• It
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we only know that it satisfies the particular form of this in the
case when z does not vary. It is therefore desirable to form the
differential equation corresponding to the integral in the form in
which it now occurs; it should yield the given differential equation
and a comparison of the two forms will lead, from the condition
that they must be identical, to an equation which will determine
the value of the arbitrary function of z. This last will also be a
differential equation; when integrated it will contain the arbitrary
constant in the determined function of z which on substitution
furnishes the primitive. Hence we have the rule :
Let the equation be
and suppose the relation
satisfied.    Integrate
Pdx
as if z were invariable1*, and make the arbitrary constant of inte-
gration equal to <p (z). Substitute now so as to obtain the ori-
ginal equation and choose <j> (z) so that the coefficient of dz is R.
The primitive is then found.
Ex. 1.   Integrate
(y das 4- s&dy) (a — z}~{-xy dz = 0.
|	Hero P~y(a-z\ Q^x(a~-z\ ll=*xy\ and the equation of condition is
satisfied.
On the assumption that z is invariable the terrn xydz disappears and thea
a — z will divide out, so that the equation becomes
which integrated gives
xy = A^$(z\
according to the rule.   Differentiating this we have
•*
--   «fe»0.
* If more convenient either of the other variables might be considered tem-
porarily constant and the corresponding changes made.
\
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In order that the two equations may be the same we must have
^ft _ xy  _   ft
dz     a — z .  a~z°
TT	jl    wva/	j.	j.
Hence	-.—r* —	— ~~— 5
<f> dz         a-z    z — a
therefore	<J> (z) — 0 (z - a),
where C is a constant; and the primitive is
Eos. 2.   Verify that for each of the following equations the condition of
integrability is satisfied, and obtain the primitives :
(i)	(y + 3)cfo + (2+tf)^y + (#
(ii )	zy dx — zxdy -f y *dz ;
(iii)	(y + a)2 dx+zdy - (y + a)
(iv)
'     (v)
(vi)	(y2 +3/2) cfa? + (xz -\r z2) dy + (y2 - soy} dz = 0 ;
(vii)	(sc^y — y 3 - y %) dx + (.ry2 — ^?3 — A) c^/ 4- (a?y
(viii)	(2^2 + 2#y + 2rf H- 1 ) dx + dy + Zzdz = 0 ;
(ix)	(2# + y2 + 2^) dx + %xydy H- o^cfo = du.
154 The preceding solution, has been obtained on the sup-
position that the equation of condition among the coefficients of
the differential elements d%, dy, dz is satisfied ; it remains now to
consider the class of equations for which the condition is not
satisfied, and for which there cannot therefore be a single general
integral.
Let us now assume any arbitrary relation between x, y, z of
the form
tjr (x, y, z) = 0 ;
this on being differentiated gives
.
 When the form ty is specified, these two equations will determine
z and dz in terms of xy y, dee and dy (or, generally, one of the
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variables and its differential in terms of the other two and their
differentials) ; when they are substituted in the equation
Pdx + Qdy + Rdz = 0
they make it of the form
Mdx + Ndy = 0,
where M and N are functions of x and y, the values of which will
depend upon the form of the chosen function ty. Now this equa-
tion may be integrated and the integral, containing an arbitrary
•constant, will together with the relation
a/t (0, y} z) = 0
•constitute a solution of the differential equation.
For it is evident from the method of derivation of the integral
that, in combination with ^ = 0, it furnishes relations between
x, y and z such that the differential equation is satisfied.
By giving all possible forms to ^ every possible solution will
be obtained. Each solution will be constituted by two equations.
Ex. 1.   Solve
dz—aycLx-*r~bGkij.
The equation of condition is not satisfied ; some relation between #, y, g
must therefore be assumed and this may be perfectly arbitrary : let it be
</=/(*)•
A combination of this with the differential equation
dz=af (30} dx + bf (#) dx,
the integral of which is
This, with/ (x) —y, forms a solution of the proposed equation.
Ex. 2.    Obtain the most general solution of the equation
(
«&	n&\ £
1    ~-$-$)     ^^
which is consistent with the relation
Ex. 3.   Find the equation which must be associated with a?2+#2=<£ (*) i
order to give an integral of
{x (as - a) +y(y- b}} &= (z - c) (x
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and that which, must bo asKociatcd with
so as to satisfy
sd# 4* .nit/ +ti/dz -^ 0.
Eos. 4.   Prove that, if p, be a quantity .Hitch that
then a solution of the general equation may Ixi Wi
''"*<*),      *,,
 sJ r»v
This is Monge's form.	1
Ex. 5.   Obtain the general equation** which mtmlftitte tint wtlnil«»ii «*f
155.   It is not at first night cltiur how thi* notation **!' <*i*i<*Iil
affects the above process and, in particular, \\hy \\hnl Im^ l
given as the solution, in the latUtr ciam.t is nui ffi«' ^iliifiiiii ii« i
former case.    But the relation IxjtAvuun ihf» two ^iliiti**iit rnn
seen as follows.	'	»
The elimination of thcMlifforctniial ol<nrn*n< //; I»»-lttrr-n fd**
equations in which it occurs lumls to fch« <*qu;tfi^n
and, in order that thin may be rcducud to lit*1 font*
Mdx -f AW// « 0,
the variable z, which occurs in it, miisi lit? r^{ilii!*«*i{ hy jir*
derived from ^ (#, y, 5f) =0.    Now aupf *>*<.* tin* i'ljiiiirinii nf run.
dition is satisfied so that l\ Qt J! an? }irf*|»ortJ*fii!il f*> ffn*
ential coefficients with regard, to #, ty» ^ of Hotiti^ fiiiiriiiiii ; tl;
function be ty (&; y, z\ thtai we* havit
and the equation involving rfa arid </// h icl^iit twilly ***hj ^ti^il, 11$*
will thus, on this HtippoHittoti,}>*• no other <'«|t!atiotf ii* r»-j*i;iriJ^ ii*
ckted with the equation ^ '. 0, or, what m *^jtiivnli'$it f*ir U*i< * i'
i^ = Cf; this by itself in stifHri<*tit for itn* Molufjuft offhf* «ltft**>« i*!
equation, and any other <#|uattou UHMociafi'd with I1 i«,ii
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perfectly arhitrary (such as % = 0), for its expression will not entei
into the differential equation when formed from these integral
equations. If however the equation first written down be not that
which leads to the particular properties (A), but be another such
as ^ = 0, it will still be possible to derive the equation ty=C, intc
the expression of which the form of % does not enter; and we
may therefore consider as the general solution of the differentia]
equation the equation
+ =0;
while, if we wish to determine y and z separately as functions oi
co, we associate with this any arbitrary relation between a, y, z.
If however the equation of condition between the quantities
P, Q, R be not satisfied, there is no function ^ such that the
relations (A.) hold ; and thus
Mdx + Ndy = 0
is not an identity but leads to an integral, the form of which is
affected by the form of the arbitrary equation first written down
and which must be associated with that equation in order to con-
stitute the integral.
It thus appears that the difference between the two cases is
this ; while we may consider that in both cases two equations are
necessary to give the complete solution, in the case when the
equation of condition is satisfied one of these integral equations
(called t/t = 0) is completely unaffected in form by the other (called
j£ = 0), but in the case when the equation of condition is not
satisfied one of these integral equations is affected in form by the
other.
156. The difference between the results in the two classes
having been indicated, it is now possible to adopt a method of
integration which shews the point of separation between the
processes applying to these classes. Let
be any relation between #, y and z ; then
h dy + d^dz
oy   J    dz
'w
ml
tat
ci
.to
*t
tat
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*
We also have
= 0.
Pdb -f-
Let the former equation be multiplied by X (a quantity to be
determined afterwards) and added to the latter, so that
or, say,	Pxda? + Qfly + Hfo = 0.
* Let X be so chosen as to make Plf Qv El proportional to the
differential coefficients with regard to oj, ;/, z respectively of some
function i/r ; then the integral of the last equation is
^ (X y> z)=0,
where G is arbitrary, and the primitive of the differential equation
is given by the two equations
 
$i
i*
t*
t?
t
 Now since P19 qi} R1 are proportional to differential coefficients
with regard to #, y, z, we have
)•
«
or substituting for Pv Ql, Rl and reducing, we have
p/3Q    a/A . ^ /3JZ
dy     dx
 
,»,
9y
 • -q!
 
i
f
 If P, Q, U be themselves proportional to differential coefficients
with regard to x, y, z, the first line in this equation vanishes and a
solution of the equation is X = 0; Pl, Qlf 11^ are then independent
of ^ and therefore ty (ac, y, z) is independent of %.
If P, Q, R be not such as to make the first line vanish, then X
is shewn by this equation to depend upon the form of % and there-
fore i|r also will depend upon the form of %. The form of ty will
in this case be determined by the method given in § 154; but the
foregoing investigation is useful as a means of instituting the
analjtical comparison between the methods,
f,	17
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Geometrical Interpretation.
157.	A geometrical interpretation can be given to the differ-
ential equation and its integral, which will illustrate the differ-
ence between the two classes of equation explained in the last
two paragraphs.
If as usual x, y, z represent the coordinates of a point A,
the equation will then represent some locus. Let A' be a
point on the locus adjacent to A ; then dx, dy, dz are pro-
portional to the direction cosines of A A' and the differential
equation implies a relation between these direction cosines; the
locus which it represents will therefore be some curve or family
of curves, and not a surface or family of surfaces.
158.	Consider now the two differential equations
dot'    &      dz'	,.s
P', Q', R' being the same functions of of, y'f z' that P, Q, R are
of x, y, z; their integrals are of the form
(ii),
where ^ and w2 are functions of #', yf, z\ and as they coexist
these integrals really represent the intersection qf two surfaces
each of which is one of a family. This intersection of any two
particular surfaces is a curve, and we therefore have a doubly
infinite system of curves. One curve of this system passes through
A and is determined by those values of c^ and a2 obtained by
substituting in ^ and u2 the coordinates of A. Let A" be the
point on this curve which is consecutive to -4. ; then the direction
cosines of A A" are proportional to d®', dy', dz or to the values of
F, ®, E at A, that is to P, Q, R. Now the condition that AA",
AA' may be perpendicular is
which is the given differential equation; hence it expresses
the fact that A A' is perpendicular to that curve of (ii) which
passes through A. The solution of the differential equation
158.]
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1
-$.'
 must therefore include all the curves which cut the system f^
orthogonally.
If we start from A in any direction which is perpendicular to
the tangent at A to that curve of the system (ii) which -nass
through A, we shall come at A' to an adjacent curve of this system-
moving from A '..in any direction at right angles to this we shall
at another consecutive point in this path reach another adjacent
curve; and so on. The path thus obtained must be included in
the solution of the differential equation; and as at each point A
we may move in any one of an infinite number of directions (i e
in any direction lying in the normal plane at A to the curve of the
system) it follows that the solution of the equation will contain an
arbitrary function.
Let us, then, draw through A any surface we please and limit
our path so as to be in this surface; starting from A at right
angles to the curve of (ii) there will, in general, be only one
direction possible in the surface and moving along this through a
smgll arc we shall at its extremity Af come to another curve • at
A' there will as before be usually only one direction possible in the
surface and it will lead to another point A" and so on; and we
shall thus obtain on the arbitrary surface a single path passing
through the point A. Had a different point B on the same surface
(but not lying in the path through A) been the starting point
there would have been similarly obtained a single path through B
different from the former; and so for any point.
We should therefore have on any arbitrary surface a singly
infinite series of curves.
159. This is the exact geometrical process corresponding to
the analytical process applying to the case when the equation of
condition was not satisfied. For what was there done was to assume
an, arbitrary relation among the variables—this is the equation of
the arbitrary surface; it was combined with the differential equation
and, after integration, another equation was obtained containing an
arbitrary constant which with the original arbitrary relation was
considered the solution. The new equation containing one arbi-
trary constant represents a family of surfaces; and the combination
of the two gives the system of curves which form their intersection.
Each of these curves lies oa the surface first taken, and so we have
17—2
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 an infinite series of curves on this surface. The process therefore
gives the system of lines which lie on any surface and which
satisfy the differential equation.
 160.	Now it may happen that the complete system of curves
(ii) can be cut orthogonally by a surface and so by a family of
surfaces; thus if the system were a series of straight lines all
passing through one point they would be cut orthogonally by any
sphere which had that point for centre.    In this case any curve
drawn upon an orthogonal surface would cut the system (ii) at
right angles, since it is at every point perpendicular to  some
one of the system; and such a curve would therefore be included
in the solution.    Hence the general solution  must include all
curves that can possibly be drawn upon any one of these surfaces
and therefore, if we look upon a surface as the aggregate of all
the curves that can be drawn on it, we may say that the surface is
included in the system of curves.  As the surface is one of a family
all the members of which possess the same property, we consider
that the equation of this family of surfaces is the solution of the
equation; and what has been said shews it to be thereby implied
that the equations of every curve that can be drawn upon one of
the family constitute a solution.
 161.	This corresponds exactly with the process applicable to
the case for which the equation of condition was satisfied; we there
had (§ 155) an equation ^ = 0 and any other arbitrary equation
^ =s 0, the two representing one curve on each of the surfaces ^=(7;
by taking all possible arbitrary equations % = 0 we obtained all
possible curves on the surfaces ijr = 0 and thus ultimately the
surfaces themselves into the expression of which the form of ^ did
not enter.
 162.	It only remains to shew how the equation of condition is
derivable from the geometrical considerations.    The arguments
are applicable on the supposition that the system of curves repre-
sented by
dx' _ dy' _ dsf
^""#""1?
can be cut orthogonally.   If they can be cut orthogonally, as at
any point A, the tangent to the particular curve passing through
162.]
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A must coincide with the normal at A to the orthogonal surface
Now the direction ermines of the tangent at A are proportional to
the values of P', Qr, K at A, that is, to P, Q, R; and if
be the orthogonal nurface, the direction cosines of the   normal at
the point #, y, z (which is A) are proportional to ^ -, ^3r    £5? . o^*^
/a      *	g,p> ^ »   g^ , toiuce
the direction cosine** must be the same for the two lirxoQ  we must
have
1 30   i d<f> _ i a<£
Let each of theno quantities be equal to p, so that
the* i»!iminati(Hi of ^ and ^ between these leads (as in § 152) to the
equation considered, which is therefore the condition that the
systum of curves may lx-i cut orthogonally.
Case of n variables*
163. In what preceded only three variables laave been
HUppoHtnl to occur; but it is ea«y to pass to the case when there
aru mort; than three. In ortk*r that the
O,
whi*ri! JT|f Xtt •..,..... itrc functions of a?,, #9, ... ...... , sh.ould have
a complete	of the form
<t>(xl9at, ....... ..<tr,n)~ A,
the	X^	be proportional to the partial   differential
j~*~ » ««:>        we may write
for all volmit 1,2,
ftft, wit hav<*
 ., n
 If now X, /*, i/ be three different
file_14.wmf
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or	'      ';..   l?
Similarly
and
/dxv
v\
and therefore
~it —     ^^ _l Y" f ^^^ __ u^v} i   V I ^~ v — ^.^-M} = 0
If the set of equations derived from this by all possible combina-
tions of three different suffixes from among 1, 2,3, ........ .., n be
satisfied, then the, differential equation has an integral of the
proposed form. The total number of these equations of condition
is ^n(n— Y)(n — 2) ; they are not all independent, for if there
be written down the four equations which involve three out of th€"
four quantities Xx> X^ XV) Xp any one of them will be found to be
derivable from the other three.
Ex.   Prove that the total number of independent equations of condition is
:J	164.    When these equations of condition or the necessarily
p1	independent equations are identically satisfied, the primitive, which
^	must therefore exist, can be obtained by an extension of the method
>;• '	adopted for equations with three variables.    We integrate as if all
?j	but two of the variables were constant and we replace the arbitrary
hi	constant by an arbitrary function of all those variables which are
jrr	supposed constant.    The equation so obtained is differentiated
t i	with regard to all the variables and the result is made to agree
||	with the given equation ; the conditions necessary for this agree-
•&'	ment will serve to determine the arbitrary function which was
|;	introduced and so to determine the primitive.
J I	JB&. 1.    It is easily verifiable that|the coefficients of the differentials in
'	the equation
satisfy the equations of condition which are four in- number, three being inde-

164.]
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pendent.     Following the rule we assume that only two of the variables may
change and these may be taken to be %% and #4; the integral derived is
-0^3 +^4 =(7=0,
where 0 is a function of #x and #2.    Differentiating this we have
and a comparison of this with the given equations shews that
-   <) =
We thus have an equation involving three differentials dip, dtt^ d%,2}
instead of four (we should have, in the general case, an equation involving
n - 1 differentials instead of ri) • the rule is reapplied to this and the number
again decreased by unity and so on, until we can obtain a final integral. In
the example specially considered the integral is easily seen to be
where A is now an arbitrary constant ; and the primitive is
Ex. 2.   The following equations have a primitive of the form considered ;
obtain it for each of them :
(i)   yzudft+zuxdy + uxydz+xyzdu^Q]
(ii)    (y
(iii)   z (y
x — u) dz+y Q/+z
Equations of a degree higher than the first,
165. Equations may arise in which the differentials of the
variables occur in a degree higher than the first; into their
solution it is not proposed to enter fully but only to indicate a
method of proceeding in some cases. The general equation of
the second degree may be taken as
Xdx* -h F%2 + Zd£ + ZX'dy dz + 2 Y'dzdx 4- ZZ'dozdy = 0,
in which X, Y, Z, X\ Y', Z' are functions of x, y, and z. If the
left-hand side can be resolved into two factors, then the equation
may be replaced by two others each of the form
Pcto + Qdy + Ate = 0,
obtained by equating separately to zero the two factors. The
solution of either of these, obtained by previous methods, will
be a particular solution of the differential equation proposed;
264
 TOTAL DIFFEKENTIAL EQUATIONS.
 [165.
 
K
 and the two general solutions taken together will constitute the
complete solution. In the case when each of the linear equations
is satisfied, in the sense of the preceding paragraphs, by a single
integral of the respective forms
•^•>, y, *) - (7,= 0,     t>> y> *} - 4«0,
the general solution will, as in § 19, be represented by
to (a., y, *) - C] {^ (*, y, *) - 0} = 0 ......... (A).
In the case when two separate equations are needed for the
solution each corresponding pair must be looked upon as a solution.
Now the condition that these should be solutions is that the
left-hand side of the original equation should be resoluble into
factors. The left-hand side is equal to
and in order that this may resolve into two factors we must have
a perfect square, which will be the case if
( 7* - XZ) (X* - YZ) - (ZZ' - X' Tf = 0,
that is, if
Z(XYZ+ 2X'Y'Z' - XX* - 7F" - ZZ") » 0 ;
or, since -Z'is not zero, we must have
XYZ+ZX'Y'Z'-XX*-
When this condition is satisfied the general solution is obtained
in the foregoing manner.
When this condition is not satisfied the proposed equation
does not admit of a single primitive of the form (A) nor of a set
of separate primitives each given by a pair of equations ; but it
does in general admit of a solution expressed by a system of
simultaneous equations.
Ex. 1.   The equation
satisfies the condition ; and the equivalent equations are
165.]	» TOTAL DIFFERENTIAL  EQUATIONS.
which lead to the integrals
 265
and therefore a general solution will be
1.0.
in which a, v& an arbitrary constant.
Ex. 2.   Solve
(i)     IV da?+mm'dy*+nn'dz* 4- (M+J'w) dxdy + (to!+I'ri) dx <%&
+ (^^' +- ^n,'^) dzdy—Q-,
(ii)    (.rd%+ydi/ + zdz)'*z=(g2—jti2 — y2)(^dx-^ydy + zdz)dz ;
(iii)   dxdj/ds^Q;
(Iv)   | <&?,   e^y,     &   j sb 0, where m is a constant.
Ix,   dy9   mdz i
jfife. 3.   Obtain a solution of the equation
a>(b — c)xdydz+b (a — a) y dzdx •4"C(a-b)zdxdy*s*Q
consistent with the equation
(The former k the differential equation of the lines of curva/bure upon the
surface represented by the latter.)
Ex. 4.   Also of the equation
\   #,      y,
contuflteot with the equation
Simnltamom Equations with eomtmt coefficients.
160,   We have hitherto considered only single    differential
equations; we proceed now to treat of systems of equations.    The
and at the	time most frequently occurring class is
that In which	one Independent variable   of which all
other variables which occur axe functions; for the separate and com-
plete determiaatiorl of each of         dependent variables, the nuinber
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t>
 of equations in the system must be equal, to the number of depen-
dent variables. In this class are included most of the differential
equations of dynamics; thus in the case of the chief problem of
physical astronomy—that of determining the motion of a system of
material bodies under the influence of their mutual attractions—
there is a single independent variable, the time elapsed from
some definite epoch, while the dependent variables are the co-
ordinates of the several bodies; fchese coordinates vary with the
time and so furnish the varying positions of the bodies, and they
are individually determinate since the number of equations is
equal to the total number of coordinates. All equations dealing
with the small oscillations in a moving system of bodies are also
included; in them there is the additional simplification that the
equations are all linear, the quantities multiplying the differential
coefficients being constants.
The general theory of the latter will be first considered.
167. Let t denote the independent variable and D stand for
djdt; taking the simplest possible general case, we shall have two
equations involving two dependent variables denoted by x and y.
As the equations are supposed linear, all the terms involving
differential coefficients of x can be gathered together, and so also
for all those involving differential coefficients of y\ and the equa-
tions may therefore be written in the form
 
•:S
i|
 where j^,/s, fa, fa are rational algebraical integral functions with
constant coefficients and 2\ and T^ are explicit functions of t alone,
a constant or a zero value not being excluded. Operate on both
the sides of the first equation with fa (D) and on both the sides of
the second with fa (D); then they become
 
Since the functions
it follows that"
 have only constants in their coefficients
167.]
I
I
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and therefore the above equations give
fa (£)/, (D) - & (D)f, (D)} * = & (.D) y, - fc (JD) Ts ...... (II).
Now let llt £2, mj, m2 be the indices of the highest differential
coefficients iix/^/j, <£x, </>2 respectively; then the index of the
highest differential in £a (D)/! (D) is w2 •+• Zx and in </>1 (D)/2 (D) is
wi ~f~ ^2 5 °f ^hese two numbers let n denote that which is riot less
than the other, so that n is the order of the highest differential
coefficient of x in the foregoing linear equation determining x.
To solve it we adopt the method of Chapter in. applicable to an
ordinary single equation ; if P be any value of x which satisfies
the equation (there called the Particular Integral), and \, \, . „., \n
the n roots of the equation
0 ..... ............. (A),
the complete value of as is
where Alt At, ............ , An are arbitrary constants.
Proceed in the same way to eliminate tc from the two funda-
mental equations by operating on the first with /a (D) and sub-
tracting it from the second after this has been operated upon with
fl (D); we then have
{^(D}fl(D}-^(D)MD}\y=fl(D)T,i-MD)Tl ...... (Ill),
and so as before
where Bt, Bt, ....... Bn are arbitrary constants, and Q is the Parti-
cular Integral of the differential equation (III).
108. We have in the expressions for the two dependent
variables two sets of constants arising from the differential equations
II. ami III. ; they are both composed of arbitrary constants, but
we do not know whether they are independent of one another ;
this dependence may exiet and yet the constants may be arbitrary.
Thus any one of the constants B might be a multiple of one of
the constants A ; the latter being arbitrary the former would
be so also. We therefore must" determine the number of inde-
pendent arbitrary constants. To do this let the values of & and y
be substituted in either of the equations (I), say in the first ; then.
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the terms involving P and Q which are particular integrals give
on the left-hand side a term Tl which will cancel with that on the
right-hand side and the resulting equation is
t (X) + B.
Siuce this is to be satisfied for all values of t, we must have the
coefficient of each exponential zero, and therefore
so that each constant B can be derived from each constant A.
The number of independent arbitrary constants in the complete
solution of the simultaneous equations is therefore n, Le. the expo-
nent of the highest index in the operator
Hence the solution of the equations (I) is given by the foregoing
values of sc and y\ the quantities X occurring in the expressions are
the roots of the equation (A), and the relations between £he con-
stants are given by equations (B).
169. In exactly the same way it may be proved that, If there
be three dependent variables given by the three equations
the number of independent arbitrary constants entering into the
complete solution is the index of the highest power of D in the
determinant
170. If the roots of the equation (A) which give the coefficients
of t in the exponents be real and unequal, the solution given above
is complete. It remains to consider the cases
1701	SIMULTANEOUS  DIFFERENTIAL  EQUATIONS.
(i)    -when, there is a pair of imaginary roots;
(ii)   when there is a pair of equal real roots;
the case of equal imaginary roots will follow from a combination of
these two.
For the former the solution obtained remains general, Tbut it is
desirable to change it so that the form may be free from imaginary
quantities. The two imaginary roots, say \ and \, may t>e denoted
by a±0i; hence the corresponding part of a; is
that is,	(c
on changing the arbitrary constants as in § 44; the part of y corre-
sponding to the two imaginary roots is similarly
Instead of making the necessary changes in the relations
between A and B, it is better to substitute again these expressions
in one or other of the fundamental equations and derive t>he corre-
sponding relations as before.
For the latter case the solution obtained ceases to Tbe general
because two constants, say Al and A9, become merg-ed. into one;
but it may be proved, exactly as in § 44, that the part of x
depending upon this repeated root X is
and the part of y is
Ex. 1.   Prove that in the latter case the relations between, tlie foiar con-
stants reducing them to two independent constants are
Ess. 2.   If an imapnary root a4•^i be repeated, write
sponding parts of the complementary functions in x and y.
 the corre-
171. It may happen that the question in corxrtetc"tion mth
wMch the difierential equations arise will afford sonae indication
of the form of the result Thus in a problem relatixxg- to small
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oscillations we should expect the values of the dependent variables
to be expressed in terms of purely periodic functions; and it would
then be proper to substitute for sc and y respectively functions
of the form
L^ cos /3t + L2 sin /3t,
Ml cos /3t + M2 sin fit,
instead of ext in the equations (II) and (III). By equating to zero
the coefficients of cos/32 and of sin/32 in each equation after these
values have been substituted there will be four equations linear
and homogeneous in the quantities L and M\ and the eliminants
of these will furnish the values of /3. If on the other hand the
problem indicate a motion of unstable character the form of value
for as adopted would be
eat (4 cos fit + L9 sin $5),
&nd so for y; but if there be no external information   of this
character then the ordinary method should be adopted.
&. 1.
Solve the equations
dx
Here we have
~0\
-OJ3
 Whe:
equation
flenc
and the
where 3,
and the
It is
JS*.
 
•and therefore the equation for us is
os = A eos <t>t+H sin &t.
y — A ' cos <*>t + B' sin a>t.
so that
Similarly
The relations between A, By A', B' are at once derived by substituting in
the first equation : we have
— a A sin 6>£ 4- a>B cos otf = r- <&A' cos &t - &Bf sin &t,       f
<>r         .	A'~~B, and B'~A.
The shortest method would have been to use the first equation to give y
in terms of #, so that
dt
 The
anothai
MuJ
providi
that is,
This method is however applicable only in particular
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Eos. 2.   Solve the equation*
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When we collect the terms whidi twloux l,<* Ui«? M«<jMir*a*<
equations are
«/>.*•+(//* -f-^y^o
Hence the equation for x in
 It!
M
and the value of x in
#=b £j COS #,* "I- />g Hlli #^/ f /r , <V*H ^ / I'
where ft2 and ^2a aro the roots of tli« <*j tuition
(^-;,)»-«»/^-«;
and the value of y ib
It is easy to prove that tho n*latjort Imtv/wn th*«
Mas. 3.   Solve
They might be solved by adopting tin*
another method applicable to thi» ft*rwi.
Multiply the second oquatdm liy m itrwt mI4 t/i llt*t
(^4- my) »x (a -f
 ;  hip
;
provided m be'io	that
b 4* »!/ »» (a 4-
that is, if m be a mot of the
- £') m «•
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The foregoing differential equation being
(a 4- ma'} (as -f my) + c + we7
its integral is
Let wij and m2 be the roots of the quadratic equation; then this is an
integral provided m is either m^ or m^.    On substituting m=m1 we have
and on substituting m=m2 we have
where ^ and A2 are arbitrary constants.   These two equations constitute the
complete solution of the given pair of simultaneous equations.
Ess. 4.   Solve in the same way as the last example the equations
Ex. 5.   Solve the following equations :
(i)      J
(ii)     J
(iii)    4^
(iv)    4
(vii)
Simultaneous Equations with variable coefficients.
172. It will be assumed as before that there is only one
independent variable and that therefore the coexistence of m
simultaneous equations will suffice to detennine the relations be-
tween the m dependent variables and that of which each is a
function.
172.]	SIMULTANEOUS DIFFERENTIAL EQUATIONS.
Further it will be sufficient to consider systems of simultaneous
equations which are only of the first order, for to these any other
system can be reduced. Thus if into any one of a given, system
a differential coefficient of the nth order should enter, such as
~^, we could obtain an equivalent series of equations of the first
dx
order by making the substitutions
"das'
 2/.=
 da'
which are all of the order stated; and the corresponding sub-
stitutions for all differential coefficients of order higher than
unity will transform any system of simultaneous equations of
any order into an equivalent system of equations of the first order.
If there be m dependent variables, we must have in this system
m equations each of the form
173.   The solution of this system of equations can be made to
depend upon the solution of a single differential equation of the
mttl order connecting one  of the dependent variables  with the
independent variable.
For let the m equations be solved so as to give  the m dif-
ferential coefficients as explicit functions of the variables, and
suppose these relations to be
Ax
Let the first of         be differentiated m — 1 times in succession
with regard to % and	differentiation and before the next
let the values of   j^> ......,$* be substituted ftrom  the last
F.
 18
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m — 1 of these equations.    There will thus be obtained, 3
the first equation, m equations connecting
dx'
 dx*'
with the variables x, ylt y^	, ym\ from these m ecjut
the m — l variables 2/2,3/3,	, ym be eliminated, and  t
result a single equation which may be represented by
^1?   dx'    dx2>
This equation being of the mth order has (§ 8) m incl
first integrals each involving one arbitrary constant, a
constants being mutually independent; and these Ixitc
may represent by the equations
file_15.wmf


= 0
in which the constants C are independent. But from
ceding equations we know the values of the differential cc
of y, in terms of all the variables; when these are 8\z"bsii
the set of equations F, the latter take the form
which are sufficient to determine each of the varmbic
function of x; they are an integral system and contairj. *m,
constants.
Hence we hate as the general result:
The complete solution of a system of m differential
the first order between m + 1 variables depends on*   th
173.]
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ordinary differential equation of the mth order and consists of m
equations, connecting  the m -f 1  variables  and  containing m in
dependent arbitrary constants.
174.' The foregoing is the general theory; but 'in particular
cases simplifications arise enabling much of the labour indicated
in the general theory to be dispensed with. Thus, if the equations
consist of a set each of which is linear, it may happen that an
integral of each equation of the form
= 0
can be obtained in the form
> yj =
and the long process would not need to be gone through.
instead of determining the m independent first integrals it
would be sufficient to determine the primitive of the ordinary
equation of the mth order, for from it could be derived other
m — 1 equations in which the values of the differential coefficients
could be substituted, and an equivalent result would be so derived.
Again, in the case when the equations are all linear we can solve
them to obtain the ratios of the m -}- 1 differentials in the form
dx        d
which might be called the symmetrical form ; the mode of treat-
ment for these will sometimes (depending upon the form of the
denominators in these fractions) differ very materially from, and
be much more convenient than, the general process. Examples
illustrative of this will be found appended.
Ex. 1. The general method can be avoided, if integrals of all but one
equation can be obtained and, d fortiori, if all the integrals can be obtained.
Thua the equations
Ida: + mdy + ndz = 0,
asdat +y dy -f zdz «= 0,
lead at once to the integrals
which determine y and z in terms of x.
18—2
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Ess. 2.    Solve	V*. t
**r>	i'	11 dLy—- (too ~t" ty ~r~ ax ~~~ t) cl/t*
^*	§	\	W	/      -79		-7 —
.	\
;   '	•  (ii)
dz
a?. 3.    Solve -37=—: = ^, where
]
d'   I.
In equations of this form it is convenient to introduce some new inde-
pendent variable and make all those variables, which already occur in the
equations given, functions of this new variable. Calling the latter t we may
assume, as an advantageous form,
dt __ dx _ dy __ dz
7~T = T~~z
Idx 4- widy -f ndz
= IX+mY+nZ"
_ Idx + mdy -\-ndz
\ (Ix 4- my + ns] -f r '
provided I, m, n, X be so chosen that
cl + dm + d'n—\%
the value of r is
Id+md'+nd".
Eliminating I, m, n between these three equations, we have
a-X,      a',
ft,      ft'-X,
 =0,
a cubic equation determining X; let its roots be X1? X2, X3. When \ is sub-
stituted in any two of the foregoing equations the ratios of I : m : n can be
derived ; let them be denoted by ^ : ml : % and suppose the corresponding
value of r to be rx ; with similar expressions for the other values of X. Then
for the value Xx we have
dt
t&e integral of which is
SIMULTANEOUS  DIFFERENTIAL EQUATIONS.
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174]
' Similarly
and
 _
1  2
\ ~1
1) 8  •
In order to obtain the general solution of the system of equations as given
we must eliminate t between these equations; when we write c^^^Ac^^Bc
where A and E are arbitrary constants, the general integral as required is
given by the equations
Ex. 4.   Solve in this manner the equations
dy	dz
— dsc-
Ex. 5. This method may also be applied to solve certain systems of
equations in which the variables do not occur so simply as in Ens. 3. Thus
let us consider

where T, T19 T^ are functions of t.   Multiplying the second equation by I and
adding it to the first, we have
provided I and X are determined to satisfy the equations
so that the values of X are \ and X2, the two roots of
The integral of the foregoing equation being
the complete solution of the original equations is given by
Ex. 6.   Solve the systems of equations
278
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-«* <«-*)
dz
A special system of equations in Dynamics.
175. There are two classes of simultaneous equations which
are extremely important; one is the class already considered in
§§ 148, 149 as the generalisation of Euler's equations leading to
the higher transcendental functions ordinarily called Ahelian
functions; the other is the system of equations which determine
the motion of a particle attracted to a centre of force which acts
according to the gravitational law. The latter may be represented
by the simultaneous equations
*_yj
df~
 ffz
df ''
 m
 •(i),
in which E is a rational algebraical function of r or
the distance of the point #, y, z from the origin. To express the
complete integral three independent equations (or their equivalent)
will be necessary. Since each equation may be replaced by two
of the form
doc
 dR
giving in all six equations to determine the six quantities, the
investigation of § 173 shews that we must have six arbitrary
constants in the solution^
IN  DYNAMICS.
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W<5i multiply the equations (i) by -^, -J[, ~ respectively, add
, we have
ho
 is an arbitrary constant.
r form may be given to the equations (i).    Since R is a
of r we have
9-R    dR 9r    x dR
da ~" dr doc ~~ r dr '
* the others; and thus (i) becomes
d2x    x dR      d y    y dR      d/z    z dR
two only are independent ; the integrals of these are
dy      dx
^L       y	~
dt    * dt
dz      dy
--=
dx      dz     „
_   . ___ fY* . ^ -~ -~-- f /
"7 .	it/     ~      — —  VXft «
and adding these we have
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where A is an arbitrary constant; this is equivalent to
that is, to
7,	rdr
and therefore
rdr
t + a =
From the equation just obtained we have
and therefore
~drdt=~~    ^"dt+2didf:
that is
^^
dr         r8     df '
When this value is substituted in the modified form of the
original equations, the first of them is
a}


Let	dd> = A —«
Adr
then the foregoing equation for - is
t
175.]
and therefore
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•••(iii).
The second and thin! wjuationn similarly treated lead to
'•{ =» ft, CCJ8 $ -f fcg Slt
and in these tin* constant* a, &, c arc* arbitrary.    But they are not
independent ; for we? have? always
whatever bit t!«« vahu* of #? «i«I there
coh
•f (^/ f A,a -f V> Hiu* ^ « I « coh* 0 4- sin9 <j>
is Hatihfuid for nil value* «if ^t so that
«,» ! V l-r^n 1 1
"/ » V^'V"-'     — ..... -.....(vi).
(ltfl« + ^1^1 * rt':» "* c^/
Thonix cfiiiHfiiiifH hp* «*ijiil\%'ili*iii to thrift? indopondcmt constants.
Further, we may put (Hi) into tfm tb
where pt        ^ are	there? in thim associated
with ^ an	one will not n,« jittre tci be added
in the
f
I
r
Attr	, ...
t *,...,...... ...cvn).
f /f;-4fj*
'•   Wet	Mtitiitflrfil i*i|iiiifjiiiiH to d<*fi»nitIiHt ilia  general
integral.    By	of (vti) ^ m glvi*ii n« n fiiti<!iiwi of r, and
thardbre by (il) $m a ftuiHutti of I ; hitiin* (ill), (tv), (v) give % y, 0
an fancttoiiH of 1    Mon*«>vtrr wt*	»Ii Iiidrpf«tiikfiifc arbitrary
vie,, /lff Jft, n        tint iii ijiwtititlt*« n|f nft 6t, 68, ca, ca
conn<9Ctf*cI by the thww	(fl),   l*h4»H4* thifn^foni constitute
the	of tht* *liffif
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Ex.   Solve in this way
Also solve by transforming to polar coordinates.
MISCELLANEOUS EXAMPLES.
1.   Prove that, if
2m — nl c24- -§ j + ti ( ccos — ~- — cos— ~-
dd (m -~
then
c being an arbitrary constant.
2.   Let JF(tf) denote the integral
prove that the algebraical relation equivalent to
3.    Let JS^ (#) denote the integral
verify that
J£
where .%, ^2j -^s are related as in the previous example.
4.   Verify that
=0
is an integral of
y being given by the relation
Interpret the result geometrically.
 (Oayley.)
\
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5.   Prove that the integral of
_£_. + _JL-, t-sO
may be exhibited in tho form
 283
where a is an arbitrary constant; and that of
d&
file_18.wmf


r\'
may be exhibited in the form
(4^-/^4-/)(4;/3~/^+^
where / and J are definite constantn and a ib an arbitrary constant.
Shew that the general integral of
where
'«(£, £, m, ^J^?, I)3,
is	X YZ~ [k + £ (a? +y 4- «) 4- w (^ 4- .
where	Z •**(&, I, m, nj«, I)3,
and * is an arbitrary constant,
(Mac Mahon and Russell.)
6.    Prove that integral relations equivalent to
  

where
«»«-
'(sin* ^ r
 -^
5P^ nin8 <9) (li
sin $ dn ^ cos -^ A<A
(Biri« ^ - sin2 0)' (sin^f -
 
and
 r^fiii^j (sin3* $ - sin* ij?)    («&i^ i^T - iin* ^) (Bin2 <^ - six
00$ <
Detetmiate 4       B fmm the ooaditlo^as that $«« and 1^8=^3
i
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7.   Find the primitives of the equations
(i)    (ay - bz) dx + (cz - ass) dy 4- (bx - cy) cfe = 0 ;
r-\  d^L±^^   dy (g+af "" 2^ i dz fo+^ " 2g) -o •
w   (y-*)(*-*)    (*-y)(*-y)     (*-*)(y-*)     '
(iii)   (
8.    Obtain the primitive of the equation	'• >   ,   3'-    r, 45

in the form-
where ^=^0.   ,f'!     :i:   r-''      ^ j.i u^i • ; >•.       t	^	*      ; "-    '.*
^.^-> ,>-... ;.. .   .  Y  •/"    , >'?,,.	"	(Euler- *
--• -   •, u    U^   f»-  ,a>. ir   , .-	' t ,	,,              ,
9.   Solve the simultaneous equations	*	*/ *
expressing each of the quantities 07, y, z as elliptic functions.
10.   Integrate the system of equations
-£+
6o> sin ^# - 6^7 cos ntf + ay — -y = 0.
C&i>	U.-1
x-u £ «f ** *7 * '
'
11.   Integrate the siraultaneous equations
where ^ is written for cos (otf + b) and 77 for sin (at+ b).-'^/iffm   ^   *"^ ^   (I ^m
(Lionville.)
^v *iw i'x
MISCELLANEOUS EXAMPLES.
^
12.    Solve the simultaneous equations
.
dsfi
13.   Shew that any system of lines described on the surface of ±^e sphere
=r2 and satisfying the equation
(1 4- 2m) x.dx
would be projected on the plane of anj into parabolas.
Find the equation of the projections of the same system of cxix>\res on the
plane of yz.
14. Shew that Monge's method (Ex. 4, § 154) would, if we integrate first
with respect to x and z, present the solution of the equation in tb.o preceding
example in the form	n ^ c%
^)=-^)'(y). (O
Apply this to solve the problem of the preceding example and identify the
results.
15.   Integrate the simultaneous equations
dfi     3%
where R is a function of (i
 CBinet.)
 'II!
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CHAPTEE IX.
partial differential equations of the first order.
176. hitherto we have been considering for the most part
differential equations in which the dependent variable or, in the
case of a set of simultaneous equations, variables are supposed to
be functions of only a single independent variable; we now proceed
to consider equations in which the number of independent variables
is greater than unity, and shall suppose that there is only a single
dependent variable. The latter is usually denoted by z; if it be a
function of only two variables these are usually denoted by x and
y; if z be a function of more than two, say of n, then it is con-
venient to denote the latter by xv #2, #8, 	, xn. The first
partial differential coefficients in the  former case, viz., ^- and
dz
g—, are represented by p and q respectively; in the latter case the
partial differential coefficients =—. ^—,	-— are represented
1	ox^ ox^	oxn
respectively by pl, jp2,	, pn.
An equation in partial differential coefficients is a relation
between the independent variables, the dependent variable (which
is an unknown function of those variables) and its partial differen-
tial coefficients with regard to them; it is of the first order
when the partial differential coefficients which occur are all of order
not higher than unity, of the second order when the partial
differential coefficients of highest order which occur are of order
two; and so on. In this chapter we shall consider only equations
of the first order.
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It may happen that we have more than a single differential
equation relating1 to the same set of variables; for instance we
might have two equations between z, a?, y, p, q. In this case the
two equations could he solved and from them values of p and a in
terms of at, y and z could be deduced ; these could he substituted
in the equation
dz — yd® + qdy,
and we should thus obtain a total differential equation. Similarly
in the case of n independent variables n equations would be suffi-
cient and necessary to determine j\} pt2,	,j»tt; these n equations
would then be considered as furnishing a total differential equation.
"When the number of equations ia less than the number of partial
diiferential coefficients and therefore of course less than the
number of independent variables, we are not able to deduce from
them a total, differential equation ; usually we have only a single
equation given and \ve then call it a partial differential equation.
As in the ea.se of ordinary differential equations, the integration
of the equation is the derivation of all the values of z which when
substituted in the differential equation render it an identity.
ClassiJiGcMion of Integrals.
 177.	Before indicating methods of integration and giving such
classes of equatiom as arc   eanily integrable, it is necessary to
classify the different kin da of integrals of a partial differential
equation and to prove that l>hc classes include all possible integrals
of the equation.    For perfect generality the propositions should
be proved for an equation involving n variables, but the proofs are
given for an equation involving- only three variables; this limita-
tion has the advantage of shortening the equations and of lessening
their number, while the slightest consideration will shew that it
is possible  to pass  to the general  case  without any essential
difficulties of analysis.
 178.	Suppose that we have between z, #x, #fl, #?B a relation of
the form
/(*, alt 0tt, 0ft, av %, aj = 0	(1),
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in which a1? &2, as are arbitrary constants and which contains no dif-
ferential coefficients of z.  To obtain pl , p2 , pB we have the equations
.(2).
Between equations (1) and (2) the three arbitrary constants
can be eliminated; if in (1) there were more than three arbitrary
constants these equations would not be sufficient for the elimina-
tion, while if there were fewer than three there would be more
than sufficient equations. Let the result of the elimination ia
the present case be denoted by
which will be the partial differential equation corresponding to the
integral relation (1).
Conversely, this integral relation (1) is a solution of (A), and it
contains three arbitrary constants. We cannot expect more than
three arbitrary constants in a solution of (A) ; for, on passing from
such a solution to the differential equation by the method in which
(A) has been obtained from (1), only three constants could be
eliminated. Hence (1) contains the greatest number of arbitrary
constants that we can expect in a solution of (A).
The name Complete Integral of an equation is given to a
relation between the variables which includes as many arbitrary
constants as there are independent variables.
179. The supposition has been made that alt av a8 are con-
stants and we have deduced equation (A) from (1) and (2). But
we may suppose that av a<2, as are functions of the independent
variables; if they be such as to leave unaltered the forms of
Pv Pv Pv ^en *ke differential equation obtained by the elimination
of these functions will be the same as in the case when the quan-
tities a were arbitrary constants, for mere algebraical elimination
will take no cognisance of the value of the quantity eliminated
but only of its form. Now with the new supposition that the
179.]
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quantities a are functions of the variables xv x2, #3, the values of
the partial differential coefficients are given by the equations
dz         dx:    dal dxl    da2 dxl    daB dx1
dz>
 dal dxz
 9aft
 
But the forms of pv p2, j)3 are to be the same as before when
they were given by equations (2); in order that this may be the
case we must have
 11 h> Hi
• i i«
\\^
 
9a
 .(3).
9ax 3^8    9a2 dx3
Let JJ denote the value of the determinant
da
so that the foregoing equations are equivalent to
'df__	df	df
 .(4).
 1
 
Now if R do not vanish these can only be satisfied by
r)f	fif	T^f
 •(B),
 
and these are three equations which determine the values of
ax, a2, a8 in terms of the variables. The relation (1) is still a
solution with the change in the quantities a; when the values
r.	19
 I
fr''/t
v.'Vr*
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just found are substituted for them we have a solution of
which contains no arbitrary constant. This solution moreover "
obviously differ from a solution containing no arbitrary constant
but derived from (1) by assigning particular constant values to
ttj, aa, as in (1) ; thus the result of eliminating the arbitrary con-
stants between (1) and (B) gives a new solution.
This solution is called a Singular Integral', it is a relation
between the variables involving no arbitrary constant, but it is
not a particular case of the Complete Integral.
180.    The equations (4) will all be satisfied if R = 0 ; and as
we are now assuming that al9 a2, a8 are not arbitrary constants but
functions of the variables, this equation will be satisfied by a
functional  relation between al} az, aB ;   this  functional  relation
\ may be arbitrary, so that we may write
'   '	^=£0^) ........................... (0),  .
in which <j> denotes an arbitrary function.   Multiplying now the
equations (3) by dx^ dx^ dx& respectively and adding, we obtain
But from equation (C) we have
dan = =5- da, -j- ™-
8	l
so that        (¥-+%-%?} da,
Since ax and ^2 are independent, their variations cZa1 and da% are
also independent ; in order that this equation may be satisfied we
must therefore have

These equations (C) are sufficient to determine av a2, a,s in
terms of the variables and the expressions so obtained will involve x
the arbitrary function <£; when they are substituted in (!\), they!
solution takes a new form which is different from both of the other
two.
180.]
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This solution is called the General Integral; It is   a,   rrelatio
between the variables involving two (or, in the case of tl variables
rz, — 1) independent functions of those variables together*  \vith an
arbitrary functioa of those two (or it — I) functions.
The equation jR=0 could also be satisfied by maklxicr a an
arbitrary function of »2 alone or of ^ alone, so that we shcmld thus
arrive at different classes of General Integrals; but these are all
less general than the former, in which only a single arbitrary
relation between all the quantities a occurs. This is easily seen
from the consideration that if, in equation (C), a3 be expanded in
powers of ax the coefficients are arbitrary functions- of ct , while
if nfr (c&j), an arbitrary function of a1? be expanded in powers of
al the coefficients are merely arbitrary constants ; and tlio latter is
obviously included in the former.
181. It is thus manifest that we have three
distinct classes of solutions of partial differential equations ; it
remains to shew that there are no others, and this will ~foe done
by proving the fallowing theorem :
Every solution of the differential equation' is included *in one or
other of the three classes of solutions of the equation tjuhich are
constituted by the Complete Integral, the Singular Integra,^ and the
General Integral
Let (A) represent the differential equation, and (1) -fctie Com-
plete Integral of this equation; then the equations (B) and (C)
will give the Singular and General Integrals ; let any otHer solu-
tion of the equation be represented by
^ (0, #t, a?a, 08) = 0 ................ ----- (4).
As it is convenient to speak of z as explicitly expressed in
terms of the independent variables, we shall use Z to represent the
value of the dependent variable derived from* (1) and f to represent
the value derived from (4). This last equation gives
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If now, we make these values of the differential coefficients
agree with those given by equations (2), we have the three
equations
dz
3/
dz
__
das* 'bz     9#L dz
3
and these determine the values of alt aa, as in terms of xv a?a, ^
and the dependent variable.
Now since (4) is a solution of the differential equation, we
have
and since (1) is a solution, we have
satisfied, when the quantities a are arbitrary. The last equation
is also satisfied when the quantities a, instead of being arbitrary
constants, become functions of the variables, provided these functions
are such as to leave the forms of plt p2, p5 unaltered ; and we may
therefore replace them by the functions of #1? #2, #?3 obtained as
their values from the equations (5), provided the necessary con-
ditions be satisfied. When this is the case the values of pl9 p^ pB
are the same for the two forms of the equation (A) ; and we then
have from a comparison of these two forms the necessary equation
where in Z the constants al9 &2, aQ are replaced by the values that
have been derived for them.
In order that the forms of plt p2, p8 for the new values of the
quantities a should be unchanged, the three equations of the
form
	:	Z-.   —!_ p
dz dx.         dz dz

 +3£!^   Ly^ \
da3 dxj    I '
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must be satisfied at the same time as (5); and therefore thie values
of al9 a2, a& are such as to satisfy the equations
But these are of the form of the equations (3) which ena/fole us to
pass from the Complete Integral to the other two Integrals * hence
the values of a are included among those which give eit;tier the
Complete, the Singular, or the General Integral of the ecj_Tiatioii.
And as the necessary conditions have "been satisfied, we ha/ve
? = ^,
or the value of z derived from the given solution coiricicle*s with
the value derived from one or other of the three principal ina-fcegrals.
This proves the theorem and shews that the threo classes
adapted include all possible solutions.
If on solving the equations (5) the quantities a be foTind to
be all constant, then the given solution will be a particular case of
the Complete Integral; if they "be found to be functions of the
variables and there exist a functional relation between "tlieni of
the form
aa = £(aa> &i)>
then the given solution will be a particular case of the   General
Integral; if they be found to be functions of the varlalbles and
there be no such functional relation between them, then tlio given
solution is the Singular Integral.
JE%. 1.   Assuming that the Complete Integral of z =$>q is
4s=( cu?H-~-l-#) ,
v    a   r
investigate the nature of the solution
4U - Sxy=(ff2 -f-£/2) sec a + (^2 - 3/2) tan a.
Eos. 2.   Issuraing that the Complete Integral of z=px-+qy is
294	GEOMETRICAL
investigate the nature of the solution
Ex. 3.    Assuming that the Complete Integral of z=p&+qy+pq is
z—ax+by+ab,
investigate the nature of the solution
182. In the case when there are two independent variables
and one dependent, the three may be taken as the coordinates of
a point in space ; and the relations between the separate integrals
can be interpreted geometrically.
The Complete Integral, being a relation between #, y and z, is.
the equation of a surface and this equation includes two arbitrary-
parameters; so that the Complete Integral belongs to a doubly
infinite system of surfaces, or to a singly infinite system of families.
of surfaces. This integral is of the form
(f> (a?, y, z, a, b) = 0.
In order to obtain the General Integral we make one of the
parameters an arbitrary function of the other, say b = 6 (a), and
eliminate a between
<j> 0, y, 2, a, b) = 0 1
This operation is really equivalent to selecting from the system
of families of surfaces a representative family and finding its enve-
lope. If a particular family be taken (which occurs when b is made
a definite function of a instead of an arbitrary function), then the
equation of its envelope is a particular case of the General Integral.
The foregoing equations as they stand represent a curve drawn on
the surface of the family whose parameter is a, while the equation
resulting from the elimination of a between them is the §nvelope
of the family ; hence the envelope touches the surface represented
by the first two equations along the curve represented by the three
equations. This curve is called the characteristic of the envelope ;
182.]	,	IVrKHI'W.M
and th<* (Vn*-ni! Im^ml ^m--. !'»•(*••:•.
of'suriiwM's fi»n^i*l»-r*'»l a.* funi}"^--'-*! »«
lit «»nl»*r t«* <»!d»tiii  th»-  Siii^ulH
 !. tb<
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Hence (ii) is the Singular Integral of (A), and the sphere represented by
(ii) touches each of the planes represented by (i) in a point.
To obtain the General Integral we eliminate a between
-o
[1- a' -{/(«)}"?
in which f(a) is an arbitrary function. This is clearly the envelope of a
family of planes the equation of which contains only one parameter ; and it
is therefore a developable surface. The equation of any developable surface
which envelopes the sphere, is thus included in the above General Integral.
The process of making b a function of a is equivalent to drawing on the
sphere some definite curve ; and the developable surface is the envelope of the
tangent planes to the sphere at points which lie on this line.
183. The explanation of § 179 shews how the Singular
Integral may be derived from the Complete Integral ; it Is, how-
ever, possible to derive it directly from the differential equation
as is the case in ordinary differential equations.
For the sake of brevity, suppose that there are only two
independent variables. Let the equation be
ty 0, y, z, p, q) = 0,
of which the Complete Integral is
F 0, y, z, a, V) = 0,
where a and b are arbitrary constants ; the Singular Integral is
obtained by combining the equation F=Q with
Since F=0 is the integral of the differential equation the values
of z, p, q derived from the integral will render -^ = 0 an identity ;
and the substitution of the values of p and q (but not that of z)
derived from F= 0 will in general render ^ = 0 equivalent to the
integral equation. Let this latter substitution be made, so that
p and q are replaced by functions of a, y, z, a, b ; then in order to
find the Singular Integral we must form the equations analogous
to (A), which equations are
d^r dp    9-^ dq ___
dp da     dq da ,     *
-
dp db     dq db
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I* ,'
These equations may be satisfied in two ways : firstly, by writing	'   '
dp **        dq9	t •;
secondly, if -— and ~- do not vanish, then	! <
J       dp	dq
da 36    36 da
The latter equation implies a relation of the form
.: i: i!
which does not involve either a or b, but may involve quantities 1 ^ "
multiplying a and b in the expressions for p and q; that is,
quantities depending on x, y, and z. If both the arbitrary con-
stants occur in p and q (which does not always happen) the	J i '|j< ! •:
equation </> = 0 would imply that they are effectively only one, or	, I |j'( <'
that one of them is a function of the other; the equations used
then give the General Integral, with which we are not now
concerned.
We thus return to
l. = o and a-- = 0 :
op	dq
the elimination of p and q between these and ty = 0 will furnish a
relation between so, y, z, which is independent of any arbitrary	:\i
constant.   If this relation satisfy the differential equation, it is the	i; r n
Singular Integral; and when the relation is found by this method	]<'A fi
it is necessary to see whether the differential equation is satisfied.	'' |!|'
The reason that this precaution is necessary is similar to that	*'; I, f
which renders the corresponding precaution necessary in the case	/]^\
of ordinary differential equations; when the surfaces represented	'jfi j
have an envelope, this envelope will be given by the equations	s|*!{
But these same equations will be satisfied by the coordinates of	n^
any pinch-point on one of the surfaces represented by the complete	l||ff)|'j
integral; the locus of these pinch-points, however, is easily seen	jp'/j^
not to be a solution of the equation.    The equations will also be	! ?!
j%'
satisfied by the coordinates of any point P at which two different
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surfaces of the system touch, and therefore by the equation of
surface which is the locus of these points.    But this surface
not necessarily for its tangent plane at P that tangent plane wl
is common to the two surfaces, and therefore the values of p an
(which give the direction-cosines of the tangent plane) deri
from this new locus are not the values of p and q which sat
the given equation i/r = 0.    Such a locus corresponds to what
before called the tac-locus (§ 28) : and, while it may not be the c
locus (other than the envelope) which is introduced, the possibi
of its presence renders necessary an enquiry whether the equa"
between a, y, z satisfies the differential equation.
Ex. 1.    The differential equation
z* (1 +p* + ?3) = x2 {(of +pz}* + (y 4- ^)2}
has for its complete integral
(x - a cos a)2 + (y - a sin a)2 + z* = X2a2,
X being supposed a determinate constant.  Forming the envelope of this sp
by taking
we easily find it to be
Now taking
and following the rule for deriving the Singular Integral from the differei
equation, we have
|£ = 2pz2 - 2X2z (x +pz) = 0,
-^ = Zqz* - 2X2z (y + qz) = 0.
The last two equations are satisfied by ^=0, which though free from p a
is not a solution of the differential equation. In fact by drawing a figure
easily seen that 0=0 is a tac-locus, being the plane which contains the p(
of contact of the different non-consecutive spheres with one another obta
by giving all possible values to a and a.
Ea. 2.   Consider the system of cones
183.]
 , laqbange's linear equation.
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in which m, 6 are arbitrary constants ; the corresponding differential equation
is easily obtained.    The equations, which give the envelope, are
sin b(x~cl cos 0) — cos 6 (y — a sin 6) =0,
These are all satisfied by
a
£=— ,
#2 + y2 =_ a2,
which give
but z is arbitrary.
The equations are also satisfied by
and the corresponding eliminant is
The last equation represents the envelope ; the doubly infinite system of
cones is generated by the revolution, round the directrix of a parabola, of all
the right circular cones whose vertices lie on the tangent at the vertex to the
parabola, and one slant side of any one of which coincides with the tangent to
the parabola drawn through the vertex of the cone. The equation
is that of the cylinder on which lie all the (singular) circles which are the loci
of the vertices of the cones in the revolution round the directrix.
For fuller information on the subject of the Singular Integrals of partial
differential equations of the first order a memoir by da.rboux, Mtfmoires de
VInstitut de France, t. xxvii. (1880), should be consulted.
 ciflfi
\ltfu
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La,grange's Linear Equation.
184 We have seen that among the integrals of a differential
equation there is one — tHe General Integral — into the expression
of which an arbitrary function enters; the deduction of the
differential equation from the integral implies the elimination of
this arbitrary function. The simplest form possible for an integral
of this nature, when there are two independent variables, is the
equation
<l>(u)v) = Q ........................ (i),
in which <£> is an arbitrary functional symbol and u and v are
definite functions of %, y and z.    In order to eliminate <£ we
 '       \\\ t1!
*
l
"
Wii
'/if
,  ,} >l I
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differentiate with respect to each of the independent variables
and have
dv \dx
du\     dd> fdv
4. „!.     _
du
^ a^;
3/A /3-y
du\     d$ (dv^        dv\ _
a7 J "*" a™   a*.+ ^ ai J""   '
du \dy       dz
and therefore
'3w       8w\ /3v
: + Pfc) U» + '
which, on rearrangement, gives
Pp +
where
Q
D?*    3w
3t;     3v
3 y'   82:
or, what are the equivalents of these,
p du    ft du     p du
dx        dy         dz
 R
 tiu
dv
 (ii),
.(Hi).
dx        dy         dz
Hence, when we have a differential equation of the form (ii),
into which the differential coefficients enter linearly while the
quantities multiplying these may be any functions of x, y, z, we have
a corresponding integral given by (i), provided we can obtain u and
v in order to insert them in that integral equation. A differential
equation of this form is said to be linear; the difficulty in the
solution is the derivation of the functions u and v.
185. Now let us consider the equations u = a, and v = &, where
a and & are arbitrary constants, arid let us form the differential
equations corresponding to them. We have
du 7   . du y      du ,
dv
 dv
 dv

§01
185.] 
HNEAR 
EQUATION. 

and therefore 
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or 
da)    dy    dz 
---(ir).
These are the differential  equations  -which  have    £0^   +^ -
integrals u=a and v==6; they can be formed at once   from th
coefficients in the differential equation.    We thus have -fch_e foil
ing" rule*:
To obtain an integral of the linear equation
Pp^Qq^R
write down the subsidiary equations
and obtain two independent integrals of the latter; let the&&
u = a and v = b.
Then an integral of the partial differential equation is
where <f> denotes an arbitrary function.
An arbitrary functional relation between w and V of axiy form
will "be satisfactory ; thus we might have
U=^r (v),
where -^ is an arbitrary function.
186. This rule enables us to obtain an integral nxvol-viiig an
arbitrary function; it will now be shewn that it is the most} general
integral passible, in that it Includes all solutions of the differential
equation. Let
t * = 0
* The theory of linear paitial differential equations was first giTen "by ICJagrange,
as ^well as the classification of the integrals of equations of the fir sis orclex. The-
subsidiary €<£tiations (iv) are sometimes called Lagra,nge's ec^natioas.
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be a solution of the equation
 [186.
and let the solution of this equation obtained by the foregoing rule
be </> (u, v) = 0 ; then from equations (iii) we have
P*? + Q<fc + ajfco,
ox        oy         oz
..
ox        oy         oz
Since ^ (%, y, z) = 0, we have
^ 4. ^    — a       ^ j- ^    — 0 •
d%     dz	'      dy     dz ^       '
the substitution of these values of p and q in the differential
equations gives
dx         dy	'dz
We have thus three equations linear in P, Q and jR; when
these quantities are eliminated we have
= 0.
dx'   dy'   dz
du      du      du
f'    dy'    dz
dv      dv      dv
dx'     dy3    dz
Hence there is some definite functional relation between i^,'% t;;
let it be
where F is a definite function.    The solution
therefore the same as
 #, y, z) = 0 is
•and, since F is a definite while </> is an arbitrary function,, this
solution is included in
that is, is included in the solution obtained by the method given
in the rule.
file_19.wmf
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This latter solution is thus the most general solution possibl
this form ; it evidently corresponds to the General Integral
187.    Corollary.    The  equations  u, — a = 0   and   v — J = 0
integrals of the differential equation.   For the general solution may
be written
u =
where i/r is an arbitrary function.    Take then -^ (^) = a^ wjle
a is an arbitrary constant ; the equation then becomes u — a = 0
which is the first of the stated integrals.    Similarly for the second'
These results can be obtained independently. The foregoing:
article shews that, in order that ty (x, y, z) = 0 may be an integral
we must have
dx	ty
But the equations
n dv     s^ dv     o dv	r
da)         dy         dz      '
are actually satisfied; hence u — a = 0 and -y — 6 = 0 are integrals.	v' f ^
,t; < '       ?
 188.	We thus see that, when there is a single arbitrary function	1
entering simply (that is, without any derivatives) into an integral	,   ,«,.
equation, the corresponding differential equation is necessarily linear;	\\
and that the linear differential equation has for its most general	•,
integral a relation into which an arbitrary function enters.    We	f j
therefore infer that, in the case of a differential equation which is	, '• f
not linear, the arbitrary function which is essential to the General	>     | ?,
Primitive cannot enter in a manner similar to that in which the	,   ^
arbitrary function enters in the foregoing equation; in fact, with it	I
will be associated in the General Primitive its first differential	,1 *
coefficient.	,; -, f
 189.	In the foregoing we have limited ourselves to the case	^
of two independent variables; the proof of the method when	'y
there are n- independent variables follows the former on exactly the	^
same lines, and the corresponding rule is:	*       |'
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To obtain the most general integral of the linear equation
Pj?l + P2?2 + P*P* + ......... + PnPn = &
write down the subsidiary equations
dxl __ cfe2 __	_ docn ___ dz
t\ = p\~ ......... = p;-jr'
and obtain n independent integrals of these ; let them be
Ul = av Us = a2, ......... , un = an.
Connect these quantities u by an arbitrary functional relation
this equation is the integral required.
The proof of this, as well as that of the corresponding corollaries,
viz.   that  ul = a1,  uz = a2,   ..' ....... ,  un= an are integrals  of the
equation, is not difficult.
Ex. I.   Solve the equation    xp -\-yq~z*
Lagrange's subsidiary equations are
dx __ dy ___ dz
— _ -. - ~ ,
of which two integrals are z= ay, ^=6^?; hence the solution of the equation is
It can be exhibited in the forms
.	, z
•~.=.^{ ~ } and -
which three are easily seen to be equivalent to one another,
Ex. 2.   Solve the equation
(mz - ny) p + (n& ~lz)q~ly — mx.
Lagrange's subsidiary equations are
_ ____ _ ___
mz-~ny"~ $ix-lz    ly — mx'
Hence	xdx+ydy+zdz=Q)   whence
and	^^?+mc?y+^0=0, whence Ix+my+nzs* 6;
and the integral of the equation is
LINEAE  EQUATION.
Ess. 3.    Solve the equations
(i)
(ii)
= 0 ;
(iii)      (y2 + # - a?} P ~
(iv)
.   (v)
(vi)
(vii)
(viii)
(ix)
fe. 4.    Solve the equation
Lagrange's subsidiary equations are
Each of these equal fractions
The integrals of these are
and therefore the integral of the equation is
where JS stands for
 z + xl 4- ^2 + % •
jSfo. 5.   Prove that in the last question, if, when 0 = 0, the variables be
connected by the relation
then the integral is
^^
(Mansion.)
Ex. 6.   Solve the equations
(i)
(ii)
, (iii)   3fc*3
F.
 20
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Standard Forms.
 190.	Before proceeding to indicate a method of integration
•which is applicable to the most general equation of the first order,
it is advisable  to  notice  a few  standard  forms  of differential
equations which admit of integration by very short processes and
to one or other of which many equations can be reduced ; as the
general method is usually much longer than that which is effective
for any of these standard forms, it is advantageous to see whether
the equation is included under one of them.
 191.	standard I: Equations in which the variables do not
explicitly occur ; such equations may be written in the form
t (P, 2) = 0.
A solution of this is evidently
z = ax + by -f c,
provided a and b are such as to satisfy
^M)«0.
If then the value of b derived from this equation be &=/(a),
the Complete Integral of the equation is
The General Integral and the Singular Integral must in the
case of every equation be indicated as well as the Complete Integral,
or the equation is not considered to be fully solved.
Equations which do not explicitly come under this standard
can often be included by changes of the variables ; thus for instance
functions of x which occur in the equation might admit of associ-
ation with the p and functions of y with the q. But the changes
needed for any equation can be determined only for the particular
circumstances of the equation; there is no general rule, since an
equation cannot always be reduced to this form.
Ex. 1.   Solve	pq=*k.
The foregoing shews that
191.]
is a solution provided
the Complete Integral therefore is
 FOEMS.
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~y 4-c.
The General Integral is obtained by eliminating a between the equations
0=*-;p
where $ is arbitrary.
The Singular Integral, if it exist, is determined by the equations
k
2 — ax •+- - y 4- <?
0=  x — -9y
a2t/
0=	1
the last equation shews that the Singular Integral does not exist.
Ex. 2.    Solve	p
This can be put into the form
  
!*
Hi
M
 
Let
 xa)   yndy
dZ=z -**ds, so that (1 - jf)Z=J--&,
and the equation becomes
which is included under the last example.
Ex. 3.   Solve the equations :
(i)
(iii)
(iv)
(v)
( vi)
(vii)
 lm
20—2
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192.    The differential equations included under the form
have an important interpretation when viewed geometrically.   We
know that the equation of the tangent plane to the surface
at the point £, 77, f is
and the surface is the envelope of the tangent planes.    Now if
between 7^ and -^- there be a relation
O TT       p\ TT
all the quantities £, 77,  -^ , — are functions of a single quantity,
and therefore there is only a single parameter in the equation of
the tangent plane. The envelope of a plane whose equation is
of this form is a developable surface, and hence the surface con-
sidered is a developable surface.
It therefore follows that
is the general differential equation of a family of developable-
surfaces; and the equivalent General Integral is the integral
equation of the family.
193.   standard II.
In attempting to reduce an equation to the preceding standard
we may find it possible to remove from the equation the indepen-
dent variables, so that they no longer occur explicitly; but it
may not be possible to remove the dependent variable, and tha
equation will then be of the form
% (X P> 2) = °-
We assume as a tentative solution
193.]
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being written instead of ff-H'-.'A 'm which r/* in an arbitrary con-
stant.
ii have
aud Ui«* substitution of tht'.s»i In t.lu* tnjuutlon j^ivcs
 it:
This is nu Inh^^r a partial <iirt<*n»tit,iitl <'<|uat,km,aH there is now
duly oih» iu«l«*|H'inlt*nt vjiriahlr. 'I'his in(l<rp«»ii(lii!nt. variable does
not rxniic-itly <»c<-ur, and thus th«» <*qu.a,tion c.ohhw undur Standard
IV. (8 IS) of onliuarj (iifliT^iiinl ««cpuL(.ion,s of the first order.
Solving Fur   " \v«- huv** un 4-1 ^nation of tlu» form
 •i.
the solution of whir'h i,h
Thin is tin* f lutitjtlH.t* Ititt'gml; tint <*i?a«'ral ami the  Singular
tt^niln may b«* foim»l by fit*4 or*linary method.
/£/.'. I,    Snhv th«* tvptatinit
i» ^/-'; f </J) - 4,
If \v«* rnakf* tliit ••inI*Hi!it.iit,j<niH ii.h iu thf« Ht,ii.n«inr«l cas(}, t,hn ('.qu/i/tion bccomeB
fchcj Iiite^rii! of wiiirli in
the (,lo
 «f the
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The General Integral is obtained by the elimination of a between
and	3a (z + a?)* = {* + ay + B (a)} {y + 6' (a)} J
where 6 is an arbitrary function.
It is not difficult to prove that there is no Singular Integral.
Ex. 2.    Solve the equations :
(i)     ^=^(1-^);
(ii)    <ff=z(z-px}\
(iii)
(iv)    1 =
(v)
194 The relation between the integral and the differential
equation admits of a geometrical interpretation. The first step in
the process of solution is writing £ for co 4- ay, which is equivalent
to turning the axes in the plane of xy through an angle equal to
tan"1 a and magnifying the coordinates in that plane in the ratio
of (1-ha2)^ : 1. It is then assumed that z is a function of £
but is independent of the coordinate parallel to the new axis
of y. Now
*=/(£)
represents a cylinder whose axis is parallel to the new axis of y ;
and therefore the equation gives the cylinders satisfying this con-
dition. But now, returning to our original axes, since a is an
arbitrary constant, the axis of f is an arbitrary line in the plane,
and therefore also is the line taken for the transformed axis of y.
It thus follows that what we find by our process of integration will
be all the cylindrical surfaces with axes in the plane of xy which
satisfy the given differential equation.
195.   standabd III
In attempting to reduce a given equation to the first standard,
it may happen that z may be removed from explicit occurrence in
the equation, but that x and y remain, and that then the functions
of p and x may be associated with one another, and likewise the
functions of q and y ; the equation will then take the form
195.]	^	FOKMS.	311
We assume, as a trial solution, each of these equal quantities
to be equal to an arbitrary constant a ; from the first of the two
equations so obtained we have
p = ^ (X a),
and from the second
q = 0, (y, a).
Integrating both of these we find that, by the first,
z =/t (#, a) + a quantity independent of x,
and that, by the second,
z =/2 (y, a) + a quantity independent of y.
These are evidently included in, and are equivalent to, the
equation
where 6 is an arbitrary constant. This is a solution of the original
equation; as it contains two arbitrary constants it is the Complete
Integral.
The General Integral and the Singular Integral, if it exist, are
to be deduced from this in the usual way.
Ex. 1.    Solve tlie equation
£>24-£2=:3?-l-y.
The equation rearranged in the form
^2-^==-(<?2-~y)
comes under the standard, and we therefore write
Hence
and therefore
which is the Complete Integral.
The General Integral is given by the elimination of a between

Z-
0 = (
where x is an arbitrary function; and there is no Singular Integral.
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Ex. 2.   Solve the equations :
(i)
(ii)    q=
(iv)   ^ + ^ = 2^;
(v)    tf-y*q=sP-i/*.
Ex. 3. Shew that this method can be applied to the solution of equations
of the form
fi (Pi> *i)+/a
Thus solve fully the equation
Pi2 +P
196.   standakd IV.
In this class are included those equations involving partial
differential coefficients, which are analogous to the equations
included under Clairaut's form (§ 20) in ordinary differential
equations. For two independent variables they are represented by
s=pa? + gy + 0(p, q),
where <p is a definite function,
A solution of this is
z = ax -f by + <j> (a, 6),
which admits of immediate verification. As it contains two arbitrary
constants it is the Complete Integral ; the General Integral is to
be obtained in the usual way, and there is usually a Singular
Integral.
Ex. I.   Solve the equations :
(i)     z=
(ii)    2=
(iii)   z =z
(i v)   z
obtaining in each case the Singular Integral as well as the Complete Integral.
mx. 2.   Solve the equations :
(i)    »=?!#! 4-jp202+JPs3?s+/(jPi » JPa> Ps) ;
(ii)   0= S px ^+
n=n * *
and obtain the Singular Integral in each case.
197.]
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Principle of Duality.
197. There exists in partial differential equations a remarkable
duality in virtue of which each equation is connected with some
other equation of the same order by relations of a perfectly re-
ciprocal character. We shall consider here only equations of the
first order.
Considering the case of two independent variables only, we
write as our new dependent variable
Z= px + qy - z9
and therefore	,	«/<'••*'»"
'""
We take as our new independent variables p and q, which we write
X and Y for symmetry, so that
X = p and F=g;
and then we have
dZ
 :? U
 
then	z •
so that the relations between the variables are, as stated above,
reciprocal.
If now we have an equation of the form
^ (x, y, z, p, 'q) = 0,
the above relations transform it into
 II

 
The integral of either of these being known, that of the, other is
deduelble by a process of algebraical elimination. Thus let a
solution of the second be given, or be derivable, in the form
 a
I';1
 
Then we have
 PUV + ^-0 = 0 —
rdz + dx~"   ^dz
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that is,	x ^ + £ = 0,
dd>    dd>     A
y&+fr-°'
-4-*$ + *g+Y&
The elimination of X, Y, Z between these four equations will
leave an equation in as, y} z, which will be a solution of
j5&. 1.    The simplest example of an equation which can be treated by this
method is that which comes under Standard IV. (§ 196); the equation being
the transformed equation is not differential, but algebraical, being in fact
-£=/(JT, P).
Thus in particular consider
z —px 4- qy +p2 -f q2 ;
the transformed equation is
-^=Z2+F2.
Hence	^= |^= - 2 JT and y = |^= - 2 T,
where	z= X — + r|f,-^== - (Z2+ F»).
Hence, eliminating the quantities JT, JJ ^T, we have
which is easily seen to be the Singular Integral of
z =px+gy 4- p2 +• <f.
&. 2.    Solve the equations :
(i)     (^+^)(^-^»^y)+^=0;        '	f*
(ii)
(iii)
(iv)
jE!a7. 3.    Prove that the equations
(i)    #/i (z -px - gy, jp, y) +y/2 (« - jpa? - $y, jp,
(ii)  F(*-p3c-gg,x9y)**Q,
are reducible, by the foregoing substitutions, to standard forms.
197.]	DUALITY.
jE&. 4.    Prove that the equation
%A (y> Pi z-~Px} +g/2 (y,p,z- psc} =/3 (#, p, a - jm?)
is reducible to Lagrange's form by changing the variables so that p and y are
the new independent variables and z -px the new dependent variable.
Hence solve the equation
q (y -
.&. 5.    Solve	(s - jp
 (# + 1).
2 + £2.
198. The process of derivation of one differential equation
from another as exhibited in the preceding article is really a trans-
lation into analysis of the geometrical principle of duality between
surfaces. When we take a fixed quadric, which we may denote by
2, then with every surface S there is associated another surface $',
called its polar reciprocal, which is the envelope of the polar planes
with regard to 2 of points on the surface S ; and the surface S is
the polar reciprocal of S', being the envelope of the polar planes
with regard to 2 of points on 8'.
The polar reciprocal of a surface depends on the subsidiary
quadric, 2, and is different for different quadrics ; the quadric
most commonly chosen (on account of the geometrical simplicity)
is a sphere with its centre at the origin of reciprocation.
Let us consider as the subsidiary quadric not a sphere but a
paraboloid of revolution whose equation is

To the tangent plane at a point A on the surface S corresponds
a point A' on the surface S' ; and to the point A corresponds the
tangent plane at A' to /S". Let x, y, z, p, q be the quantities
associated with A ; and X, Y, Z, P, Q the corresponding quantities
associated with A'.
The tangent plane at x> y, z to the given surface S is
 
 
(|f, 77, f being current coordinates) ; and the polar plane of X, Y, Z
with regard to the quadric is
 K
I!
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But, because the two surfaces 8 and S' are polar reciprocals, these
two planes are the same ; a comparison of their equations gives
Similarly, taking a tangent plane at X, Y, Z to the surface S'
and noticing that it must be the polar plane of #, y, z with regard
to the quadric, we should obtain the equations
These are the two sets of relations used in the preceding method.
Other relations could be obtained by taking other subsidiary
quadrics in reference to which reciprocation should take place; but
the preceding seem the simplest that can be found.
199. The General Integral of a differential equation involves
an arbitrary function. It may be necessary to obtain an inte-
gral satisfying certain conditions ; the latter will then be ob-
tained if the arbitrary function be rightly determined. The
process is equivalent to that which occurs in ordinary differential
equations, where the arbitrary constants are determined by some
particular relation or relations between special values of the
variables. In every particular problem the arbitrary function is
determined by means of the specified conditions.
Ex. 1.   We know that the equation
implies that the normal to the surface represented by the integral equation is
perpendicular to a given line whose direction cosines are proportional to a, 5, 1 ;
this is the property of a cylindrical surface whose axis is parallel to that line.
The integral obtained either by Lagrange's method or by the method applied
to Standard I. is
where <f> is arbitrary. Suppose that the equation of a cylinder having its
axis parallel to the line (a, b, 1) and passing through the curve ^2—y2=l in
the plane of xy is desired. The section of the above surface by the plane of
xy is obtained by writing 0=0 therein, and thus it is
According to the assigned conditions it should be
&=*\+y*.
A comparison of these equations shews that
UO
 ff!
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of the original equation, since the values of p and q derived from
it have in the inverse process been obtained from that equation.
Let then another relation between the quantities be denoted by
<£(#, y, z, p, j) = 0;
if we can find the form of <3>, we shall be in a position to use this
method of solution.
201. Now the integral of the equation gives z (and therefore
also p and q) as functions of x and y ; whatever these functions
may be, they will, if substituted in the equations F=0 and <& = 0
render them both identities. Let then the values of z, p, q (as
yet unknown) be supposed substituted ; then the partial differential
coefficients of the left-hand members of both equations with regard
to x and y will all vanish, and therefore
dF    dF       dFdp    dFdq    A
__ i    _ m ..._[_ _    •*•_ _I_ ___     -Z   _ A
dx     9#        dp fix     dq dx      '
., .._ _   _1_   _ rv-\ _1_ _ _ _±_   _1_ _   „_•*-, _ H
das     dz        dp dx     dq dx      '
dy     9#         dp dy     dq dy
^   ??     ?*8^    9*
dq dy ~~
Eliminating ^ between the first pair of these equations, we have
«.	«	_
V9^ dp     dp fa	dz dp     dp fa       dx \dq dp " dp ~dq
and eliminating y- between the second pair, we have
/dF 9$ ___ dF d<&\       (dF 9$ __ dF 3*\    3p /9 J^ 3* _ 3F 3*\ __
V9y 9? • 8g 3y / + q \fa ~dq     dq dz) + dy (dp ~dq "" dq dp) =
Now	8?-  3^ ~8^
J.N OW	;r— —	—  — —
9^?    oxoy    dy
so that from the last two equations, when added together as they
stand, the terms involving these quantities disappear; and the
result may be rearranged and written in the form
201.1
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are such that they satisfy identically the relation
dZd^-dFd®.    ^9*_a??*
dx dp     dp dx + dy dq     dq dy
/dFd®    dF'd®\        fS^^_9^9*\
+ P(faty     dpdz) + q(dz dq     dqfa)-°>
and are considered as two simultaneous equations giving p and q
as functions of x, y, and z, then the values of p and q derived from
them and substituted in the equation
dz ==• pdx -f qdy
render it an exact differential.
Another form may be given to the relation.    Let
v   di    dF
^=3 — l-p-o-*
x    dx   * dz
and similarly for $ ; then the equation is easily transformed into
^	_	^	-
Fx 5 -- <&x ^~ -f F. , ~ — 4>y tv-
* dp        xdp        *dq        y dq
Ex. 1.    Solve the equation
Writing down the subsidiary equations we have among others
dp    _    dq    __      dss      __      dy
~	~	~~
Hence	dp+dq
so that	p—xr+q-~y=a.
Combining this with the original equation, which may be written
we find
Hence	dz=pdx+qdy
gives         2e
the integral of which is
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which is the Complete Integral.   The General Integral is deducible in the
ordinary way ; there is no Singular Integral.
The above equation may, however, be solved without having recourse to
this method; but some transformations and substitutions are necessary.
Taking the equation in the form
we write	Z— z - £#2 — Jy2,
,,   ,	dZ	. dZ
so that	5™ =p — so and =- = q - ?/.
9#   r	3y    *•    J
Let the independent variables be changed by the equations
and
and therefore
The equation becomes
and is thus of the form of Standard III. ; when the integral is obtained and
the new variables are replaced by the old, it will be found to agree with the
.above.
Ex. 2.    Solve the equations
(i)
(ii)
by Charpit's method.
Also reduce both of them to one or other of the Standard Forms and so
integrate them, shewing that the integrals obtained by the two methods agree.
203. In these particular examples Charpit's method is less
laborious than the other ; but this is by no means always the case.
It often happens that an equation which furnishes an easy example
of this rule is integrable still more easily because included in some
one or other of the foregoing Standard forms ; and this causes the
method to be less used than would otherwise be the case. But it
is more general than .any of them, and equations integrable by any
322	chaepit's general	[203,
f-
of the other methods are integrable by this method ; it is more-
over important in the general theory as indicating a method of
obtaining a solution- of the differential equation without any
restrictions on its form.
The limitations to success in practice are connected with the
integration of the subsidiary equations. Now these particular
limitations are just such as give rise to the methods adopted for
the different Standards and really indicate the classification therein
adopted ; in fact all the Standards are included in Charpit's form
and integration is possible by this one general method whenever it i$
possible by any of the special methods.
204.    Thus consider first Lagrange's form., which is
in which P, Q, B are functions of #, y, z alone and do not involve
p or q.    In this case
riff	riff
so that	-^ = P>  ~g
dF     dF
thus two of Charpit's equations are
dx _ dy _ dz
__.„__-,
the equations on which the integration of Lagrange's form de-
pends. But it should be noticed that this is not a proof of
Lagrange's method for linear differential equations; the result has
already been assumed in the derivation of Charpit's equations.
205.    Now consider the typical equation of the first Standard,,
which is
f (p, q} = o,
so that	F^^faq),
in which x, y, z do not explicitly occur ; then
205.]
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The subsidiary equations now are
dp _dq _   da   _
"    ~~     ""
-
dp
so that we have p = a and g = 6, both arbitrary constants ap-
parently. But according to the rule we must combine any one
integral with the original equation, and so we have
and therefore, if q = b, we have
Then
 dz =pdx 4- qdy
of which the integral is
z = owe 4- fry + c,
with the limitation between a and &.
206.   Proceeding now to the typical equation of the   Second
Standard, which is
ty(*>P> ?) = 0»
an equation into which x and y do not explicitly enter, ^vsre have
and therefore
A	.
k- = 0, and ^   = 0.
The equation derived from the first pair of Charpit's fractions
gives
dp __ dq
"17T~   di>
p 5-   y -5-
r oz      * oz
and therefore p = mq* Combining this with -»|r = 0 we caoa find both
p and y in terms of z ; let the values be f(z) for p and therefore
™f(f) for #. Substituting in
cb = pdas 4- gdly,
= c?^ +
we have
 m
21—2
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 [206.
which agrees with the former result.
207.    Passing now to the Third Standard in which the equa-
tion is
so that
 ^.        =.
dx     dx'        3p     dp '
we have from the subsidiary equations
dp _   dx
dx	dp
or
 op
that is,	</> (#, p) = a ;
and therefore from the original equation
Solving these respectively for p and q we have
^ = ^0,0); q = 0,(y,a);
and following the rule we have
cfe = 0% (%, a) dso + 02 (y, a) dy,
the integral of which is
z + c = I 0l(x,d)dx+ I Oz (y, a) dy.
jsjf. 3.   Derive "by Charpit's method the integral  of the   differential
equation of the form analogous to Clairaut's form for ordinary equations.
Esc. 4    Obtain by Charpit's method a solution of the equation .
where /(jp, q) is a homogeneous function of p and q of the degree n. -/>
Solve also
208.]
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jacobi's method for the general equation with  any
NUMBER OF  INDEPENDENT VARIABLES.
208. It has been indicated in § 189 that the method used
for the linear partial differential equation in Lagrange's form can
be applied to the case when the number of variables is n ; we now
proceed to indicate the method, due to Jacobi, of solving the
general partial differential equation when there are n independent
variables. This general equation may be represented by
 I    ,
 
where x^ xz, ...... , #tt are the independent variables and the p's
are the partial differential coefficients of z with respect to the #'s.
209. We will prove that if in this equation the dependent
variable explicitly occur (which will usually be the case since the
equation is perfectly general), then the equation <E> = 0 can be
replaced by another with a new dependent variable, in which that
dependent variable does not explicitly occur and the number of
independent variables is increased by unity.
The differential equation <E> = 0 has some solution; let It be
represented by
 'A'S
where/is as yet an unknown function; then we have
du     du-        A
for all values of the suffix from r = 1 to r - n. Let these values
of p be substituted in the original equation, which therefore
becomes
du       du	du
*( z, -•
 ' duj	'
 
and may be written in the form
•X1
^     '	du   du
 du
 fa
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This is a partial  differential  equation  of the first order;   the
dependent variable u does 'not explicitly occur and there are w+ 1
independent variables z, scv #2, ...... , #n.    Hence the proposition
is proved.
The integral of this leads to the integral of the original
equation ; it will be proved to be possible to obtain the integral of
"9 = 0 in the form
u=f(x1,Xs> ...... , 0n, *, at, aa, ...... , an),
in which av aa, ...... , an are arbitrary constants.
When, this integral is known, the complete integral of the
equation <E> = 0 is given by
/<X, ^v ...... , ®», *, »!> aa> ...... » <O = 0,
in which z is now the  dependent variable  and there are the
original n independent variables.
For u =/ is the integral of "9 = 0 and ^ is a modified form of
<& = 0, so that the latter is satisfied by u =f, and therefore
But since f= 0 we have
M.
and therefore	pr = — « ,
fa
which is satisfied for all the suffixes r from r = 1 to r = n ; hence
we obtain
the original differential equation.
210.    It is thus sufficient to  consider differential equations
from which the dependent variable is explicitly absent.    If it
,i	explicitly occur in any given equation, it can be removed in
I   1	the manner indicated ;  and a transformed differential equation
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W = 0 can be obtained, the integral of which will lead to the
required integral. We may therefore write the general differential
equation in the form
If, in addition to F—Q, we have other n — 1 equations of the
form
 w.
 
where F^F^ ...... , Fn^ are functions ofp1}p2> ...... , pn (or of some
of them) and it maybe, and usually will be, of xv o?2, ...... , xn, and
where alt a2, ...... , an-1 are arbitrary constants, then from these n
equations we can obtain values of plt p^, ...... , pn as functions of
the #'s and the as.    Let these values be substituted in
cfe =p1dxl +pjtet + ......... + pndxn ;      < -
then, if they be such as to render this an exact differential, the
integral of it will be the complete integral of F = 0.    For it will
be an integral, since the values of pv p2, ...... , pn are derived from
n equations; one of which is F=Q ', and it will in its expression
involve n arbitrary constants, viz. the constants al9 a2, ...... , att-1
and the constant of integration.    Moreover the integral is of the
form
 4?
fill! I
<t>
which gives the dependent variable explicitly, and therefore
justifies the assumption made as to the form of the integral of
V = 0.
The n — 1 functions F must be such that the values of the
quantities p will render the foregoing an exact differential equa-
tion ; and the necessary conditions, which are
for all values of r and 5, will serve to determine these functions.
211,   Suppose that the n equations
are solved so as to give the values of pv p%> ...... > pn as functions
of the variables x ; these values will, when substituted, make each
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equation an identity.    When this substitution takes place in a]
two such equations as Fr = ar and F8= a8) we have
.	.......
] dxl    dp1 3^     3pa 3^    .........    dpn
3p2 9#2     .........     3p»
^8& +	+ M«
8pa 3^2     .........    9pw
 
giving altogether n pairs of equations ; each pair is made up
the differential coefficients, with regard to the same independe
variable, of Fr and F9 when in these the values of the jp's a
dn
substituted.    Between the first pair let the value of ^p bej elirr
V®i
r,   ,      ,        r.,
2'PiJ^i
where
nated ; the resulting equation is
u, v J      du  dv      dv du
Similarly the elimination of —^ from the second pair gives
• i Js a I        I Jv m* U   I C/1D         I Ju      Jb   I u'O	I J/     x^   I (/29
———— I   -^—   I ————   I   _— -|-	i,      I ___»,_ _JL	  "f" I	   I  -~—- =r
'^J       LPi> -PsJ 9#2      L^8» JPaJ 3^2	LPw^PaJ^^a
and so on, each pair leading to an equation of this form.
Now let all the left-hand members of these equations "
added together.    The coefficient of ^ (which is equal -to —-
fJijG j \	(jfKj
£ '*	will consist of the sum of two terms, viz. the term
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from the r'th equation, and the term
 §29
from the $'th equation; the sum of these two is zero, a:o_cl thus the
term in ^ disappears, whatever be ,the values of rf arid $'. The
resulting equation is therefore
	      "T~	"T"	'    	"
CC    10    I        \   £0     *D   \        \   X     T)   \
Let the left-hand side be denoted by
then the equation is
(Fr,Fs~) = 0;
and this must be satisfied, whatever the suffixes r and ^s may be.
Hence the aggregate of the equations which these funotions must
satisfy may be represented In the form
for all values of the index i from i = 1 to i = n — 1.
212. These conditions, which are necessary for ttie integra-
bility of the equation dz = Spcfo, must now be proved sufficient ;
this will be proved by shewing that, when the functioxis F satisfy
the foregoing equations, we have
for all values of r' and sf.
The n equations derived from the n pairs of eqixarfcions con-
nected with any two given functions Fr and Fs still ttold; when
they are all added together we have
 m
the double summation extending to all integral values of / "and
s' from 1 to n but not including pairs of equal valnos since for
every such pair of values the term vanishes. But by ttte necessary
conditions satisfied by the functions we have
330
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and therefore       22
 -
which holds for all the values of r and 5 given by the differed
functions ; and every combination of the functions will give sue
an equation. The total number of these combinations is \n (n — 1]
and therefore the number of such equations is fyi(n - 1).
Now each equation is linear in the quantities
which are in number J n (n — 1) in all, that is, the same as th
number of the equations. Since each right-hand side is zero i
follows either that each of these quantities
is zero, or that the determinant formed by the coefficients of thes
quantities is zero.
That this cannot be the case appears as follows.    Let A denot
the determinant-

 dF
dF
 a?
dF,
dp,'
 dF
dF
 
dp, '   1
then each of the expressions
 dF
 
If
 is the complement of a second minor of A and there are in a
Jn2 (n — I)2 of them; let © denote the determinant formed b
them so that © is the determinant which is zero by hypothesi
Let @' be the determinant formed by the complements in -
of the constituents in ®; then we have, on multiplying ® and <t
together,
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Now ©'is not infinite ; hence if © vanish we mast
 
But this would imply that among the n equations    of   the t
JF=0 the n quantities p could be eliminated, that ISj that thes
equations would not  suffice to  determine  the qustrrblties  v  a
functions   of  the  independent variables.     This  is    contrary  to
what has been assumed as to the independence of the   function
F; hence © is not zero.
It follows that each of the J n (n — 1) quantities
is zero, and therefore that the assigned conditions are   siafficient to
ensure that
4-
is a perfect differential.
213.    We may therefore sum up our results, so   fair   obtained,
as follows :
To obtain the Complete Integral of any given equation F= 0 we
first determine an integral F1 = al of the equation
 \ I
then we obtain a common integral F^ = <x2 of the equations
then a common integral F9 = as of the equations
and so on, thus obtaining in all n — I new equations each con-
taining an arbitrary constant. The n equations which involve the
n quantities p are then solved so as to furnish the valises of the p's
as functions of the independent variables and the a/r~bi.tTary con-
stants, and these values are substituted in
 M
A
lii
This when integrated gives the Complete Integral of the equation
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Each of the equations determining any one of the functio]
Fr is linear in the partial differential coefficients of Fr; we ,ha^
therefore to investigate a method of obtaining the common integr
of a set of simultaneous linear partial differential equations.
Ess.    Prove that if the equations
^iOl, -%  —J V»>*,Pl>P*9 — jjPnHO,
be solved so as to give ply p2, ...... , pn as functions of xl9 x%} ..., #ft, z t]
necessary and sufficient conditions in order that
dz =p1dx1 +p2d%2 4- ...... +pndxn
should be an exact differential are that the aggregate of equations
file_20.wmf

file_21.wmf


and
should be satisfied for all values of the index i from ^=2 to i—n.
214. It is convenient to prove here an important Lemn:
which will he of use when the integration of the simultaneoi
equations is being considered.
If A, B, G be any three functions of Zn independent variabL
^iA> ...... ^n»JPi»P2» ...... ,j9^,andif the function (B, (7) be denote
by a, and the function (A, a) by
'
will be identically satisfied
|1|	Consider the left-hand member of this equation; it consis
''•'''-,	of the sum of a number of terms all of the same form, each
which is the product of two first differential coefficients of two
• ft	the quantities A, B, G and a second differential coefficient of tl
'	third of them.   It moreover is a eyclically symmetrical functic
,',f	of .4, J5 and C and therefore, if the terms involving the secoi
214..]
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differential coefficient of any one function, such as C} disap-
pear, all the terms will disappear and thus the equation -will "be
satisfied.
Let the quantity
 as a(7   as so
be denoted by &r£C, so that Ar may "be considered as a symbolical
operator ; we may write
(B, CHC^ + ^-H ...... + AJ50,
the operators being obviously subject to the distributive law
(A, +• A.) .BO = ArS(7 + AJStt
Then in accordance with this notation,
[4,(5,0>]-(Al+A, + ..... . + \).4(A15+A24 ...... H-AJ.BC,
and therefore [4, (JJ, (7)] is the sum of a series of pairs of terms
for all the values of r and 5 from 1 to n inclusive ; in the case
when r and s 'have the same value only a single term occurs, for
consideration.
Expanding" the functions thus symbolically represented, we
find that bhe terms depending upon the second differential co-
efficients of C are
)r    dpr dp8
from the first of the foregoing pair, and

 32(7
from the second.
Selecting in the same way from [5, (C, A)] the corresponding
pair of symbolical terms and considering in them the terms which
involve s^oond differential coefficients of (7, we find them to be
respectively •
a    dpr dps
 .
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f      j
and
dB dA   8*C      dB dA   32(7      3J3 dA   320     35 34   32C
3#, dxr dprdps    dps dpr dxrdxs    dp8 dvr
The expression [0, (A, B)] will not contain  any second  dif-
ferential coefficients of G.
Hence in
32(7
the coefficient of the term which involves •=—~— is the sum of
dprdps
those in the foregoing, and is therefore zero; so also are the co-
efficients of those which involve -=—?r—
If r and s be the same we need only to consider the first and
third of the above lines of terms when in them we write s = r ; it
v	•        * * i   ^ . ^    +	•	iv
be seen immediately that the terms in n~— «, -— ^- , ^— „ all
cpr    dprd%r   oxr2
vanish.
Since this is true whatever r and s may be, it follows that all
the terms involving second differentials of 0 vanish; and therefore,
by the symmetry, the whole expression vanishes.
Solution of the Subsidiary Equations.
215.    We now proceed to- obtain the values of F^ F^ ...... , Fn^
from the various differential equations which they must satisfy.
To determine F we have
or, what is the same thing,
Since this is linear in the differential coefficients of F1 we may
obtain an integral of it by using as subsidiary equations (§ 189)
335
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generalised form of Lagrange's equations.    Let any integral
of -fciie system
dccn
cfe,   __
dF
"be denoted by
wlxore ^ is an arbitrary constant ; then Fl =ft = at is an integral
of "bhe original equation (F, F±} = 0.
216.    We have now to find a function F^ such as will satisfy
"bhe equations
Th,o former of these being an equation to determine Fz is identical!
lid. form with that which determines Flt and therefore we shall J
ha/ve the same subsidiary equations ; let
$K>^2> ...... >®»>Pi>P*> ...... , jpj = constant
Tbe   an integral of the equations (A) different from f^ = ax ;   then
If (j> be such a function as to satisfy
then we may take
tilie common integral of the two equations which determine Fr
If </> do not satisfy the equation, then we shall have
substitution of </>t may be repeated and so on indefinitely, so
•fcttstt we shall have a series of functions <p given by
(/„ *•)-+.; (/„*,)-*,; ...... ; (/,.+«)-*: ......
336	JACOBl'S METHOD	{-	[216.
Now all these functions <f> satisfy the equation
when substituted for F2.    In the identity
[A, (B, G)] + [S, (0, A}} + [0, (A, Bj] = 0
let F be substituted for A and/j for 5; then
and therefore
[F, (f, (7)1 = [/, (F, (7)],
whatever G may be.
First let G = $; then this equation becomes
[F, (/1? <£)] = [/,, (JP, <£)] = (/,, 0) = 0;   >*
**?
so that
is a solution of
Next let G=fa; then we have
so that
is also a solution of
/ Tji    77^ \	A
(Ju    Ju   ) ~~~" \) *
and so on with the whole series of functions <f>, each of which is a
solution of the first of the two equations which determine F9, and
is therefore, when equated to a constant, also a solution of the
subsidiary equations (A).
Now these subsidiary equations have only 2n — l independent
integrals at the utmost; the functions fa which arise from the
indefinitely repeated substitution in (/1? 0^) cannot all be in-
dependent of one another; and therefore if the series of functions
do not cease we must ultimately come to some one which is
expressible in terms of those already found.
217.    There are thus three alternatives to be considered :
(1), some function, fa of the series may be identically zero;
217.]
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i  ,
in
(2), some function <£. of the series is variable bat expressible
terms of the preceding functions of the series ;
(3),  some   function   fa   of  tlie   series   ma7 be   a   ^terminate
constant c.
We will consider these in turn.
218. (1), let <k = 0; then ^w=aa will be ttte desired
integral ; for it is one of the series of functions and is therefore a
solution of (F9 FJ = 0 ; also
and it is therefore a solution of (Fv F2) = 0. Henoe it is a
common integral of the two equations which determine F^ and
therefore gives the second of the equations desired, viz.
 
 
219.    (2), let ^ be   expressible  in terms  of the    preceding
functions of the series ; suppose
where 6 is a definite functional symbol.    Proceeding no^w to form
*     we
 '
%ll
'li
when the value of <pi is substituted.    But
since /t is  a solution  of the  equations; and  (f19
identically, so that this equation becomes
, W .   ,   W
 vanishes
Eut each of the diiferential coefficients of 6 is a function of the
previously obtained quantities <£; hence <f>i+l is so also.
It follows therefore that cf>i and all the functions $ of the series
after <^ are expressible in terms of those which precede <£v
F.	22
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Let us then seek to obtain some function of these quantities
which shall satisfy the equations
(F, F2) = 0 and (F,, FJ = (/, , FJ = 0 ;
let it be given by
When this value is substituted the former equation becomes
which is satisfied identically since every function <f> is a solution of
(J-.J^-O;
and the second equation becomes as before
The last equation is thus the only one which must be satisfied
by i/r; and as no differential coefficients with regard to F or
j^ occur in it we may consider them as replaced by their respective
values 0 and &r Ajay integral of the system
ft
~    6
of the form <E> = a2 will be a solution of the equation in ^; and
therefore we may write
and so we shall have the required common integral of the two
equations which determine Fz.
220. (3), let <f>t be some determinate constant c which will
merely depend upon the coefficients of the original differential
equation; the series of functions thus terminates as there is no
further function to substitute. We then proceed as in the
last case to find some function of the preceding quantities <j> which
will be a common solution of the two equations; let
220.]
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When this is substituted in (F, -F2) = 0 the equation is identically
satisfied; when it is substituted in (/, ^=0 the resulting
equation is, just as before,
.+&
in which we may replace fa by c.   An integral of this is given by
which when integrated gives
^j2 — 2c<^f-2 = constant ;
and therefore we may as in the last case write
as the common integral desired.
This solution is satisfactory provided i > 1.
Now i cannot be zero since </> is determined as a function of
the variables ; the only exception therefore to be considered is the
case i = 1, when
so that % is independent of <£.    Now
and jPandjf are replaceable by 0 and ax respectively; if then ^ be
independent of <£, it ceases to be a function of the variables and
there is thus no solution common to the two equations to be
derived from these functions.
Should this be the case, we return to the subsidiary equa-
tions (A) and determine a new integral distinct from those already
obtained, which are
=ft = a1? <£ = constant;
let this be
i = constant.
22—2
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Next we perform with the function ^ all the operations which
have been performed with the function <f> ; then the desired
common integral
j;=a2
will be obtained, except in the single case when we have
(/„ *)=*!=''>
where c' is a determinate constant.
From a combination of these respective exceptional cases,
which are the only ones in each of which the common integral
F^ has not been obtained, we can construct a common integral
.F2.   For let
be  substituted in (F, Jra) = 0 = (/1, jPs);  then these  equations
become
Now the former equation is satisfied identically since <£ and
are both integrals of the subsidiary equations (A) ; while since
!.'	(/,
;{{ ,	and	(
'4\*
>jj	the latter equation becomes
I  '      '	'
I j<       '	This is satisfied by
and therefore	jP2 = @ (c'^> - c&) = a2,
where ® is any arbitrary functional symbol (which may at will be
chosen of a simple form), is the desired integral.
Hence in every case the common integral of the equations.
which determine F^ has been found; for convenience we may
denote it by
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221.    We now proceed to obtain F8 ; it must be  a,  common
integral of the equations
To obtain one we find, by the preceding method, axi integral
common to the two equations
which is different from/2 = aa ; this we may denote by
M^i>*v ...... >®.>Pi>P»> ...... 3pn) = constant.
We then form as before the series of functions
(/2>X) = \; (/2j\):=:\) ...... 5 (/2» V-i)=\j   •* ..... ;
then all the functions A- of this series are common integrals of
the first two of the equations which determine X. For in the
identity
[A, (B, (7)] + [5, (C, A)] + [0, (A, B)] = 0,
let A = F and B =/2; then since (F, /2) = 0, we have
[^(/,50)] = [/2,(^,0)].
And, substituting in the same identity A =/1 and B =jf% and re-
membering that (/t, /a) = 0, we have
These two equations are satisfied whatever C may be.    Now let
= X; then
or
or
Thus \t is a common integral of the equations
Similarly the substitution of \ for (7 would shew th.at X2 is a
common integral of these equations ; and so on throixgh ill the
series of functions.
As in the former case, the number of common integrals being
limited, we shall in the series come to some integral Xfc which is
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expressible, as well as those that follow it, in terms of those which
precede it, viz., -F,/,/^ X, \, ...... , Vr    Tlie same three alter-
natives are presented and the value of FQ the common integral in
each is determined as before ; either the single case of failure is
avoided by the choice of a new integral different from X, or in
the case of failure of the latter these two cases of failure are
combined so as to furnish a common integral. Thus we obtain
our third common integral, which may be represented by
F = f = a .
8       J 8	8 *
222.    The remaining functions F4, ...... , Fn^ may be derived
in the same way as the above ; and thus with F= 0 we shall have
n equations to determine the values of the jp's in terms of the
independent variables and n — I arbitrary constants, which, when
substituted in
dz =
!      22	nn
will render it integrable; its integral is the complete integral
of the original differential equation.
The associated integrals  are derivable from the  results of
§§ 179, 180.
223. The foregoing is an exposition of Jacobi's method of integration in
its simplest form ; there are, however, developments and simplifications and,
arising out of these, methods of avoiding the exceptional cases which cannot
be dealt with here. For these and for the whole theory of partial differential
equations of the first order reference should be made to the chief authori-
ties, which are jacobi, "Vorlesungen liber Dynamik" (Oes. Werke, Suppl. Bd.
pp. 248—- 269) j jacobi, "Nova methodus..,integrandi" (Crette, t. lx, pp. 1—
181) ; a very valuable memoir by imsceenetsky, Gfrunerfs Arckiv d&r Mathe-
matiJc mid Physik, t. l. pp. 278 — 474; a memoir by graindorge, Mdmoires
de la Sovidtd Royale des Sciences de Libge, nme se'rie, t. v. ; and a treatise by
mansion, Thforu des Equations vmx derMes partielles, will prove of great use;
full references to original authorities will be found in the last.
The equations (A) are, when each fraction is equated to dt, of the form
^r=_^.      tyr _ W .
dt ~~    ^pr ;     dt "~ 3xr '
these are the canonical equations of motion of a system of rigid bodies;
farther discussion of them will be found in Imschenetsky. (See also Bouth's
Rigid Dynamics. )
We now proceed to consider some examples.
223.]
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Ex. 1.   To solve the equation
where /does not explicitly involve the independent variables.    "We uaust fi
transform the equation so that the dependent variable does not ex-nr *fi
occur; let the solution of the equation be	^
where the form of -^ has yet to be determined.   Denoting ^¥- kv   z>
o#?      ^      r
+i> we have
-*r
02
and thus the equation is
,-.ff         Pl	A	Pn\
Z—J \~~~p        J   ~~p       >  ...... 5   ~T5       J>
\      •* n+l	^» + i	-^ n + l/
in which the dependent variable -^ does not occur.   Hence we have for our
general formula
& _ f     _
z — y\     p     i      tj     > ...... j      »     I"2?
\      -^w+l	•* n+1	*n + l/
and the subsidiary equations give
^	^^
0        0      •"      0         -1   '
From these we have
which give n integrals; and then from, the equation ^=0 we have
Solving -this for Pu+1 we should have
where x involves the n constants a ; and therefore
+X (z} dz.
The integral of this is
where a is arbitrary and may be assumed to be absorbed in the ^.    But the
integral of the given differential equation is -^=0; hence the integral of
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r	/
where x is given by the equation
,. fa-,     a?	a«\
» — „ + 1 _j-     _*	__•* \
z~f\x' x' ...... ' x)'
Ex. 2. The case when / is a homogeneous function of order p in the
p*s is readily reduced to one of the forms already considered in § 191. For
we may change the dependent variable from z to £, where
and the equation is then
where |r =- .   The integral of this is
provided
JK». 3.   Solve
(i)
(ii)
(iii)   ^ - z) fa - z] (p9 - z) =
jg^?. 4.   Solve
•^=(^1 + ^2) ^3 + ^3 (Pi "Pi) ~1=0.
The subsidiary equations are
x^-aps ~~ a(pl -p^
From the equality of the 1st, 2nd, 4th and 5th fractions we have
which when integrated leads to
(Pi
We therefore (adopting the notation of the previous articles) take
and we have to determine a solution of the subsidiary equations -F2=a2 which
shall satisfy
(Flt ^2)=0.
From the equality of the 4th and 5th fractions we have
223.]	\     ^
and therefore we may write
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) =?2 —   2 = constant.
Now
the continued substitution in the equation
(Flt &_!) = &
would thus not lead to a function such as is required. We therefore return
to the original subsidiary equations to obtain an integral different from
f^o! and 0= constant; such an one is derivable from the equality of the
3rd, 4th and 5th fractions, which give
and therefore we write
/- = a (p1
 2 = constant.
Now	(Fi , ^) = (Pl +pt) a + ( ft +-pj) ( - a) = 0,
and ^ therefore satisfies the two equations ; we thus have
wq now solve the equations
to find the values of pl9 p^P^ which are
^ + 5
hence
so that the complete integral of the differential equation is
1     x
£32)-;Klog(^2 + 2a2)
JU\M
+ [ ~~} arc tan -
in which A, %, a2 are the arbitrary constants.
(Imschenetsky.)
. 5.   Integrate the equations :
(i)
(ii)
P»
A
rfjv
Iff	«f|| Jp»	*it|J4    VJtlf'iMt'M
i
 pill
iqatr ttlt HJ
 I is
sat *
J   '*t   W)4*V
wm       j<
'fill pink! IICIAlH OTJ^
y.
putt
.-•AlltJ fit
y     »,/.-.... *r.f/ *yw;r c. ..... *«r«'ar)T/
uuoj
jo
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Hence, by combining with the equation the integral of which is sought
have
and these give
Pi {(^i - a)2 - fa + a)2} = A1 fa - a) - fa + a),
Thus
and therefore
 ! - a)2- (
 %•>— a
1 — -
 'il
The complete integral of the original equation is therefore
wl "~ a; ~ (-^2 + a;
«+*A=^ + 4-*1+4l tog {&-«,)»+ fe
-*
where ^t, A^ By a are arbitrary constants.
.&. 7.    Integrate
) ^3 +p3 (pl -
(Imschenetsky . )
Simultaneous Partial Differential Equations*.
224. Instead of there being given only a single equation to
determine the dependent variable there may be given a number
of simultaneous equations; if the dependent variable explicitly
occur in any of them they can all be transformed, as in § 2093
so that it shall disappear. The equations may then be taken
of the form
* This theory is due to Bour; see authorities cited in § 223, p. 342.
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If in be greater than n the equations cannot be independent ; for
the first n of the equations may be solved algebraically so as to
give values of the p's in terms of the variables x and these, when
substituted in the remaining m - n, must reduce them to identities
since there would otherwise be relations between the independent
variables. Thus in effect there may be given at most n simul-
taneous equations ; and we may therefore take m either equal to
n, or less than n.
225. I. Let m = n. We have thus n equations giving the
values of the n quantities p in terms of the variables ; these values,
substituted in
dz =pldx1 + pado?a + ...... + pndocn>
must make it a perfect differential if the given system have a
common solution. The conditions for this are that
for all pairs of indices ; and these, as in § 211, lead to equations of
the form
Hence the given functions must satisfy all the equations for all
possible combinations of the suffixes; and then the common
complete integral is obtained by the integration of
dz = p^ +Pidxi + ...... 4- pnd%n,
and it therefore contains one arbitrary constant.
It may happen however that the functions F are not indepen-
dent of one another ; in this case the determinant A
fa9 fa9	'fa
is zero, and there will then be an identical relation of the form
225.]
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But for the purposes of integration Fl = F2 =
this therefore becomes
 = JPn = q ; and
 
If this be not an identity, there is a relation implied between the
independent variables, which is of course impossible; it then
follows that the given equations are inconsistent and that there
is no common integral. If it be an identity, the number of given
equations independent of one another is less than the number of
the quantities p, which therefore cannot be determined from the
given equations alone; we must therefore have recourse to the
method which applies when m is less than n.
Thus, if there be four independent variables and four equa-
tions fi = 0 = F2 = F3 = F4 be given, there can be no common
integral in a case when there is a relation of the form
F4 = <X - o?a) Fl + 0. - <) F2 + atjcpM
where there is a relation of the form
F< = to - *J F, + to - *.) ^ + to - <O ft,
there are only three independent equations.
226. II. Let m be less than n. We may suppose the equations
reduced to such a number m that they are independent of one
another, even though they were not so in the form in which they
were first given. It will be assumed that there is a common in-
tegral so far as the algebraic relations which give the dependent
functions in terms of the others indicate ; this will be the case if
these relations become identically-null equations when in them we
make use of the equations F1 = Q, ...... , Fm = 0.
 *,*.» i
 
First Case.
equations
 The functions F1 = 0= ...... = Fm may satisfy the
for all values 1, 2, ...... , m of r and s ; they are therefore simul-
taneously integrable. To determine the values of the quantities.
jp, other n — m equations must be obtained by JacoM's method ;
these will involve n — m arbitrary constants. From these equations
and the given m equations the values of p must be derived and be
substituted in
dz =pi&«*i -f pf(Zfl?t H- .
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r	/
the integral of which is the common complete integral of the
original equations and contains n — m 4-1 arbitrary constants.
Second Case.    It may happen that for one or for several com-
binations of the indices in the series 1, 2,	, m we find (Fr, F8)
a function of the independent variables only, or (Fr> Fs) a deter-
minate constant. In neither case can (Fr, F8) be zero; the
conditions that the equations should be simultaneously integrable
are not satisfied and there is no common integral of the proposed
equations.
Third Case.    It may happen that, for one or for several com-
binations of the indices in the series 1, 2,	, m, we find results
of the form
where / does not become identically zero on combination with the
given equations ; let there be I such combinations, so that m -f 1
must not be greater than n\ then for combinations other than
these I the equations
are satisfied.   We now take
o=^+1=/i; 0=^=7,,
and substitute in the functions
where either r or s at least must be greater than m.
If then these functions all vanish, we have m + I equations
which are simultaneously integrable; and we determine by Jacobi's
method the n — m — l remaining equations necessary to give the
complete integral, which will therefore contain n — m — I H- I
arbitrary constants.
If for any combination (Fin^i}fjc) or for one (fitfK) the function
be a determinate constant or a function of the independent vari-
ables only, then the functions are not simultaneously integrable
and there is no common integral.
If for any combination (F^fy or for one (/L jQ we obtain a
function <f> (xv #2, ...... , ®*>PvPv ...... > P «) which does not vanish
in virtue of the equations already obtained, we proceed with the
functions $ as we did before with the functions /   Ultimately we
r
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Hhall arrive at a finite number, not greater than n, of independent
equations which aru simultawMMisly hitr#rabl(», and then, in the
ordinary way, obtain the common intt»gral; or we shall obtain
a result indicating impossibility of simultamiouH integration, in
which case there will bit no common Integral
.£>. 1.   Obtain a common lutitgnd (if it fxint) of the Birnulttxuoous equa-
tioxiH
We have
where the right»hand siiki will not vjuiinh in virtiu*, of J"*,:si()=^ . we there-
ftjro write
!, ^/^ -f-/ v-a - / V a - / W ^ °-
ThiiH
(A1,, ^l}-0;
r/''t, /*';,)      '%^/ir|^,fy4^0
also
 f';il
ffi
fl;i
I
I
m
Uie throo cst|uationH art* thrr«*f»iri' <^»ini«ifii*li',    L««.t /^ iks the other function
rec|iilritclt ho thiii It will ih* tiftrrmhwft m a <t<»iiiiii«>n integral of tho equations
idoring It oh iiii Iiit**gr;tl «*f
wii	clown tin? equation*!
/'I
 F4
h arbitrary ; w*« ihf»rf»fi*r«* t^itt'itivi^Iy write
Wo tlieti flail
A	W,^)-iJ
Mow 0»	the
i
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and therefore	p^ = oc^xz ,
so that	(F4,F^)=0.
Hence we have the common solution in the form
jp^Otfg.
To obtain the complete common integral we have
cfe = a (tfgc&yj -1- #^3)
and therefore the common integral is
2 = flMZjtfg 4* - #2^4 + ^J
where a and 5 are arbitrary constants.
jfifo. 2.   Obtain other integrals of the preceding equations in the form
(i)        2 = flW71a?4+-
Co
(ii)    s
(iii)   0=2 {^^3 (#2^4 - a)} + &.
Ex. 3.   Obtain common complete integrals of the simultaneous equations :
6j??44-^5=0\
3 - 2^4^4=OJ '
(Imschenetsky and Graindorge.)
MISCELLANEOUS EXAMPLES.
1.	Integrate the equations:
(i)
(ii)
(iii)
2.	Porm the differential equation whose complete integral is
where a2+j32+y2=a2, a being a given constant and a, ft y otherwise arbitrary.
Iftrom the differential equation form the singular integral
Illustrate the connection of the complete, general and singular integrals
by a geometrical interpretation of each.
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3.   Integrate
and find the equation of the cone of the second degree which satisfies this
equation and passes through the point (1, 2, 3).
4    Integrate the equation
where X, F, Z are the same quadratic functions of x, y, z respectively.
Integrate also when they are quartic functions; also when they are sextic
functions.
(Kichelot.)
 
5.    Prove that if
then
and hence that
Shew also that
Similarly prove that
» #
;*<
6.    Solve the equation
<*i-
•where	X^
and integrate the equation
x        " i+^hk
*&
4-
(Hesse ;)
1-
(Sehlafli.)
7.	Solve the equations :
(i)    .
(ii)
(iii)
(iv) PiP&z+^&*(Wi + x9Pt+®&*)^B&BP&*+*4^
8.	IFind the equation of a surface which belongs at once to surfaces of
revolution denned by the equation py — qx=Q, and to conical surfaces denned
"by the equation px+yy^ z.
r.	23
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9.    If £=/(#, y) be any solution of the equation
then the curves represented by the equation
are an orthogonal system such that the product of the curvatures at any
point is constant.
If/(#, y) do not contain y, the form of the function is determined by
/(#)=tan 6 (2 + tan2 0)*,
where	c#=23 J3($ sin J 0) - 2* ^(2* sin -J0),
^ and E being the first and second elliptic integrals and the modulus in each
case being 2"*-
 10.	Find the surface which cuts at right angles all the spheres which
pass through a given point and have their centres on a given line passing
through that point.
 11.	Find the surface in which the coordinates of the point where the
normal meets the plane of %y are proportional to the corresponding coordi-
nates of the surface.
 12.	Find the system of surfaces orthogonal to the curves
cosh^ : coshy  : cosh z—a : b : c.
13.	Prove that a solution of the differential equation
9t£    9v    9w
 F
is	^
where <£ and ^ are arbitrary functions of &, y and z.
Prove also that this is the general solution.
14.   Shew that, if the simultaneous equations
dx       dy    ^ dz~" '
Y,         v,
-du   sr- + Jr  =•-•
-  fo?       dy         z
have a solution different from u=> constant, then
is reducible to an exact equation, from the integral of which such common	f
solution may be derived.
,/4
("WO)
In
Jtt	fiftW
f    ',
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CHAPTER X.
partial differential equations of the second and
higher orders.
227. it will be assumed through practically the whole of this
chapter that there are only two independent variables; the notation
already used for the partial differential coefficients of the first
order will be retained, and it will be convenient to introduce similar
symbols r, s, t to represent those of the second order, which are
thus defined :
An equation is said to be of the second order when it includes
one at least of these differential coefficients r, s, t but none of
a higher order ; the quantities p and q may also enter into the
equation, the general form of which will therefore be
F (x, y, z, p, q, r, s, f) = 0.
The complete integral of the equation is the most general
relation possible between %, y, z such that, when the value of z
derived from it and the associated differential coefficients thence
formed are substituted in the differential equation, the latter be-
comes an identity. No condition is annexed to the definition in
regard to the form of the complete integral, which may involve in, its
expression either arbitrary constants or arbitrary functions or both.
An intermediary integral is a relation in the form of a partial
differential equation of the first order such that the given differ-
ential equation can be deduced from it. It does not necessarily exist
file_24.wmf
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227.]
as one distinct from, and derivable immediately by mere differen
tiation of, the complete integral ; when such an integral, however
has been obtained the application of the method of the preceding
chapter will give an integral which may actually be, or may only
be a particular case of, the complete integral.
228. Hitherto it has been possible only in particular cases to
integrate the general equation. The most important of these
cases is that in which the differential coefficients of the second
order occur only in the first degree, so that the equation is linear •
its most general form is then
in which jR, S, T, V are functions of x, y, z, p and q. This
equation will now be discussed; but before giving the methods
which have been used for its" integration it is desirable to consider
some special forms which are simple and can be solved immediately;
it will then be possible to exclude these cases afterwards from the
general discussion.
One of the simplest cases is
r =f(x),
o       /*
so that	~ = I f(x) d% + <j> (y),
where <j> is an arbitrary function ; another integration gives
 fck *i
U, *£| } 1
te
1
*? J   il
m
M
where both <£ and ^ are arbitrary.
Ex.   Integrate	s = constant.
Similarly we may integrate
r + Mp = N,
where M and N are functions of x and of y respectively ; it may
be written
y being constant for purposes of differentiation and integration
with regard to oc ; and thus
858	monge's	^      r	[228.
where <£ is an arbitrary function ; and therefore
x Ndx + <j> (y)   + f (y),
^ being an arbitrary function.
Ex.   Integrate
(i)
(ii)
Mongers method, of integration of the equation
229.	Monge's method consists in a certain process for the
discovery of either one or two intermediary integrate of the form
«-/(«)
where u and v are functions of #, #, zt p9 y, and / ib some arbitrary
functional symbol ; there is thug implied in the,.? method a tacit
assumption that the differential equation admitn of Huch an
integral. It is therefore in the first place proper to enquire
whether this assumption k justifiable in the* general case arid, if
it should prove not to be so, to indicate how the general equation
must be limited so that the assumption raay be fairly made ; for this
purpose it will be sufficient to proceed from the supposed inter-
mediary integral and obtain the corresponding differential equa-
tion.
230,	Since <u =/(?;) and u and v are functions of #, y, *, pt yr
we have
du      du t    <k( t   du    df/dv       dv      Bv      f)u\	f
4.p     +r    +^ — -5 y/     +p    ^r    +9    \	I
d&   r ^z      dp      dq    dv \cb    / 9*      dp      %/	f
*     du      du      du      3u    df /dv       do      dv     tdv
and    ^r + j5-4-«o-+^o ***• {*-" + </« +^,   +tx--
9^    zd^       op      oq    dv\ay    ldz      dp      t)q
fjf
Bliminating the quantity -/ between thcwe two conations wa ipd,
as the equivalent dMFerential equation	from the
fttaetion,	'
230.1	*	equation.
J	-^      n
where J21? S^, 2Tl? I7l3 Vl are given by the relations
J!),
p> zl
+ !+
j
$•
\y,
,1	t   ,   /w, v\	t      ,.	, 3^9t;     dudv
the symbols   —-   ,	denoting, as usual, ^ --• _ — J:   ,
^	W, y/	&	dxdy    dydcc   	
If then thin differential equation of the second order be the
same as the original equation we muBfc have
17,-0,
,	M.    8.    T.     V.
and	R-S=T = V'
which are four equations in all.    Now when
Rr + 8s + Tt~V	(2)
is looked upon as the equation to be solved, these four equations
just obtained will be equations satisfied by the quantities u and v
from which the intermediary integral of (2) may be constructed.
But only two equations are necessary to determine as functions of
their independent variables the dependent variables u and v; they
may be therefore considered as given by any two of the equations
though, in practice, these might prove too difficult to solve. When
these values are substituted in the remaining two equations the
latter must become identities; and they will in this state involve
the functions J8t 5, I1 and F of the original differential equation.
There will thm be two relations among these functions of #, y,
z, p, q which must be identically satisfied in order that the differen-
tial equation (2) may haw an intermediary integral of the form
360	monge's	f	[231.
231. There is an important deduction from this to be noted,
though not affecting our present aim ; it would be useless to seek
an integral of the assumed intermediary form for any differential
equation which is not of the form
And, just as in the particular case when U— 0, which has been
already considered, it may be proved that a differential equation
of this form can have an intermediary integral of the proposed type
only when two identical relations among the coefficients R, S, T>
U, V are satisfied.
Ex. When there are three independent variables, these may be con-
veniently denoted by xly #g> #3 and the corresponding differential coefficients
of z by pl9 p2) ps. Prove that, if every first minor of the determinant
3\//>
£, a//>, x being functions of z, x19 a?2» xZ9 pl9 p%, p3) vanish, then the equation
where F is an arbitrary function, will lead to a differential equation of the
second order of the form
a%
where J^, ^2, ..., ^31, Fare functions of the variables and the first differen-
tial coefficients of z only, and that the coefficients R satisfy the relation
RjByf + /W + J<W - 4 JV* A - RnMnM^ - 0.
Information on this class of equations will be found in Euler, /ntf. (7a^*
/^., t. iii. p. 448, and Legendre? Mdmoires de VAcad^mu dm Sownm, 1787,
p. 323.
232,   It therefore follows that we may consider as the most
general case the equation
the linear equation is included in this, being given by the par-
ticular case when U~ 0.
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We-now assume that the relations bet-wean the quantities JH S T
U and V necessary for the possemon of an intermediary integral of
the assumed form are satisfied, and we proceed to deduce this
integral.    We have always
dp = rdx 4- sdy,
dq = sAx 4- tdy;
when we substitute in the above general equation the values of r
and t derived from these equations it takes the form
Rdpdy 4- Tdqdx-^r Udpdq — Vdxdy
= 8(Rdy*- Bdxdy 4- Tdaf 4- Udpdx 4- Udqdy\
Now let	u =s a and t; = 6
(where a and 6 are arbitrary constants) be two integrals  of the
equations
Rdpdg + THf/<ie? 4- Udpdq - Vdxdy = 0,
Rdy* 4- JWa? 4- l/fl/K/;/; 4- Udqdy « ^ctedy,
clz = |k& 4- (frfy,
i* and v being therefore functions of #, y, z, jp and q*
Hence we have
fdu       BiA .      fdu      3iA »      8^ »      3u 7       _
U• • + P*    d& + ^~' + (1 n   ify + n  ^ + n" ^Sf ^ 0,
\ot       fte/	\c)y    J r.to/         dp         (9^   •*
3i; »   . dv ,
 i
yip
«
i
a
which must be ecjuivalont to the equations of which u = a and
t? = & are the integrals.    Now solving these for dp and   c£g, and
using the eymb-ols of § 230, we find
and therefore
3Tt(W 4- ,/£/%'
4. ir^
 «l?) u
p» ^   3
similarly we
( U,dp 4- JTt<to) ( J7td7 + l^dy) - ( (/, Ft 4- 1^2';
or	R^pdy 4- T^dgdm 4- If/pdq - Vtd»dy «• 0
362	monge's	*	[232,
*     it
These being identical with the former equations, we have
if = T =IT = F1==S '
and therefore the equation to be solved becomes
Rtr + Sf H- Tj + U, (rt-s^ = Fr
But we already know the solution of this equation because it was.
derived from an intermediary integral; and this integral is
which is therefore an intermediary integral as required.
We thus derive the integral by making one of the functions
deduced from the two subsidiary equations an arbitrary function
of the other.
233.    Let us consider in particular the  case  of the  linear
equation when Cr= 0; the subsidiary equations are now
Rdy* + Tdx* - Sdxdy = 0,
Rdp dy 4- Tdq dx = Vdx dy.
As the former of these is of the second degree it. can, in general,
be resolved into two- distinct equations of the first degree.
Since the necessary conditions for the existence of an inter-
mediary integral are supposed to be satisfied, it follows that one
at least of the equations of the first degree will, when combined
with
Rdp dy 4- Tdq dx = Vdxdy
and with dz=pdx + qdy if necessary, lead to an integral system
which determines u and v; and there will thus be obtained an
intermediary integral of the form
u =/0).
And it may happen that each of the two equations of the first
degree similarly treated wil^ead to integral systems of the desired
form: and there will then be obtained two intermediary integrals
If S* = 4RT there will be only a single equation of the first
degree equivalent to
this single equation will, since the necessary conditions are satisfied,
lead, by a similar process, to an intermediary integral.
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To obtain the functions u and v, from which an intermediary
integral may be constructed, we must combine in pairs a factor
from the first with a factor from the second. But of the four
possible combinations two must be excluded, viz., that obtained by
combining the first factors in these equations, for it would lead to
a result
Udy = 0,
which obviously would not furnish any solution: and that obtained
by combining the second factors in these equations, for it would
lead to a result
Udat = 0,
which obviously also would furnish no solution. Hence the equa-
tions may again be replaced by the two pairs of equations
Udsc + \Rdy 4- X2 Udq = 0
and	Udx + \Rdy -f \ Udq = 0
From one of the pairs we shall have two integrals of the form
u = a and v = b ; and therefore also through that pair we obtain an
intermediary integral.
And it may happen, as in the simpler case of § 233, that we
can obtain an intermediary integral through each of the pairs of
equations of the first degree.
These two integrals, which may be denoted as before by
^i=/W>        ^ = 4><X)>
are intermediary integrals of the original differential equation, and
axe distinct except when
when there is only a single intermediary integral obtainable,
235. We may now proceed further in the integration for
either the linear equation of § 233 or the more general form of
§ 234 Taking the intermediary integral obtained if there be only-
one, or either of the intermediary integrals if there be two, we have
a differential equation of the first order; the complete integral (and
the associated integrals) of this can be obtained "by the methods of
Chap, ix. This integral will be the final integral of the origmal
equation.
236.]	'	EQUATION.	365
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236. In the case when there are two intermediary integrals
we may apply an important proposition (now to be proved) which
will considerably shorten the further labour of deriving this final
integral. This proposition may be enunciated as follows :
When we have obtained two intermediary integrals of the form
ui =/Oi) and ^2 = 0 00,
and we consider them as simultaneous equations to determine p and
q as functions of a, y, and z, the values of p and q given by these
equations will lie such as to render
 $•
 
integrable.
Assuming this proposition established we have therefore merely
to solve the two intermediary integrals as simultaneous equations
in p and q ; to substitute the values of p and q thence derived in
and integrate.    The result will be the final integral.
237. We now proceed to establish the proposition enunciated
above. Let jF=0 and <I> = 0 respectively denote these integrals,
so that .F = ^1-/(v1), * = ^— /(^a), and first let jP = 0 be a
solution of the equation
Rr + 8s + Tt + U (rt - s2) = V.
We have only the single equation F= 0, which is not sufficient
to enable us to express r, s and t each as functions of x, y, z, p and q ;
we can express any two of them in terms of the third and of
quantities explicitly independent of them.. When these values are
substituted in the differential, equation, the latter will contain one
set of terms involving this second differential coefficient of the
dependent variable and another set not involving it ; and the
equation is to be satisfied identically without regard to this
differential coefficient. Now since F = 0, we have
 !|i
•$ij
,?f
jd
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when for brevity we replace ^ + p -^ by Fx and g™ + q -^ by ^,
these give
dp	dq         xy
d 77*	£) 7^
OJu	VJF	p
dq	dp         v'
Let these values of r and t be substituted in the differential
equation; it becomes
XT	O 7JT
^T	/777-t    O^P
•3         "¥
 t
<J
This must be satisfied identically without regard to ,9 ; and
therefore the coefficient of s and the term independent of it must
both vanish. If this were not so, the equation would determine s
(and therefore also r and t) as functions of sc> y, z, p and q — a
result, which, as we know, cannot be deduced from the single
equation jF=0.
Hence we have
dF
dp
F\*     dFdF       (dF^	dF
\  „„ fc	-- ^   /	_   (JJi
dqj       dp dq        \dpj	y dq
The same equations will be satisfied when we replace F by
<t> ; and we may therefore consider F and <E> as the solutions of the
equations
dq
dp         dp dq
 v
J
a
 
R
 . = o.
238.    We must now consider two cases.
(1)   The linear equation, when J7=0; let fx and fa be the
roots of
238.]	*	EQUATION.
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so that the second equation becomes
/a®    fc 30V/30
va^   fia
We may therefore write
 ft
 
thus associating £t with F and £2 with $.    The first equation, on
3®
dividing out by ^-~ , becomes
 A'ft
'.Sf'fl
*h\
•r*.;.
 
and therefore	R%J?X + 2!Fy + F£ -x- = 0.
But T = R^Z> and the last may therefore be written
 1
Similarly	<&x + £^
From the last two we have
^ ^      ^	rr	a
and therefore    Fx =	O
9p         9
which is the condition (§ 202) to be satisfied by the two functions
F and <3> in order that the values of p and q derived from F= 0 = <E>
as simultaneous equations should render
dz = jpcto 4- qdy
integrable.    This proves the proposition for the case of 27=0.
(2)    The general form when U is not zero.
We now proceed exactly as in § 234; the first equation in ® is
multiplied by a quantity X given by
368
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and is added to the second; the resulting equation is resolved
into factors for each of the values of X and the linear factors are
combined as before, giving two pairs that may be retained. These
are, if \ and X2 he the two roots,
From the first and third of these equations we have
___
"dp       *dp~~\dpdq     \dqdp'
and from the second and fourth
dq
 =~
dq ~"    X2 dp dq     \ dq dp '
and therefore
"dp
 = 0.
This shews that, for the more general form of the equation
when F = 0 = $ are treated as simultaneous equations, the values
of p and q thence derived are such as to render
dz = pdoc + qdy
integrable.
Hence the proposition is proved in general When these
values of p and q are substituted, the integral of the resulting
equation is the final integral of the proposed differential equation;
it will involve in its expression either implicitly or explicitly the
two arbitrary functions which occur in the two intermediary
integrals.
239. The statement of the method of solution, as derived
from the preceding investigation, is contained in the following
Rules.
239.]	*	EQUATION.
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rule I.    When the equation
Rr + Ss + Tt= V
is integrable by this rule, we transform it by the equations
dp — rdx -h sdy,
dq = sdcc -f idy,
into   Edp dy -f Tdq dx - Vdx dy = s (Rdy* - Sdx dy -h Tdx*) •
we resolve	Mdy2 - Sdxdy + Tdx* = 0
into the two	dy - ^dx = 0,    dy — ^dx = 0.
From one of these linear equations and from the equation
Rdpdy + Tdqdx - Vdxdy = 0,
combined if necessary with dz—pdcc+qdy, we can obtain two
integrals u^ = a19 v1 = &a ; then
^i=/i(^iX
where /x is an arbitrary function, is an intermediary Integral
From the other linear equation, combined with the same equations,
we may be able to obtain another pair of integrals u2 == a2 ., v = b ;
in that case, u^ =/2 (v2) is. another intermediary integral, j^2 being
arbitrary.
To deduce the final integral we integrate the intermediary
integral, if only one has been obtainable, by the methods which
apply to differential equations of the first order. If there be two
intermediary integrals, we solve them as equations giving p and q
and substitute in
dz = pdoo + qdy,
which when integrated gives the complete integral.
rule II.    When the equation
Btr+S8 + Tt+ U(rt - s2) = V
is integrable by this rule, we either can obtain two integrals u1 = al
and vt — £>t of the equations
or can obtain two integrals u^ = &2 and v2 = 62 of
Udx -f \Rdy + \Udq = 0
Udy + \Td® +\Udp = 0
v.
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where \ and X2 are the roots of
or we may be able to obtain both sets of integrals.
Then ^1=/1('y1) and w2=/2 (vs), where fi and /2 are arbitrary,
are intermediary integrals in the respective cases. We proceed
from these exactly as in Rule I.
240.	It may, however, prove not to be possible to obtain, from
the two intermediary integrals, values of p and q suitable for
insertion in
dz = pdx + qdy ;
and in that case we may proceed to obtain the final integral by
integrating one of the intermediary integrals, adopting for this
purpose Charpit's method as indicated in § 201. But without
actually going through the work necessary in that method to derive
the additional relation between p, q and the variables, it will be
sufficient to take, as this additional relation, any particular first
integral of the general system other than that which is being
directly integrated ; thus we may take
wi=/(vi) and ^2 = a>
where a is an arbitrary constant. Since an arbitrary constant is a
particular case of an arbitrary function the values of p and q
derived from these equations will be such as to render
dz^ pdsc -f qdy
iategrable ; and the integral will involve one arbitrary function f
and two arbitrary constants, viz., a and the constant of integration,
This result constitutes the complete integral of the intermediary
integral ; the general integral may be derived by Lagrange's rale
(§ 180), by converting one of the arbitrary constants into an
arbitrary function of the other and eliminating this remaining-
constant between the equation so transformed and that deduced
from it by differentiation with respect to that constant.
241.	This method, however, ceases to be effective in the case
in. which the roots of the quadratic in X are equal ; there is then
only one system of integrals given by u^ = a and vt = 6, and so there
is only one intermediary integral given by
241.]	"»	EQUATION.
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and this must be integrated. Just as before we may avoid the use
of the general method for the integration of an equation of the first-
order by combining the general and particular first integrals
The values of p and q hence derived will evidently satisfy the
condition of § 202, and therefore when substituted in the equation
dz = pdx + q&y
will give another integral of the form
wl = c.
If p and q occur in w19 they may be eliminated by means of the
former equations v1 = b and ul =/(&) ; so that
= C
is a complete integral of the equation since it involves two arbitrary
constants 6 and c. To obtain the general integral we must make
c an arbitrary function of b and eliminate 6 between the resulting
equation and that derived from it by differentiation with respect
to 6.
Thus in the cases, when the roots of the quadratic are unequal
and when they are equal, we are led to a general integral, into the
expression of which two arbitrary functions enter,
It may be noticed that the foregoing reasoning would apply
equally, if there had been taken instead of the particular integral
some other particular integral such as
kuz + hz = a
(k and I being disposable constants). This particular integral may,
in fact, be taken so as to render the subsequent integration as
easy as possible.
Examples will be found below.
Ex. 1.   Solve	r=a*t.
Substituting for r and t in terms of 8 we have
dpdy— cPdx dq=8 (dy* -
so that the subsidiary equations are
dpck)~~ cfidx dq
 24—2
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The former can be resolved into the two
the respective integrals of which are
Taking the first of these and combining it with the second of the subsidiary
equations we find that the latter becomes
dp — adq=Q,
which, when integrated, gives
p~-aq=zA'.
Hence one intermediary integral is
Taking the second equation y-\-ax—E^ and proceeding in the same way,
we find
which leads to
and therefore a second intermediary integral is
"We now, in accordance with our rule, treat these as simultaneous equations
giving the values of p and q ; and we find
cfe=£da?{02 (y +0wp) +tf>i (y - 0#)}+2~ ^ (02 (y + «#) - $1 (y- ow?)}
(dy + aduc) <f>2 (y + cms) _ (j^
which can be integrated.
Let	0 (f)=^(t)dt and
then the integral is
The arbitrary constant of integration may be considered as absorbed in
either of the functions 0 and ^, Since 0j and $2 are arbitrary, 0 and ^ are
also arbitrary.
&. 2.   Solve
Transforming this by the usual rektions we find that the subsidiary equa~
tions are
a+cpf d%P=xQ,
241.]	\     ,       monge's equation.
The former of these gives only a single equation
(b + eg) dy -f (a + cp) dx—Q,
so that only a single intermediary integral can be obtained for the equation
assumed integrable by this method.   When this is combined with
it gives	adx -i-bdy+cdz—O,
so that one integral of the subsidiary equations is
Eliminating the ratio dy : dx between the second subsidiary equation and
the modified form of the first we have
(b -f cq) dp — (a*
the integral of which is
B being an arbitrary constant.   Hence the intermediary integral Is
a, -f cp s=s (b -f- cq) (p (a%+by + cz).
This must now be integrated ; Lagrange's process for linear equations
may be adopted. Denoting fyfax+by+cz) by <j6, we have as th.e auxiliary
equations
dx __  d^ ^
c ~" — o<t> ~"
From these we have
so that	oo? -f by -f- cz = (7,
and 0=0 (ax +by + cz)=s<$>(C) is a constant.
Hence for a second integral
The final integral of the differential equation is therefore
y + %<(> (ax +bi/+cz) — ^ (ax -f- by + &z\
where 0 and -^ are arbitrary functions.
It may also be exhibited in the form
z sst x6 (ax + by + cat) 4-y^ (CUf + % + cz)>
where B and x &r* arbitrary functions.
Ex. 3.    Integrate
(i)      r +&***«. 2o*,
(1) when k is not unity,   (%} when >fc is unity ;
(ii)
(iii)
(iv)
(v)
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Ex. 4.    Integrate the equation
a
a, 6, c, 0, h being constants.
The equation in X is
or, if we write Xw+<3=0, the equation which determines m is
let m! and m2 be its roots.    The first system of integrals is
a dy + edq -
so that one intermediary integral is
ex + ep- m$ =
The second system of integrals is
 =(S\
= Oj '
and therefore a second intermediary integral would be
cx+ep — m2y = <J> (ay + eg — m-^x).
If it were possible to solve these intermediary equations so as to express p
and q in terms -of x and #, the final integral would be at once derivable ; but
this not being the case we combine any particular integral of the second with
the general integral of the first system. Thus we may take
and then	F (ay + eq- m<p) = (ma - %) y + a,
so that, if ^ be the inverse function of F and therefore an arbitrary function,
we have
ay + eq == m^ + ^ {(m2 — mx) ,y 4* u).
Thus
the integral of which is
ez -h ^ c^;2 + J ay 2 = mg^y + aJi? -f 8 { ( w2 - mt) y -f a
where 6 is an arbitrary function (since it is given by
(% - mx) 6 (^) = J1* (s) cfe,
and ^ is arbitrary) and ft is an arbitrary constant
This is the Complete Integral ; to obtain the General Integral we eb'mjbaate
a between the equations
1
; denoting an arbitrary function.
.241.]
Ex. 5.    Solve
 MONGES  EQUATION.
(ii)     qr + (p+x) $+yt=- ~q+y (s2 - rt) ;
(iii)    %>£?/f + Q?2y + ##) s -f apt =p\ (ft - s2) -f #y.
jgfo 6.    Solve
z (I +£2) »•- 2pj«s+« (1 -f^2) 2f ~22 (52-rO + 1 +p2+^2==0>
The equation which determines m is	^ ? -    A- ^^""
m2 + %o^??i +p2^%2 = 0,
so that the two values of m are equal, the common value being —pqz • and
the system of integrals reduces to one given by
z ( 1 -J-£»2) d$ -f z2dp +pqz dy — 0,
z ( 1 + <f) dy •+ g2^ + j?^ c?^ = 0.
The former by means of
gives, after division by z,
the integral of which is
dy 4- qdz + zdq = 0,
the second similarly leads to
the integral of which is
so that the intermediary integral is
where F is arbitrary.
Proceeding as indicated in § 241, we have
x -\-pz~ a,
and therefore	zdz —pzdx +q
z=(a
the integral of which is
A. general integral is found, as there explained, by eliminating c between
the equations
and
t/c aad (j> being arbitrary functions.
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Ex. 7.	Solve
(i)	xgr +ypt +xy(s%- rt) =*pq ;
(ii)	<£r + 4pqs +$Pt +p*<f (rt - s2) = a2 ;
(iii)
Ex. 8.    Prove the converse of the foregoing general result, viz., Let the
equation of a surface be
<j>(x,y,z,a, 5, c) = 0,
where a, b, c are connected by any two conditions of the form
shew that the equation of its envelope will satisfy a partial differential equa-
tion of the form
H- M+ U (rt-s?) = V,
the coefficients of which satisfy the relation
Principle of Duality.
. This principle, which was shewn (§ 197) to be effective
in deducing from the solution of one equation of the first order
that of another associated with the former by relations of a per-
fectly reciprocal character, may be applied to equations of the
second order. The analytical connexion consisted in taking new
variables defined by the equations
from, which there were derived the reciprocal equations
0»p, y»ft ^
From these we have
,_	y    Tda>-8dy
so that	dJL = - "12" 8* >
____
But
242.]
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-we therefore obtain, "by equating coefficients,
T     '   .	-S
r =
 377
 
and also
 ri - s2 =
 
Let these substitutions be applied to any equation of the form
\r +• ps -f vt 4- <r (rt - s2) = 03
in which X, yu, v} a are functions of #, y, ^ j), g. Let their values
after the transformations have taken place be denoted by V, //, i/ &
respectively ; then the result of the substitution gives
 vfl
If then the solution of the former equation be known, that of the
latter can be obtained ; and vice versa.
Thus in particular the solutions of the two equations
*4> (P> 2) H- 5^(P' 2) +*X (P» 3) = °
and	r% (;«, y) - 5^ (a?, j/) -»- ^ (a?, y) = 0
are derivable from one another.
Ex. \.    From the solution of
arV-f-aaya+^^O,
derive that of
y2r-2pg'« + ^=a.
jKa?. 2.    Integrate the equations
(i)      j?a?+gy-*«y = 2f ;
(ii)     z(rt- s2) =$>%8 ;
(iii)    f (z -px - qy) = (pzf - qs) scz ;
(iv)
(v)
.a)-(^-^) t+fr-fs.
JLaplace's method for the transformation of the linear equation.
243.    The linear equation
in "flrMch R, S, T, P, Q, Z, U are functions of a? and y only, can be
reduced to simpler forms, The process consists in changing the
variables.
378	laplace's transformation	r         [243
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Let the independent variables x and y be changed to £ and <n
f-\     i*.
as yet undetermined; then, when p', q',... denote ^5 <t-,.-. the
rig   or)
equation becomes
jl. <z       j. r     j-p,
,r-o 4"/->o~o — ^ •* 5T5"T"J^o" + ^>o~ (
dx        dxdy       dy*       ox       oy)
Let m and n- be the roots of the quadratic equation in Jc
and first suppose that these roots are unequal ; then choose £ and
r) so that
which determine | and ??.    The terms involving / and t' now dis-
appear ; and the coefficient of s1, being
does not vanish since the roots of the quadratic are unequal. Let
the equation be divided throughout by fchis coefficient; then it
takes the form
*	,  , -3.gr     .r      Tr
+ Af s- + JV>= F.
;	244    In two cases the integral of this equation can, without
I	farther transformation, be obtained.    We may write it in the form
244».]	"	OF THE LINEAR EQUATION.
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so that, if the condition
 379
be satisfied, the equation becomes
CiZ
where u replaces ~- + Lz.   A general value of u can be obtained,
and thence a general value of z.
We may write the equation also in the form
so that, if the condition
rM.     .
Jv — jtJT—™- =0
be satisfied, the equation becomes
where V replaces ^ -f Mz.    From this, through vt a general value
of z can be obtained.
245. If however neither of these conditions between the
coefficients in the transformed equation be satisfied, it can still be
transformed by changing the dependent variable. Thus when we
write
877
we have

*f\ T
f
Denoting LM +      - N by K we may write
380	laplace's teansformation
and therefore
f- *% + *!*[ ?-*:!.+ 1 f J 1?4.
5~zds   k 6   .sr "^       +
which is equivalent to
,
where
so that the same form is reproduced but with altered coefficients.
The equation in its new form can be integrated, if the analogous
relations between the new coefficients be satisfied. From the
values of L, Mf, Nf we have
L'M' -Nf = !£-*••
so that as R is not zero (by hypothesis), the relation
3*7
is not satisfied.    The other condition, being that the equation
should be satisfied, is when expressed in terms of the original
coefficients
.
_    „   ^ ^   _f ._ ._ _
If this be not satisfied nor the corresponding relation derived
by the consideration of the other expression
~
9*7
the process of transformation may be repeated indefinitely ; and, if
at any step of the process the requisite condition should be
satisfied, the solution may then be found.
 ,f/^< '•
;(!1/f *
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JEx. I.   Prove that for any substitution of the form
where u is to be the new dependent variable and p is a function    ft
&+?*£ and
are absolute invariants and that therefore such a transform * -k^ •   •    &»
„    ,,	£    t  ,•	.    JJ-lcLtJ-Ou is ineffec-
tive for the purpose of solution.
Ex. 2.   Prove that if
^5	9?7
(the functions of the coefficients after r transformations) then
 
Hence solve the equation
(Imschenetsky.)
246.    Next, consider the case when the roots of the quadratic
are equal, so that
The two equations determining £ and rj now coincide so that
from them only one of these quantities can be obtained; let it be
£, given by
21 =     ?£
fix        dy}
and suppose £ and y to be the new independent variables; then^   ^^f
we may write 77 =y.j\ Then in the transformed equation the coeffi-
cient of r' is zero, that of t' is T, and that of s' is	-
5— .
dy
Bat m being a repeated root of
we have
2I7
382	poisson's
so that the coefficient of s' is
which  is zero.     Hence  the  transformed  equation   on   division
throughout by T becomes
3 Z	t  'dZ	ta-O
rl + i^z. + Jf
dy*        dg         dy
The case suitable for treatment by this method is that in which
L is zero ; the equation may then be looked upon as an ordinary
equation in y, the variable x being considered constant ; the
arbitrary constants of integration should be replaced by arbitrary
functions of x.
Poissoris Method.
247. Poisson has shewn how to deduce a particular integral
of any partial differential equation which is of the form
P^Crf-aT-Q,
where P is a function of p, q, r, s and t homogeneous with respect
to the last three quantities, and Q is any function of the variables
#?, y, z and the differential coefficients of z, which remains finite
when rt — $* = 0.
He assumes	q = <f> (p),
and therefore   s = r<fi (p) and t = s<p> (p) = r {<$>' (p)}2.
These values make        rt — s2 = 0
and reduce the differential equation to
,	P = (X
Now P "being homogeneous with respect to r, 5 and ty there will,
when the foregoing values are substituted, occur a common factor
throughout, being some power of r; this may be rejected and the
remaining equation will involve only p, (f> (p) and <j>' (p) which when
integrated will determine the value of <f> (p) and so will lead to an
integral of the original equation. This integral, being of the form
can always be further integrated,
247.]
 METHOD.
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It may be noticed that Poisson's process is ecmiv 1
obtaining the developable surfaces which are included, u A
given differential equation, for
is the differential equation of developable surfaces.
Ex. I .   Solve	r2 - Z2 = rz? - s2.
Proceeding as above we find
 §'
 
so that retaining only the real values
whence
q = $ ( p ) == a ±p,
 ip
fci
where a is an arbitrary constant.   The complete integral of this considered as
a partial differential equation of the first order is
where X and v are arbitrary constants ; the general integral is
where <f> is an arbitrary function.
Ex. 2.    Solve
(i),   jf+2jD8 + (^-a2)f=0;
(ii)    (1 + f) r - 2pqs + (1 -hp2) t == 0.
Linear Equations with constant coefficients.
248. We now proceed to consider equations wtich. are linear
not merely with regard to the differential ^coefficients of highest
order but also with regard to the dependent variable and all its
differential coefficients, and in which the various terms are multi-
plied by constants only. Such an equation is
3'
where <I> is a rational integral algebraical function all the coeffi-
cients of which are constant; F may be any function of the
independent variables.
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As in the case of ordinary differential equations the complete
integral consists of the sum of two parts :
first, the most general integral of
*(1
\o%     o
second, any particular solution of
These   will   be   obtained   separately.     For  convenience, let
o	o
p- and jr- be respectively denoted by D and D'.
249. The simplest case of the general equation is that in
which only differential coefficients of the nih order occur, so that it
may be written
(Dn + A^Dn~l D' + AJ)^ J)'2 4- ...... + AJD*) z^V.
Letoclt a2, ...... , an be the n roots of
then the equation may be transformed into
To find the complementary function we write F=0; then a
solution of
will be a term in the complementary function; and as there are
n such factors there will be n such terms.
Now the solution of
(D-Vu = 0,	.
where X is independent of a?, is given by
* = J*C,
0 being also independent of #.    The quantity G may therefore, in
the solution of
(D - aDf) z = 0,
249,]
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be made an arbitrary function of #, and wo then have
it
^ i*: <**•** $ it/)
'•• $ (y -f ^*>
Thm* h on*' Mich Hitltiiiutt fur i*v«*ry value of a; and the
of flii-w* diffi'ivnf   M*ltiti»*n« t4 nlso a solution, ho that the com-
ii'iiK'iitac   fnnrti"ii U
 I1
 
wlifn* ^t, ^, .....M ^ft art* nl! nriiitmry f
In l!i*i fii^% h<»uvvt*r, in which tw«» mcit8 a arc ec[ual this value
t« In*	an liiii         of two arbitrary functions of the
in iiwtvly mi arhitmry function of that argument-
the*	lift* fchfn obtaiiiutl m follows.
The?	of
 If
when* 4 awl /I nr«* iit4**p*iitii»i4l ol\r; Ii«*n<*i* the1 integral of
• $(*/ -4 or) f
^ nri«l ^ «r«*	f-fiit mini of these two terms
n*plat*i'** ill** Aiiiti «f tin* two ntihs which hittl coalesced into one,
iinil th»* gt»m*tal rJiiiniilrf i*f th«* m4tifiun i« inntorodL    Similarly,
intuit!*''!* «»f I fit* r»Hit** t i4Pt itijtiiil, the corresponding
irrtii* «f th«*	ffiirii^ii^ which coalesce iato one,
nrr rt»{ilm*til hy n	*it'	c!i»ri%**<l in the same manner as
till* fill!*VI5,
To	lite	we may represent it
by
1
IF
25
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To evaluate this we resolve the second symbolical fraction into
the sum of n symbolical partial fractions, into the denominator of
each of which only one of the quantities D/D' •— a enters; thus, if
	1	 ^ 'i*   Nr
we have
file_25.wmf



r     „
'   '
~ D'*-1      D-arI)'
Nr being a constant and depending only upon the constants a.
Let	V = ^(x,y);
then since
(D - aD')-1 = e* 4 /«&» e~°* 4
we have
——
[X
= J
hence the particular integral of the equation is
z = fff. . .«%T f * dil\Nr + {£ y +
J-/J	J	r»l
This Is the value in the most general case possible; in particular
cases the actual evaluation becomes much more easy. Thus, if V
be a function of x only, we may consider {<!> (D, D7)}"^ as expanded
in a series of ascending powers of D' and then, every term may be
neglected (so far as the particular integral is concerned) except
tliatj which does not epntain 17. Corresponding simplification^
arise in other examples.
•        ,	WITH CONSTANT COEFFICIENTS.
250.]	'
^         *	?!^2^ = tf
jgfc.1.   Solve	3^2       a^/2
(See Ex. 1, §241.)
For the Complementary Function we have
fl-a~Vlr. + «ar,
and therefore
 S87
aad^ being arbitrary.
For the Particular Integral we have
Hence
 the Complete Integral is
Obtain a solution of the
and -
such that, when £=*0, 3/
functions of a?.
JEfc. 3.   Solve the equations
 and / (#) "being known
 
(v)
(vi)
 25 — 2
JO
fittjf	»i*	up n| jM»u	"t
""A'"Ji + *''%/^V*'*'V w«-	/n
#l	f	f	f	f
%!
•« "a

-
*
fflij 4i|| *	Jlll|f> llf|| 40| 08 flit
j
I,
'"'   - .-»- " "
oqno
-
 ' ' » /   *        //*       »|J-*\ /*«'     /^*^    *n
f     r*M-     «-l      )(   --4      +    '
'/ ^   '	-1         ','/ \ tf       (j       (!
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where ® is of the form
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 if
-h
•f-
We assume as a trial solution
where A and /^ are constants yet to be determined ; for this value,
5~ = Jiz and -5- = fe;
and therefore we have
which will be satisfied, if h and /c be determined so as to satisfy
This obviously makes one of the constants to depend on the
other ; let the equation be solved to determine k, so that we shall
have results of the form
n in number.    Taking one of them, as k=^01(h)) we have the
solution in the form,
for all values of A and h.   Now the sum of any number of solutions
is also a solution, so that another is given by,
where 2v implies summation for all values of h'} and A, an
arbitrary constant, may be looked upon as an arbitrary function of
h which may vary from term to term of the series.
Similarly another value of fc, such as 02 (A), will lead to another
solution which may be represented by
390
 LIN BAR  EQUATIONS
and, as each value of k will lead to a w>rn!8|x>mHng w.*ri««ht rim
general solution may be represented oh tho Hum of it	tn tin*
form
*CA)! + s	+ ...
the summation in each series extending to	from nil
possible values of tho constant** h. Tho fact that the coofticicnt
belonging to any term may be considered as an arbitrary function
of the constant which occurs In that term	that
may be regarded as having in Itn exprefwion ow*
function ; and thus in the Complementary Function we	ik*
led to expect n arbitrary function**.
252.   This general result In tin* form of fit** miiii of n M*rii»H
each containing arbitrary clement h may u]i|H;ur t« In* *»f
values.     Sometimes, however,  by  tlti*  fiirm  of   the  4it}t*rriitiiil
ociuation, a Kimplifi(*attou in introduced	a*	tnttirMtfil
in tho next paragnijilt ; «omftim«'H % condition* ttujiowd mi flu*
depiiiid(iut variable other ilian ifn* Mi!i^fiirf-i*rti of ftp'
e({uation the numb<*r of t^fttttt of lli#« nrrten in liiiilfi^l to
which contain particular vahie« of th** pfiriiiiiftrif1
For cxamplof whf?n<*v«?r n notution  of  tin*
k in of the form
where a and ft are duturtnirmtt*	th«*
may be exprttfiied in a finiti* fi»rrit.    For It in
that I»» it is	m to tk<?	I£| tin*         of
number of nrMtiitfy{>ii.wi?w of /f*f
consent;         amtm In at*	«f /4tf i*rf	k
tho oquival<mt» an	of *f *f tf niiti ftir
bo	by
$ w	li» tkt                            in
nay                 ««« limit tho	»f                          in tki
will bu	ttw
of the
252.]
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Ex.   Prove that, if the root
occur r -f 1 times, the corresponding part of the Complementary Punction is
& > (« +«y)+y*i O+ay) + ...... +yr*r 0*+<
where <£0, 015 ...... , <£r are all arbitrary.
253.    To  obtain the  Particular Integral we  may represent
it by
 " i
 
the evaluation of this expression will depend upon the form of F.
Thus if
y = eax+by
we should have
 / '.
as the value of * required. If V were a rational integral algebraical
function of x and y, then it would be possible to evaluate the ex-
pression by expanding the inverse operator in a series of ascending
powers of both D and J7, if permissible, or of one of them. The
methods applied to the particular forms considered in § 46 in the
case of ordinary differential equations will indicate the corre-
' sponding methods to be adopted for the varying forms of V.
Ex. 1.   Solve
First, for the Complementary function we must solve
be substituted ; then
so that	=
are the relations between A and &.   Hence
where <£ and ^ are both arbitrary.
302	KQUATIONH
The part of the Particmlar Iiiit j^riil mrri*hf«*iidiit?»
y      . .        „ ,
C!   -If    V
* &
//C//4-1)
The result indicatoH that n t4»riw uf tin* f»*nn *rf%^ will ari^i* iti Ilii?
pl&montary Funcfcion ; that tlii * i?* w* In nlnifrnft Fr«*iu flu* iil»iittf.j
The        of the Particular
 i*» #  in
rHr« If ^ff.j^'f |*
In	11*1	im Hin'«"w»«iry t«
IMtIi-4iWI«*«t«»ltl	II	>»V »
of {WXMxturo         tm	In	i»f  . , it	«*f
appiiwittly ciiflltnwit	I*	j it	rr t**
the twn ewilil	by	t#f fd» I
The	1% in	tli»*       uf ilii*
Any	tttf>                 uf ii
of atty	w a	uf tfit*                *>f
tit	bet              In nn                uf ifii*
*           ati	will tit! iff thu
%y «(AV     f J ** tp "/r    f )if f ' § J f ^
/ * <*        /iU    „     * ,*    \
*||    ji^v* **   I    * f |     '/if        f I
I    .*	J	4     /
,,   -,
1 'jgr
U< 4 1 1 f l»' »»Jf* #f |«tn /
(l
 • + w\
»-»*>l/4'(« ••"#)*,$#»
VI
/	lf,f	»,,A      /J:,l	ft,. A
5 11 ..,,.. 4    ' I f... ~ 4,   •• I
\         i>        ** i  \. .*         .' /
-uoo
ii   1
 ,,
H
 il*fii  »>h J** t ;) .  // jifllf
^
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Ex. 5.   Solve
si can (ww-f wy) 4- i!«*w {!"»»" •*• (f};
-fir. 6.   Solve
4   'i iff'   '
»*    * Sr . i
 where w denotou the t>i>orator j*| ^'^ 4-»%«'.. 4-... + *»V% ,  t/ i* ft
c '.'it/i        fi.;»i**i	f *^*W
gral algebraical function of w, antl //tt in a iummgtmwmM	«*f w
sions of the (juantitieH a?l?,%? «.M ,•*•„,.
255.   Ther«j lira iwvi^rtil purfiitl *liflf*ri*iiliiil «*i|mittuim
are of frec|ticjnt ixtcstironuu4. in phyhinil Iiivi*Hligiifi«*ii>;
of these have ftvqwmtly bw*w ohtnlfi<*(i by iii«jtho«l\ I In* njijill-
cation of most of which to <*fjuatitmH oth^r         thimi* in rftiiiirrfi«iii
with which they orlgiriiited in vi*ty  limiti^L    Tin* twi*  <»hi«<f
methods axo int(}gratum by 1111*111114 cif fli*f*iiili*	hip! itiff-
gration in Heria«; but m t»iM?h iiii*lli«cl is of	iijifiiiffnfitt!i
only,         m th<» variatiouH wliirh arim* ow*» fln*ir	in tin*
conditions imposed upon thw fuuc;ttou	in
not to any varictty in th<» dlflVr^tilkl 4*ijiuilir#t» f*i	it ntii In*
applied, it in not powiblft to iftftt h«f«' a full	Thf- flit*
cuasion herci will k* litmtitcl fci> a 6tw	fur
gations recourse mitHt'lxi hail to tli«*	mi	«*f
mathematical phy»Ic» in whidi tin*
258.   Oonadtr        an	tmii bt	by
both'methods*
Smdh aa equation is
9ft
IT
256.]
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•which arises in investigations, connected with the cox> diaetion of
teak It is not without interest to indicate the different methods
wtieh may be applied to obtain a solution.
By the method of § 249 we may write

where <£ (#) is arbitrary; expanding the differential   operator
obtain
 we
so that the  solution contains  one arbitrary functloxu     We may
proceed otherwise thus : the solution, of
da?'
is
where A and J? are independent of x; so that we nao/p- express the
sohitioii of
in the form
where n|r and ^ are arbitrary functions. la order to firee the result
from symbolical operations, Tirliicli would require irsiterpretatiaix if
they remained, we change the arbitrary functions to jf and j^, where
thea since ^ and % are arbitrary both / and F will "be arbitrary,
whatever interpretation be assigned to f-^j , ^Wlaeix the sym-
bolical operators in the first form of solution mvobrlug ^ and %
are expanded and the terms of the same order In differentiation
are gathered together, the solution becomes
396	miscellaneous	r	[256.
a?   df       a?   d*f
oi— « :£ + tt~i -33+ •••
2! a2 d£    4! a4 cfe2
a	3! a8 *     5U~5  eft8     '"
this contains two arbitrary functions.
257. It may at first sight seem paradoxical that two perfectly
general solutions of the same differential equation can be obtained
of apparently so different a character. The difficulty will dis-
appear if it be noticed that the equation is only of the first order
in t while it is of the second order in #; the former solution
contains only a single arbitrary function of x, which is all that can
be expected in the case of an equation of the first order; the
second solution contains two arbitrary functions of t, which is the
number of arbitrary functions to be expected in the case of an
equation of the second order.
If we assume that all the arbitrary functions can be expanded
in positive integral powers of their arguments, we are able to
transform one of these solutions into the other. For let
where the coefficients An are arbitrary, and let this value be sub-
stituted in the first solution.    Then the term independent of x is
f.
which is a series with arbitrary coefficients and so may be denoted	|
.	fx\* 1	***
where / is arbitrary; the coefficient of (-) ^~ is
-2 • —4- •  21
that is, ~~; and so for the other even powers of x.   Thus the
part of tne solution depending upon the even powers of x is
257.1
397 -
t
Hiitiiinrly collating tin* tmiis dt'prmding upon the odd powers
of ,r iiitf! writing
(whirh w another arbitrary fiinrtioii) wu should obtain the second
part tit" tin. wwwl Hnlutinit.    It thus appears that the two alge-
*'X|iri'H*iotiH ar*« i^iiiiviili'iti, iitti^pinidc^ntly of the fact that.
thi*y nr^ liiiiii	«*f tin* flitf^rcntial oquatiou,
6y Definite Integrals.
25H.    X«w Iri thr	of § 281 bo applied.    We substitute
tin*
a and
a .-,/v,
n - *irt''r"'v',
fur alt	«f X ftitil », uuttUl Hi* a solution.    Instead of a write-
di mt	iif«*	by
 
by
A t*» lift)1 t**»iitifm»t         J ;»i«l Hunt arbitrary functions of X.
Tin'**-         ii*1 r*'j*hMf*'*l tir
4V '"'** i-*,*'/ '.r     4, find /ro^^Hiti a (a? — X),
whrrr -I' wiifl If »rr iiiliitmrj functions of X* Further the sum of
inij	of ^ilnli*fii^ k iii^i n Dilution* C Jotmider that obtained
by	i»f f^ffiiH of ilt<! 6>rm of the first for all
i*f K «	that whil** J ' is an arbitrary function,
nf X tin* farm «il' liar	fnttrtioti w tliB HaTtie for diflferent
iif X (Th*'	Ii*tiiii4 whic*h would arise from the
tii*	in thin hi new ho far as the variable
t*	w*- ii*^*tl imly lf> «4iiiig««, X Into X — 5- to obtain.
tlii»
.	J"
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r,	f.
and suppose summation to take place for all values of X between
— oo and + oo ; the corresponding solution is
.00
e~M cos a (x - X) ^ (X)
•>  -oo
-    — 00
This again may be multiplied by any function of a and the
summation taken for all values of a; as it stands the function is
an even one of a, and so if th§ factor be taken as da it will suffice
to take 0 and oo as the limits of a; and thus we may take as the
solution
r
f °°      2 2
da.       e-a"°-^ cos a (# — X) ^ (X) d\.
J -oo
The solution in this form is specially suitable for the case in which u is to
-satisfy some condition, for instance that
when } is zero ; thus we are to have
r
roo
da I      COS a (x - X) ^ (X) d\.
J -oo
But, by Fourier's theorem, the value of the right-hand side is tt^ (x) so that
y is determined; and thus
(Biemann.)
Ex.   Obtain a solution of the equation ,
which is such that
The result is
=-
(Riemann.)
259.   We may again solve the equation by a method, due
originally to Laplace and extended by Poisson.
We have by a known theorem
259]	r	DEFINITE  INTEGRALS.
r        »
or, writing u-lforu where I is independent of u,
 309
(
J
When I is any differential operation to be performed this
relation indicates that the symbolical operation / can be expressed
provided ezul can be expressed.
This method may be applied to the equation
for we have
where /(«) is an arbitrary function independent of t.   The fore-
going formula in equivalent operators may be applied if I be
replaced by <rf4 ^ 5 and thus we have
Another form may be given to this result by substituting X for
: + 2«ot*.    Then u becomes
_i_-r «
tM*J-«
Mb. 1.   Frove that, if « satisfy the conditions
(ii) V
400	DEFINITE-INTEGKAL SOLUTIONS.         '	[259.
then its value is
. 2.   Obtain a solution of the equation
in the form
,=///<«
+ / / F (x+Zut &*, y H- 2vt &*) cos (w2+v2) du dv.
Ex. 3.   Verify that
1     f2ir	/"tt
u=*— I    d(j) I  tfCx+atsmticos&jy+at&mSsmfaz-l-atcosQ^BmddQ
VK J 0	J 0
1   ^   pff         Tfl-
^Trdtjo        JQ
satisfies the differential equation
and is such that when t=0 then u=F(x, y, 3) and g™
jE5r. 4.   Obtain the value of the integral
taken over the surface of a sphere whose centre is the origin and radius R, in
the form
where	^>2=
Hence shew that the mean value over the surface of any sphere of a
function, which satisfies the equation
and is, for all points within the sphere, expressible by a convergent series, is
equal to the value of the function at the centre of the sphere.
Further information on this part of the subject and, in particular, on the
applications in physical investigations, will be found in Biemann's ParPieUe
i md deren Anwmohmg <mf physikalwche Fragm.
 f
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Solution m Series.
260.    Consider now a case of integration by means of seriea
The most important equation to which this method is applied
is the equation
which continually occurs in physical investigations ; • to solve it by
the method under consideration it is convenient to change the
independent variables from x, y, z to r, 9, <f> given by the relations
x = r sin 0 cos <£>, y = r sin 0 sin <£, z = r cos 69
which will in effect be changing from the Cartesian to the polJr
coordinates of a point.    The equation is now
a2(nO .   i   ;

and, if another change he made hy writing p instead of cos d, the
resulting form is
261.    First, let a solution be desired which is to-be a function
of r only, that is, of (^ + ^ + /)*, so that it will be a specially
symmetrical solution ; the equation then reduces to
 ji *«'
i.h
 
and therefore
 ~w    ;
-A+*.
T
 
In a similar way a solution which would be a function of 6 alone,
and one which ,would be a function of <£ alone, may be deduced;
but they are not so useful as that just obtained.
262. Next, suppose that solutions which are not functions of
r alone may be expanded in a series of integral powers of r; and
in u let there be a term
 I
f;
Ir:
402	solution	>	[262.
e         r-
where un is independent of r but may be a function of # and cj> the
value of which is still to be determined. Then, when the value of
u is substituted, the term on the left-hand side of the differential
equation corresponding to this particular term of u is
and the sum of all these terms is to be zero for all values of the
independent variables. The foregoing is the only term which
involves the n* power of r ; it therefore follows that, in order to
have the equation satisfied, its coefficient must vanish. Hence un
is determined by
and therefore rnun is a solution of the original differential equation.
The coefficients of the terms involving the differential coefficients
of un do not depend upon n ; and the coefficient of un is unaltered
if for n there be substituted — (w+1); hence r~ln+1}un is another
solution of the original equation. These two solutions just ob-
tained may be combined into one so as to give
as a solution, An and Bn being arbitrary constants ; and thus the
general value of u is
u =
r"
provided un be determined by the equation
9
263. Now the general solution of this equation would give un
as a function of 6 and 0; consider the case in which un is a
function of 0 only. It is then determined by
IN   HKUIKS.
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l'fcr ^^tnih »ff which art* (§§00, 91) Pn
lr  tf"rll|H »§ #/ ari*
In ii^**t j»ln '^^ iui^^
r</if *-** t! ; ^i«! 'I** »• * '
 t«*rtn <i«*{Hnwl«nt upon Qn(/x) is
t?(l as a function '
»..Y|(yi.r-+";,)/>,>) ,
»«.,« (\	/    /	)
in	tin-  ,1'H iiii'i   /*'* »iv  iirUitrary coiwtantH.    It will be
iiritUM'f) thai «h»* ^-"Intitiii l«irin«*rly obtuincjcl, viz.,
,,,.".
r
t»v ticking nil thcwo arbitrary con-
r^^i'=jit. ,|tt mill II4 uiul mitt'ritberhg that P0(/^) is a
fill.	ti"w tJi^	«'*!««•* i" which un m a function
cif	|i;  i» m»y »>«•	»* » ^««» i>f trigonometrical
«f * «h«- «*»c-HwnriitH cif which are functions
«d by

JM^ r »" » l'iwtJ-4. ••! m '«,!y; uivt, jUHt sih in lh« caws of the
,,,|»l»r»t. K-nu., m, / ..^i.l.».'l h., ii.v»Jvi»K «Hffi'n»it, powers of r
wLn •'*•!> ,-n.l <• »» *».. « «4«tMi ..I tin- .-luutwrtt, tliw will be a
""'K an<1 (1'lvidmg
*«
tlw'
nubstitutioxx
 Bil
in ll« ««^	f|i
xttt
and	tb*	of th<l	ifl s*ls
20—2
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«r      *•
the value cr = 0 not being here included, since  it  gives  terms
independent of $ which have already been found.
Now, by Ex. 12, Chap, v., p. 180, the solution of the equation
giving vn(<r) is
where yn is a solution of the equation when cr is zero and thus
may be either Pn or Qn.   Hence the corresponding term in un is
(E9 sin <rc/> + F. cos <r<£) (1 - ^
dp
+ (^ sin 0-4, + *"„ cos a<£) (1 - tff^ .
dp
The term involving Qn is usually rejected in physical investi-
gations ; the suitable value of un then is
T (1 - if)* (E* sin a-0 + V9 cos <r$) ^-^ ,
it being obviously useless to include values of cr higher than n.
The sum of any number of solutions of the original equation is
a solution ; and therefore the most general value of u expressed in
a series is
"
.
2     S (1 -^	>« +    g sin
We have omitted from the foregoing general value (1) the
terms which would arise from the part of u independent of r and
<£, which can easily be proved to be
 (2)	the term dependent upon <£ alone which obviously is M<p, and
 (3)	the terms usually rejected as unsuitable in physical investiga-
tions.
264.]
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Any further investigations on the solution of the equation axe
connected either with other equivalent forms of solution or with
the particular solutions obtained by a determination of the
stants in accordance with imposed conditions.    For these reeoti
should be had to the authorities on the several subjects in applied
mathematics in which this equation arises;   in particular  those
quoted on p. 159 will be found of great value.
Ex. 1.   Solve the equation
in series, by transforming to polar coordinates.
Ex. 2.   Prove that the equation
has a solution of the form
where
Obtain a more general solution which is not independent of the sptierical
coordinate <£.	(Stokes.)
Ex. 3.   Shew that the general solution of the equation
or, by transfonnation to plane polar coordinates, iiss equivalent
can be expressed in terms of Bessel's functions as the sum of two terms of the
form
406	ampere's	r         [265.
f	f
Amp&re's Method of solving the equation
Rr + 28s + Tt+ U(rt-s2) = 7.
265. There is another method of proceeding from the dif-
ferential equation to the intermediary integral in the case of the
general equation
the factor 2 being inserted for convenience.
Let a new independent variable a, as yet indeterminate, be
introduced and let x and a be considered as the independent
variables so that y is a function of x and a; then we have
^z _	dy.       dz _   dy
'doc	d%'       da.       da '
=	^
dx	dx'       da.       da'
Here -7- and -=- are used to indicate partial differentiation
dx	doc	r
with regard to the new independent variables x and a.   From these
equations we have
*•=?-*?
ax      dx
and	(rt-V.
dx ^         '    dx dx       \dx    dx
in all of which s is to be replaced by
dp     dy
__,, -- : -- ; — .
da     dcx.
When these values are substituted in the original equation it
takes the form
265.]	METHOD.
•1       •
-where P and Q are given by
P — 7? dp ty     m dq     j-j
 doc
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doc
 dx    dx dx)'
As yet a is arbitrary; let it be chosen so that P vanishes; then
it follows from the differential equation that Q also vanishes and
thus we have P = 0, Q = 0.
266. These equations can. be replaced by simpler combinations
equivalent to them. From the first we have
dec
when this value of -~ is substituted in the second equation the
cLx
latter becomes after a slight reduction
doc
whichgives
where
G = S*~RT-UV.
The corresponding value of -?- is given by
or, what is the same thing,
dq
+<?*)-os*-
and therefore
 dx
These equations (i) and (ii) may replace the two first obtained;
it will be noticed that they are analogous to those in § 234. We
may also combine (i) and (ii) so as to obtain an equation in another
408	AMpfcBE's	'	[266.
rv	f
form, but not independent.   Multiplying (ii) by U and substituting
from (i) for 17 ~^. we have
x	dx
dx
which easily reduces to
We may thus consider either (i) and (ii) or (i) and (iii) as the
equations which replace the two P = 0 = Q. Taking then (i) and
(iii) we may rewrite them in the form
and we have also	dz — pdx — qdy = 0
in which it will be noticed that da does not occur and therefore a
is to. be considered a constant in the integrations.
267. The success of the method depends upon the possibility
of obtaining a function W of x, y, z, p and q which shall be such
that, in virtue of the relations between the differential elements
expressed by the equations (iv), its total differential shall be zero,
If this be possible, we then have
,w    dW,      dW ,   , dW ,     dW ,      dW ,     A
dW = -3— dx + -%- ay 4- ^— a^ 4- -^— dp + -5— cfo = 0 ;
8d?	8y    ^      dz	dp   r      dq    a        '
when the values of d#, dp, c?g as given by (iv) are substituted in
this, it becomes an equation involving only the two differential
elements dx and dy, which are independent and .the coefficients of
which must therefore be separately zero in order that the equation
may be satisfied. Thus we have
8p     v   ""        dq
dy        * cz      ^	'dp	dq
Either of these may be replaced by
267.]
 METHOD.
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results from the elimination of -= — between the two, and
•    3?
division by U.
This last equation has been obtained on the apparent supposition
that U is zero. But in the case when U is zero it is easy to derive
it from the equations
rjdpdy         dq         dy
J-i ~t~   7    ~r jt   "7 --  V   -7— — U,
dec ax         dx        doc
by substituting for doc, dy} dz in terms of dp and dq in the equation
d ~W = 0 and equating to zero the coefficient of dp. The equation
ea.n thus be used in the case when U is zero; the two former
equations are in that case equivalent to only one, which would be
combined with the new equation.
The function W must therefore satisfy two simultaneous partial
differential equations of the first order ; the method of obtaining
s\xch a solution common to the two, when it is known to exist, is
Indicated in § 226 and we may therefore now consider W a known
function.
*
268. A solution of the given differential equation is furnished
by W = constant.
For we then have
)     I     „____   nt  . I..- _____    O  -—  I 1
'   i     o       't/-s      " — v»
dx      dz *
dW    d_W
„ 4. _ ,
dp         dq
dW
_.
dW.
a,nd these, on the substitution in them of the values of-^— and -rr-
'	doc	dy
from the foregoing equations which determine TT, become respec-
tively
410	ampere's method.	[268.
o       r
dW     dW	*
The elimination, of the ratio of -^— to -^— between these gives
dp        dq	°
(T+Ur) (R -f IT*) = (S- t/s)2- G,
which, in virtue of the value of (t, reduces to
Rr + 2Sa + T* 4- JT (H ~s2) = F,
that is, to the original equation.   The proposition therefore follows.
269. In order to obtain the most general intermediary inte-
gral, we must find an expression which contains an arbitrary
function. Suppose now that it is possible to derive two particular
solutions fw^ and w2 of the equations which determine W, and
which are, owing to the double sign, really two sets; then the
equations will be satisfied by writing
W = ®(w19 w2) = 0.
Since the equations in W are linear this is obviously a solution.
Also the particular solutions are
wl« constant;
but in the integrations we had to consider a as a constant, and
therefore we may write
^ =/,(«),
where f^ (a) is an arbitrary function.    Similarly we should have
^2 =/*(«)>
where/2 (a) is an arbitrary function. Now a is some function of x
and y, the value of which is unknown; when we substitute in
either equation the value of a derived from the other, we obtain a
result of the form indicated.
270. It may happen that more than one general intermediary
integral can be obtained. In any case we proceed as before from
the single intermediary integral (by Charpit's method) or from the
combination of the two intermediary integrals (as in § 236) to the
general integral of the equation; and this integral will usually
involve either two arbitrary functions or three arbitrary constants.
This however is not the most general integral possible. For if we
had an original integral equation of the form
£ (z, x, y, ttj, a2, a,, a4, a8) = 0,
and obtained thence five other equations giving the values of
p, q, r, s, t we could between the six resulting equations eliminate
270.]
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the five constants a and have a differential equation of the second
order; and according to the form of $ the degree of this equation
would vary. Conversely in any case we might in that integral,
which is most general so far as the number of arbitrary constants
which enter is concerned, expect more than three. But </> = 0 will
not necessarily be the most general integral; the only inference to
be made is that the equation containing three arbitrary constants
is not the most general integral. It can be replaced however by
one which is more general; the method of obtaining this, due to
Iinschenetsky, is similar to that employed by Lagrange for partial
differential equations of the first order—viz., variation of the con-
stants.
271.    Let the integral obtained by the foregoing method be
represented by
z =/(#, y> a} 6, c);
to obtain the general integral we shall suppose c to be changed
into a function of a and b the value of which is, as yet, undeter-
mined and then consider a and & to be functions of x and y such
that p and q preserve the same forms as when a} &, c are all con-
stants. Denoting
df dfdc , df 'dfdc
<l +. ^ _ and **- + ;f ~r
da do da do do db
A.   ,   ,    df     , df
respectively by i  and --^ ,
 we have
 
&-*•
_^_   — q    i
dy    1
 da dx
df da
dady
 'dbdx'
dfdb
' dbdy7
and therefore, since ~- = p and =— = g, we Jiave
da
 db dx
.
da dy     db dy
which will be satisfied if we write
da
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The second differential coefficients are
__      dpda t <^>g*__    , ^i^L^2^.-    ..7.
"*"l"         +	"" S +	~         '
But since -~ is identically zero when we suppose a and
c&&
replaced by their values in terms of x and y, we have
^^+jy_3&=0.
d°f 3®    dadb doc       }
90 Vda
dp    d*fda ,   d2/ 36    .
so that	j  + j« 5~ + ^   7, 5- = 0.
aa    da ox    da do ax
a-   -,   i	dq    d*fda ,   d2/ 35     .
Similarly	^ +   J      + ^>        - Q ;
17	aa    aa 9y    aaao oy
dp      fff da    d*fdb_
db + dadb da> + db* dx ~   '
.
db    dadb dy
These equations satisfy the condition
, _ dp da    dp 36 _ dq 3a    dq 36 _
da dy    db dy ~ da dx    dbdx'
and from them there can be obtained the expressions
o
da2 \db)       dadb da db + db* (.da) '
7 a -	o	,
2	da dfe    d6a l,
&f_ dp dq     -d*f fdp dq    dq dp\    d*fdpdq
dd'dbdb	'
where
271.]	INTEGRALS.
n\	tt
a    But with the modified forms of a, b, c
z=f(®>y> a, I, c)
is still to be a solution of the equation.
8*5
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the coefficients of the second differential coefficients are unaltered
in form, since we have retained the forms of the first differen-
tial coefficients, and therefore JJ, S, T, IT, V remain unmodified.
Substituting now in this equation the values of ^4, -^~ , ^-?
0	our   oscoy   dy
and remembering that the differential equation is satisfied when
A, k, I are zero, we find that it takes the form
(J2+ Ut)
where the quantities r, s, t which explicitly occur and the quantities
p, q, z which implicitly occur are to be replaced by their respective
values derived from the integral
*=/(#, y, a, &, c)
in which, a, 6, c are considered constants. We must now substi-
tute the expressions found for h, k, I ; and then the .equation, after
some reductions, will be found to be of the form
where
in all these coefficients the quantities z, p, q, r, s, t are to be
replaced by their values in terms of x and y as derived from the
given integral equation.
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This differential equation is linear in the second differential
coefficients of / with regard to a and &; it is, moreover, the
equation which is to determine the value of c as a function of a
and 6. Now
d*f   32
SO  that	-r4 = a
*
 da    da    dc da '
3/32c
0~         02      CT	3     5T
3a    3c V3a/      3c dor
and also for the other coefficients ; when these are substituted for
-~4, t-^=-, -—, the resulting equation is  linear  in  the  second
da?   dadb   db*	°    ^
i"-.
quantities multiplying these are functions of so, y, a, b, c, =-, =.
differential coefficients  of c with regard to  a and  6, and  the
i"-.
=-,
But we also have
^ = 0 = ^
da	db'
from which the values of # and y can be found as functions of
^/i   ^/»
a, &, c, ts- , or; and these when substituted will make the equation
oa do
one which involves only the quantities a, b, c and the differential
coefficients of c.    This equation will then be of the form
A         __	_
•"•   ~	oo
36
H/»         J^/-»
where A, 5, C, F are functions of a, b} c, 5- , ^y .
da   do
Now it may not be possible to integrate directly the original
differential equation, while it majf be possible to obtain, almost by
inspection, a particular solution which involves three arbitrary
constants; or it may be possible to derive such an integral when
. not obtainable merely by inspection. In either ease such particular
integral can be generalised provided the solution of the equation
to be satisfied by c can be obtained ; and if this solution be repre-
sented by
271.]	INTEGRALS.
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then the new integral of the origmal equation is obtained from
z -/(*>> 2/> a, &, c) '
() = 6 (a, b, c)
3Z> do    dc db }
ly eHmina-ting a, b, c between them.
Ess. 1.   Integrate the equation
r±l(q-x} * + ($-. jjpt^
H^lUl *=*-*, ZH*-f>', Z7-Q, F=^; thus 6>=05 and the e^ua-
tions deteimmmg TF are only a single pair, viz.
u air ,     xbtt
fO^.^^)
"We denote these, as in § 2263 by
As a condition that these equations may be integrated simultaneously
we must li&ve
Hence we write
then
and so we take
andthen
Henc©   r«0=
 0 = F =
- (y - ar) P==0 ; substituting in
we obtain	0 = P (d$> - q&x + qdq - a;^).
and therefore -we may write as tie intennediary integral
0.
To obtain the complete integral of this we apply Charpif s method ;
must obtain an integral of
cto        ck/         (to     <Zq
-  —s ^— j&- — =   -A-  = -— •  .
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This is given by #=/3; and .therefore
These values, substituted in	V
dz=pdx + qdy,	4^'
lead to the integral	. j .
which contains three arbitrary constants.
To obtain the modified integral (§ 271) we write this
•considering c as a function of a and ft.   Then we have
ay
-J^.   r=/3;   ^=^;   ^=0 = ^;        =0 =
Hence ^=0 ;   T^l ;  ^=0 ;   F1=0 ; and the equation in/is
g-»-
or, on substitution in terms of c,
92c   n
_^_^2==0)
92c    3c
or finally	g^-2 = ^-
But an integral of this is, by § 259,
and therefore an integral of the original equation is given by the elimination
of a and ft between
/
oo
-
o=^+ r x«-x
I
7 -oo
.
The second of these equations may, when the definite integral is integrated	" 1
1>y parts, be replaced by
TOO
-
J —o
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if! /
 »/••« t . -f ^ .xU* r iiiti'?*r,iiii»ii and / and  /^ are
i	4   I •• ;   ^  •   i  * '/ * if/"/  ' I /^ I I /*> /    0
1  4f y *- y'r /* -   v     i*1,     a l/n/ »//^/"
'•i*	r       f    /f      J    «?      */';      */,      ptf ;
/ '*  /	* * r         e%   f         4* jm       y /   »
/,- ,	«•     U# i > *   ^ f tl^/' ^*f / ;
'%4	i*    t   *      'f    * ^y ;
%^«^	* '5     ;f1|f     tf -^ t Jf     II ;
11*8 ,      /    4i%v 4 '»    f|(f | */    |/    0 ;
27
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 3.	Solve the equation r-H = 2s, and determine the arbitrary functions Jk^
the conditions that bz =y2 when ,27 = 0 and az=%2 when y-0.
 4.	Integrate the equation
and obtain a first integral of the equation
y	z
5.    Investigate a solution of the equation
r£_s2=03
subject to the condition #2=#2 (1 -4-jo2), in the form
6.   Integrate the equation
(l+Jpa)*-2p
having given that^?2/ — qx=Q ; and shew that a particular solution is
Integrate also the equation
{(l+^2)^~-2^5+(
and discuss the nature of the solution
7.	Solve the equations :
(i)      ^(r-^e*8 (*-$);	(ii)
(iii)   ^t- -f ^y5 +y^ = 0 ;	(i v)    .
(v)     2ar-2*+3p = 0;	(vi)    ^(r-a2^)=2^.
8.	Prove that the only real solution of the simultaneous equations
=1
is	%=# cos a +y sin a 4- /3.
9.   Prove that the only real solutions which simultaneously satisfy the
equations
axe comprised in
where e2=a2+62 and a, )3, y, d are arbitrary parameters.
EXAMPLES.
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10.    Obtain an intermediary integral of
and shew that its general integral is obtained by eliminating a between the
equations
,      where <£ and / are arbitrary.
(Serret, and Graindorge.)
11.   Integrate the equations :
(i)
(ii)
(iii)
Also solve, by changing the independent variables to £ and 77 where %2 — i
and #?y=£,
and, by changing the independent variables to £ and ij where x=£^ and
o/=± /?*"~*7
12.    Integrate the equations :
...      3%    2 dz      0 3%
(i)     £-£ + - 5- = a- «—g j
/ji^      	=-	.
(v)     ^tst, 4" _ 7 :; ( az 4" ^
 (Gregory.)
13.	Find the surface whose equation satisfies
and whose trace on the plane of xy is the hyperbola xy ~ a\
14.	Integrate the simultaneous equations
*
r.N	3   /da
(11)       m «- (5-
x x         3,«? \3^7
dv    \	,..,	3  /3a
3 /3a
3^|
"¥>
15.   Shew that the simultaneous equations
rt •+ c (r+t)=0,       £>#+c' (^?y - ^) = 0,
represent a series of coaxal paraboloids which cut any fixed plane perpen-
dicular to the axis in a series of similar conies the ratio of whose axes is
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16.    Shew that the equation
in which G, H, K are functions of x, y, z and q can be integrated if
and obtain the integral.
Hence obtain the integral of
in the form
(Imschenetsky, and Graindorge.)	\
1*7.    Obtain a solution of the equation	j
' in a series of ascending powers of x.                                         (Lagrange.)	\
Solve the equation
i
discussing in particular the case in which the discriminant of the left-hand	j
side is zero.	I
l£?   Verify that the partial differential equation	>
3%      22b&z	I
—      — /y*"W^° —		5
da?2       y   W
y	i
is integrable in finite terms, if b (2i± 1) = 2i where i is a positive integer.	j
Solve also	I
(Legendre.)
19.   Shew that the complete integral of
(n being an integer) may be exhibited in the form
M=r» (I IV »
\r dry
t
j	.         where <j> and -^ are arbitrary functions; and obtain in the form of a definite
integral the complete solution of
• EXAMPLES.
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20.    Obtain as a definite integral the solution of
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x + y
21.    Obtain a solution of the equation
in the form
^   r   r r&-#
J _co J — oo
22.    Change the dependent variable from g to y in the equation
and hence obtain the solution of the equation in the form
23.    Shew that if there be five functions 01? z2,
satisfies the equations
r = a^s 4- «^ 4- a^q + «4^ 1
 each of which
where the a's and 5's are functions of x and y alone, then between them there
is a linear relation with constant coefficients of the form
If, in addition, any four of them as z^ z2y #3, #4 be such as to satisfy
identically the equation
9	y	~		O	*
L?   ^2?   *3>   *4     —    '
then there is also a relation of the form
4 = 0.
(Appell.)
II
24.   Shew that the function F(a, j3, y, ^, €, ^?, y) given by the series
1)     n (/S+m-l) n (y+n^l) n Q9-1) n (€-1)
'

^ *
n (a- 1) n (m}n(n} i(d-hm'-i) n (c+»- i)n (3-1) n (y-
the summation extending for all integral values of m and n from zero  to
infinity, satisfies the two equations
Hence shew that /"(a,
c being an arbitrary constant.
 - tf, ^, e, ^?, y) is a solution of
-(a^
(Appell.)
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25.   If there be three functions %, #2) % satisfying
where the a's, £>'s and <?'s are functions of x and y, then there exists between
these functions a linear relation with constant coefficients.
(Appell.)
26.   Shew that the integral of the equation
may, by differentiation, be connected with that of
s 4- 3oyp + (k + n) yz — 0,
Jc being a constant and w being an integer.
Hence solve the former equation in the case when k is a negative integer.
Obtain the solution when Jc is a positive integer.	(Tanner.)
27.    Obtain the solution of
s=e*
in the form
'<y)
where <£> and \fr are arbitrary functions.
Hence integrate	$=;
Integrate also
in the form
=$ (ai) ty (y) ez
 (Liouville.)
(Tanner.)
sin2
where w is a constant, ^' (^) = <j>(x}e (x) and / (y) = ^ (y) x Cy)? arid <^
are arbitrary.
(E. Russell.)
28.   Integrate by Ampere's method the equations
(i)     »+
(n)
(iii)
 ^y    y
(Imschenetsky.)
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Abel, 249.
Ampere's method of solving the gene-
ralised form of Monge's equation,
406—410.
BessePs equation, 159—168;
derivable from Legendre's equa-
tion, 169.
Bour, 347.
Cauchy's method of integrating Euler's
equation, 241.
Cayley, 36, 92, 213, 243.
Charpit's method of integration of
partial differential equations of the
first order in two independent varia-
bles, 317—324.
Clairaut's equation, 27, 812.
Classification of the integrals of a par-
tial differential equation, 287—299;
every integral is included in one
of the three classes, 291.
Complementary Function, 49, 52—55,
66, £84, 389.
Complete Integral of a partial differ-
ential equation, 288, 356.
Cuspidal Locus, 33.
Darboux, 36, 297.
Definite   Integrals,  solution   of  linear
equation   whose   coefficients   are   of
first  degree in independent variable
by means of, 217—223;
h	proposition relating to solution
of general equation by means
of, 223—227;
solution of a partial differential
equation in, 397.
Degree, definition of, 8.
Depression of order of equation when
one or more particular integrals are
known, 50, 115;
when one variable is absent, 77.
Duality between partial differential equa-
tions, analytical, 313, 376;
corresponds to geometrical prin-
ciple of duality, 315.
Envelope Locus, 3S; the only Singular
Solution, 35.
Equation of first order and first degree
has only one independent 'primitive,'
15.	^
Equations giving relation between dif->
ferential coefficients, 74—-76.
 Equivalence of linear equations of second
order, conditions for, 95.
Euler, 234, 360.
Euler's equation, 239—243;
generalisation of, 243—249.
Exact equations, 82—85.
Ferrers, 159.
First Integrals, definition of, 9; num-
ber of independent, belonging«to equa-
tion of nth order, 9.
Functions, conditions for relations be-
tween, 11.
Gauss, 186, 212.
Gauss's II function, 155, 1(51, 198.
General Integral of a partial differential
equation, 291.
Generalisation of any integral of a partial
differential equation containing con-
stants, 410—415.
Glaisher, J. W. L., 39, 176, 178.
Goursat, 213.
Graindorge, 342, 417.
Hankel, 151, 167.
Heine, 159, 169, 170.
Hicks, 153.	•
Homogeneous ordinary equations of first
order, 20;
linear of nth order, 66;
in general, 79;
partial equations, 392.
Hypergeometric Series, definition of, 185;
differential equation satisfied by,
187;
particular solutions of this equa-
tion, 189—194;
relations between these solutions,
194-203 ;
cas^s when expressible in a finite
form, 204—212;
as a definite integral, 230.
Imschenetsky, 342, 411, 417.
Independence of Particular Integrals of
general linear equation, conditions
for, 110.
Intermediary integral, 356.
Invariant of coefficients of linear equa-
tion of second order, 89.
Jacobi, 92, 21B-, 234, 249, ,%2. '
\J,acobi%mej^o4 of integrating the gene-
ralised form of Euler's liquation,' 248.
II? •
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Jacobi's method for the integration of
the general partial differential of the
first order in n independent variables,
325—342.	*
Kummer, 92, 213.
Lagrange, 92, 301, 317, 411.
Lagrange's   linear  partial   differential
equation, 299—303;     • >
generalised form, 304.
Laplace's transforiaation of the linear
partial differential equation   of   the
second order, 377—382.,
Legendre, 360.
Legendre's equation, 143-^-159.
Linear equation with constant  coeffi-
cient^ ordinary, Chap. ni. ;
partial, 383—393.
Lobatto, 234.
Lommel, 170, 176.
Malet, 90.
Mansion, 342.
Monge's form of solution of total diffe-
rential equations, 255.
Monge's   method   of   integrating   the
,   equation of the second order which
is linear in the partial differential co-
efficients, 358—371.
Motion of particle under central force,
integration of equations of, 278."
Neumann, 170.
Nodal Locus, 38.
Normal form of linear equation of second
order, 90 ;
of  equation   of hypergeometric
series, 188.
Oidfer, definition of, 8.
FarMcnlar Integral, 49, 57—66, 67, 385,
391.
method for a form of homo-
geneous partial equation, 082.
Primitive, definition of, 8.	„
Quotient of two solutions* of linear
equation of second order, equation
satisfied by, 92.
169.
"between linearly independent
of a differential equat&m,
, 155, 168,, 201.
equation, 170—176 j
reducible to BessePs ©ijuatloa, 17$.
248.	.      '    ,
 Eiemann, 400.	I	,
Bouth, 170, 342.'
Schwarz, 92, 204, 213.
Schwarzian jperivative, 92, 204—212.
Series, possibility of integration in, 132 ; •
form, of solution when a vanish-
ing factor occurs in the denomi-
nator of a coefficient, 139 ;
form when such a factor occurs
in the numerator, 141 ;
integration of partial equations
in, 394—396, 401—405.
Simultaneous    equations     (ordinary),
linear* with   constant    coefficients *
265—272;
with variable coefficients, 272 _
278.
Simultaneous partial differentia] equa-
tions in one dependent variable, 347 _
352.
Singular  Solutions  of  ordinary equa-
tions of first order, 30—39.
Singular Integral of   a partial differ-
ential equation, 290 ;
derived from the differential equa-
tion, 296.
Solution of ordinary equation, what is
to be considered a, 6.
Species, definition of, 7.
Spitzer, 234.	^
Standard Porms of ordinary equaftons
of first order, 16 — 30;
of partial differential equations
of first order, 306— 312;
they are paf ticular cases in which
Charpit's method (q. v.) proves
effective, 322—324.
Sturm, 170,
Symbolic Operations, 43—48, 384, 395,
399.
Symbolical method for partial equations
due to Laplace and Poisson, $98.       *
Symbolical Solutions, 176.
Tac-Locus, 35, 298.
Thomson, Sir William, 108.      '
Todhunter, 159, 170.	,
Total differential equations, which are -
linear, 249—257 ;
they separate into two classes, 255 ;
geometrical    interpretation    of
liaea*   equations   with   three
TOfabba, 258— 261;
<»m of n variables, 261 ;
equations which are not linear,
orthogonal, 120.
of
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